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INTRODUCTION 

:cqucncos of real or cODpl~x nunbcrs arc often de~~t 

\iith in numbc'r t:1C01"Y. ~rithmetic functions ere simi18r to 

t~~eSE: sequ~?nc(:s. To ('(;[icc propel"lY,-'r1 :Jriti-:r:ktic fUllction 

, C'1 ,J E. :" C 2. 1 - 0 r , C 0 IT! pIc X - v ,J] u e c: f II net ion \J lJ 0 S .C:.' (1 0 IT: ? i n i s t h .~ 

set of positive int~ccrs. Th e t I) (: 0 l' Y 0 f c: r i ~~ '''H; tic fu n r; ';:, i () n:c, 

h[lS 21wnys been onE of the most 8ctivc p2rts of th2 t.'1pory of 

nur:1bcrs. Arithmetic functions play an impcrt~nt ro: 1 ~ r.. ~', :~. 

stUdy of divisibility propcl~tiGs of intq::,:::Ts ~. n ( t. i 1 :~~. 

~i3tribution cf primes. 

Tl, e pur p 0 S co£' t :li .: 1: h c sis i 3 t 0 i n v cst i 13 2 t C '3 r i t !llY; :' t i (; 

functions from cn 31G~br2ic point of view. The emplEl sis i r1 

tllis study is on U'l;,lgc2brc;ic structurE: of the :set of' 

:::1 r i ~,h met i c f u 11 C t ion .3 U n d U' t \l0 d iff e r C' n teon v 0 1. 1,;:" ion -::- y p " 

,~l ~-1product oper2tions, thr Dirichlet product (anotnri by !:. c' 

the unit.::::ry product 1,:hich i s c' C 11 0 ted by () . T:l': r~~:11n 

)- ,.-.,
i:J(;v?~nt.;-:\ge-; of tl\, a1,p:chraic vic:\JpcLl'.:- is it 1 '. ,:; C ," l~ 'J t~l C 

c~evelop:-:1ent of many classir.c:,l j" c ~:; u ]. t s in nu:'::b(--~r t:lc.or'y 

\Jithout difficulties ~nd unple23~~t cornput~tion21 tec~niques. 

The scope of ti,is thesis .;110113 W3 only to pl"eSent '[,1,,: 

simplest id8~1~) c::nc1 f~Jcts of this extEnsive tOpi2. l' 01" 

cxC'mple:, nOD t t em p t 1'1 ,; 3 bee n ~c: (' e i n t :1 iss t 1..111 Y 0 f .s u c i:1 " n 

i;r~port;(::nt t.opic c'S t\l": ;::'syr:-:pto;;ic pl"OpE:J"t,ic;',; of' :_'ri,t'I~r.( ',~ ir: 

runction~. 

1
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Ar j. t :'1 rn '2 tic fun c t ion G ;1;J v" :, 1. eng lilY 11 i ~) tor y • In this 

brief h.istOl~ic:'l introc:uction, \·is ";-;,11 f~ivt:'::, V( ry :.ohort 

skEtch of the !listory of <'lgcbraic theor'y of ,':r-itil!11(:.ti<: 

functions. TIE' c~n~ly nistory of ,',ritiHil':ttc func'c,j.ons i:3 

con t Z1 i n C~ c} i n Die ~---: soc '.s t r ( '"1 t j. s e [1 2 J • 

The Dirichl(~t product pl<:.yed ;c prominE:nt ro1<.:; froFt the: 

very beginnin;:,;. llany rC8u1ts froT. t:1C 9?rly times i11v01 V 'C. , 

the convolution of r~HO or more p2rti,~ul,'T :, r i t ~l :;](7 tic 

functions. E8rly in this century, the Dirienlct pro(uc+-, 

began to bL viewc~ 23 a binary oppration on the 8Ct of 

arithmetic functions. In the Hork of z. T. Bel] [ ?, :; 1 , 

and R. V2idyc:mathaSHGmy [25J, i t W,'1 S r e cog n i z e c1 til ('] t t :1 e 

arithmetic functions with r~spect to ordinary addition and 

Dirichlet pro(uct form a commut3tive ring with identity. The 

study of the structure of the ring of srithmetic f'unctions 

h~s been ~ontinued by L. Carlitz [Ll, 5, CJ. E. Ctl ~) [Hi (~ 11 

('l!1e' C. EVC'i'et t [7] prcv!~ci ti18t the ring of:jriU"l:netic 

functions is a unique f~ctorization dom~in. In ~1c:dition, 

the n2mes of ShCipil'O [201, Gioi2 [1 1+1, ?ot:Lno [13J, "ne 

Subbar~o [23J, must be cited. 

Bell [2J first investigatc~ t!le theory of :ll'i thrr;etic~ 

functions rel3ted to Diri.cb,lct product. L(.itor' , 

V3 i dye, ne ',~i1a3\12my [2:::;J i71vcstigatc'd tncm thOl·OUGI'lJ.y. 

V::2 i (i Y;) n c: t h;j S \W IT; y [ ;: S J ,d s 0 i n t r 0 (u c c r' U:. e un i t :11' Y pro (u c L 

\:~iCl1 L;~:,s be"n s 't u ( i ',:' ( C~ X ten 5 j. \T c~ 1y by E. CO!l(}n r(\, HJ. 

';:'hc Dirichlet pl·O(luc~t is n", r~ost.:i()l:ly ;<noli:: pro(:ucJ~ 

on t 1-l c: set 0 f ;;; 1" i t I'1 C1 '." tic fun c tiD n s • It ~1:3 beon prevc'n 
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to be (. v::' 1U ,1 b 1;- tool in 't:,rlf· s'cuc:y of ;:!ritl1mctic 

ri"l;. e unitC:lry pf'oduct 1· <C' one of !nanyfUl".ct i ems. ,-,
 

gene r'c; 1. i Z ,J t ions of' the Dirichlet product; other"
 

g e n f' r c' 1 i Z 3 t ion S :1r 2 Bi IT e n b y Gi 0 i a [1 Ji ] , D:3 vis 0 n [1 1 J , cit; (1
 

others [22, 23],
 

Ci12P t er c; ,lnd ~~~ of this tl:1~sis dc;:~l \}ith tll~, 

Dirichlet product, Hhile ch:.Jpters ~; zeil1cl Ii· C:221 ',;i til tho 

un i t <] r y pro (.Uct. Inc r1C1 pte r 1, He\! i 11 proveth 'c; t t 11-,::' set 0 l' 

nrithr.wtic functions HUh respect to orditFlry :,cdition :nci 

Dirichlet product forms 8 unique factorizution dom2in; in 

t his c II c. pte r 1;/e vI i 11 3 1 S 0 stu dY so me b Zl sic proper tieS 0 f 

mUltiplicotive functions. Chapter 2 is concerned with some 

of the import~nt arithmetic functions of number theory, such 

as the iot3 functions, Mobius function, EUler totient 

function, 2nd several other functions. 

The unitary product of arithmetic functions is studied 

in chapter 3; it is shown that contrary to Dirichlet pro~uct, 

the set of <.lritllmetic functions 1,lith oJ~din::r'y c}cciitioil 

and unitary product is not an integral dom2in, a~d not ~ 

unique factoriz2tion domain. The unitary 2n81ogucs of some 

of the arithmetic functions ~c stUdied in ch2ptor 2 are 

discussed in chapter 4. 



CHAPTER 1
 

DIRICHLET PRODUCT OF ARITHMETIC FUNCTIONS
 

"7.1\'1 • 11 .. L. RIlle OF .ru"( 1 'nii;['n~ C FU ;rCTI Di. ,'~ D, ~ 

Dcfini'c.ion 1.1: 

!\ rCi:ll- or a complex-vaJued funct.ion h'l1GSC cion::::in i.::; 

the set of positive integers is c;~111c{j ;_~n r:r'it:l!11,:~tic 

function. 

n~;m~:,rl< : 

1.	 ~!hiL' He 8ssumec' tOc:t the ran£:e of en <.1r'itil112tic 

function 1- '" some 3ubset of the complex numbers, ~c~ny,~ 

res 1.1 1 t sin LJi sstu dye 2 n bee 2 8 i 1 Y g c; ncr liz d t C) 

t l~ (; c =: s ~~; i n \! 1.'1 :L c h t tl ~~ ran gcis ~-, ny ~ 11 b.s c=:" t 0 f ;::;' ny 

ficlcJ. 

-, 
(- .	 '.i'i1is d,finitiol1 of arithmetic function 51,:-2:,;-n.'3 15"", 

sequcnc~', it should, tIl r; t VIO ~_~ r ..~. t J~ .:: 3 ~.:: rl~~' • t.,i. i'~ c 

~iffcrenC2 is in the viewpoiDt: 3~qu·~nCC3 r;~ USUQJJ.Y 

studiecl ,lith convergence tn E2},nc:, lihi.1c ::r'1t(1~n,_?tic 

functions have stronger connection in th~ stu~y of 

divisibility properties of int0fers and the distribution 

of primes. 

4
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Some of the arithmetic functions 'lith which we shull 

be ~ealing are the following: 

T(n)	 = tl'le number of positive di.visors of n 

CJ( n )	 = the sum of positive divisors of n 

<p(n)	 = the number of positive integers < n and 

relatively prime to n. 

Now, we are going to consider the collection of all 

real-valued arithmetic functions, and denote this set by D. 

There are 2 number of operations that c~n be defined on D. 

For f and g in D, we define four operations: 

1. The sum f+g is defined by 

( f +g ) (n) = f (n) + g (n ) 

2.	 The ordinary product fg is defined by 

(fg)(n) = f(n)g(n) 

3.	 The Dirichl?t product (or convolution) fHg is defined by 

(f*g)(n) = L f(d)g(n/d) 
d[n 

where the summ8tion is over all positive divisors d of n 

4.	 The unitary product fog is defined by 

(fog)(n) = L f(d)g(n/d) 
din 

(d,n/d)=1 

Clearly D is closed with respect to each one of these 

operations. Also it is easy to see that the addition 2nd the 

ordinary multiplication are commut2tive and associ2tive. 
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Heme.; rk : 

Note thot f-:tg C3n be expressed as follo\13: 

f*g )(n) = Z f(d)g(n/d) = L f(n/(;)g(c') = L f(dl)g(d2) 
(' : n 'I d' nGin --1°2 = 

where d l and d 2 in the lost summation run over all positive 

integers Whose product is n. 

In this chapter, we are concernec' with the study of the 

set D, of re8l-valued arithmetic functions under orcin::lry 

addition anrl Dirichlet convolution. 

Lemma 1. 01 : 

Dirichlet product is commutative and associativ~. 

Pr 00 f : 

The commutativity of Dirichlet product is cle8r. To 

prove the 3ssoci~tive property, let f, g, and h belong to D. 

\ve must ShOH (f-X-g)~' h = f * g *h ). 

Let F = f*g and consider, 

[ f*g ) * h J(n) = F ;< 11 )(n) 

= 2: F(Cl)h(d2 ) 
dld2 = n 

= L h (d2 ) L f«('3)g(d 4 ) 
dld2 = n d 3d4 = ell 

'" 
= L f(d3)g(d4)h(d2) 
d2d3d4 = n 

In the S"jme w:..~y, if He let G = g*h Clnd consider, 

[ [ * ( g -*!1 ) ] (n) = f ;~ G )(n) 

= L f(Ol)G(02) 
dl d 2 = n 

= 2: [(d l ) L g(d 3 )h(d4) 
., (.,d l (~ 2 = n (' 3('4 = -'2 
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I f(d. l )g(03)h(r:4)= 
dl d 3d4 = n 

Hence, ( fIg ) 0 h = f * ( g*h ) which 

Dirichlet product is associative. 

ife noH introduce tht' identities for these 

~~e defin(~ the functions e , "0' and ~ on D by: 

B(n) = a ( n = 1 , 2 , •••• 

"O( n) = 1 ( n = 1 , 2, •••• 

~ (n ) if n =c if n f
= 

Lemma 1.02: 

For all fED , we have 

1.f+B =f 

2. f "0 = f 
3. f	 ;r ~ = f 

Proof: 

Part	 1) end 2) are ole2i. For pert 3), let 

( f* ~ )(n) = L f(0) f(n/c) 
Gin 

but since ~ (n/d) = 0 for d < n, lie have only 

term in the sum, that is when d = D, and hence, 

f 7: ~ )(n) = L f(c1) f (n/d) = fen) 
din 

Thus we hnve e and "0 are irlentities for 

the ordinary multiplication respectively, while 

f is the identity for the Dirichlet product. 

~eJn3 th2t 

operations. 

one nonzero 

addition Dnd 

the function 
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'1'11 ear C' !TI 1. 1 : 

D, +, . ) is:-· cODmut-:,tiv~) l~ins Hith identity. 

Proof: 

It r e r,w ins to s b0 \/ t 11 e cii. s t ributi vel a \i, t 11 a tis, 

f ( g + h ) = f g + fh for 311 f, g, 11 E: D 

r f( g + h ) ](n) = f(n)( r, + h )(n) 

= f(n)[ g(n) + hen) J 

= f(n)G(n) + f(n)h(n) 

= (fg)(n) + (fh)(n) 

= [ fg + fh ](n) 

Theorem 1.2: 

D, +, * ) is 3 commutative ring with identity. 

Proof: 

It remains to show the distributive law. For all f, g, 

h e: D, we have 

[ f * ( g +h) J (n) = L f ( d 1 ) (p., + h) ( d2 ) 
d 1 d 2 = n 

=L f (d 1 ) rl?; (d2) + h (d2 ) ] 
0ld2 = n 

= 2: [ f ( d 1 ) g (d 2) + f ( d 1 ) 11 (cl2 ) J 
ri rl - n"'1 "2 

=2: f(ol)g(d2) + 2: f(dl)h(d 2 ) 
d 1 d 2 = n d d = n1 2 

= (f*g)(n) + (f'''h)(n) 

= [(f~'g) + (f*h)J(n) 

Thus, the distributive law is s8tisfied. 

T+- ,. can be e~sily seen thot ( D, +, is net an 

-J ' .(:' 
1integr"'l Clam" 1 n • Fa!", consider the functions cmd g in D 
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defined by: 

f (n ) if n is even = [1 
o if n is odd 

Cif n is eveng(n) = 
if n is odci 

Neither f nor g is the zero function e. But, we have 

(fg)(n) = f(n)g(n) = 0 for ~ll integers n, hence fg = e 
that is, f and g are zero divisors, and thus ( D, +, . ) is 

l •not integral com:?lll. On the other hand, ( D, +, ,~ forms 

an integral domain, but before we prove this, we need to 

define a norm function on D: 

N : D~ R
 

by N( B) = 0 and for fie E: D,
 

N(f)	 = 11k where k is the sm811est positive integer 

for which f(k) f o. 

Lemma 1.03: 

For all f, g E: D, 

N( f~g ) = N(f)N(g) 

Proof: 

The case where either f or G is the zero function e, 
is trivial. Thus we may assume that neither f nor g is e 
Let N(f) = 11k and N(g) = 11m. By the definition of k 

and m, we have, 

fed) # 0 only if d ~ k and g(d) I 0 only if d ~ m. 

Now, let us consider, 

g(km/d) f 0 only jf km/d > m whi~h implies th8t 
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g(km/d) I a only if k ~ d. 

Thus, 

fl.g )(km) = I f(d)g(km/d) 
dlkm 

= f(k)g(m) + 0 + ••••• + 0 t 0 

Hence, H( f*g ~ 1/km and thus we have 

IH f i\<8 > N(f)N(g) = 1/km 

No\! we are going to ShOH that M( f*g) f N(f)IHg), thLt 

is, N( f*g ) f 1/km. 

Assume that N( f*CT ) = 1/dld2 > 1/km, then dl c!2 < kmG 

and hence either ell < k or d2 < m , and He havE' 

f*g )(d l rl 2 ) = 0, this contr~dicts that H( f*g ) = 1/dld2' 

Therefore N( f*g ) = N(f)N(g). 

Now, we state form8lly 

Corollary 1.3: 

D, +, * is an integrnl domnin. 

Proof: 

In order to show that D has no zero divisor, 

we will assume that f*g =e i n D. By 1c mm a 1. 0 3 , He h a v e 

N(f*gl = N(f)N(g) = N(e) = 0 This implies that N(f) = 0 or 

N(g) = O. Thus f = e or g =e hence, D has no zero 

divisor. 

Therefore (D, +, *) is an integral domain. 

Definition 1.2: 

If for fE D there exists a function g E D such that 

f*g = g *f = ~ then g is c~lled the Dirichlet inverse of f. 
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We denote the Dirichlet inverse of f by f-l. 

Lemma 1. OLI : 

A function fED is Dirichlet invertible if 8nc only if 

f(1) 1 O. This is equivalent to say f is Dirichlet invertible 

if and only if N(f) = 1. Moreover the Dirichlet inverse of 

f is given by the recursion formula 

f-1 (1) = 1/f(1) 

f-1 (n) = - 1/f(1) L f(n/d)f-1 Cd) for n > 1 
din 

d < n 

Proof: 

First assume that f has Dirichlet inverse f-1 , then 

f *f-1 = Qnd in particular, (f*f-1 )(1) = ( 1) = 1, bu t 

( f ~'f-l ) ( 1) = I f (d )f-1 ( 1I d) = f ( 1) f-1 ( 1) = 1, hen c e f ( 1) I O. 
d I 1 

Conversely, assume that f(1) i O. We shall show that the 

equation (f*f-1 )(n) = fen) has a unique solution for the 

function vqlues f-1 (n). 

For n = 1, we have (f*f-1 )(1) = ~ ( 1) = 1 Hhich implie~ 

that f(1)r1 (1) = 1, and thus f-1 (1) = 1/f(1), sinc(; f(1) I 0 

Now, assume that th~ function values f -1 Cd) has been 

uniquely determined for all d < n. 

Consider the equation (f-*f-1 )(n) = ~(n). For n 11, 
(f*f-1 ) (n) = 2: f (n/d)f -l(d) = O. This can be vJri ttcn as 

din 
d < n 

f ( 1) f-1 (n) + I f ( n I d )f -1 ( d) = O. 
din 

d < n 
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1 ........ , .....
I r~ ,.-' 1 u ':' :-::. or r 1( ,-') ;--< r - ::~ n O·~.} 1"\ ~ ~ i :-; J 1 \,,1 v: ':',Cr'S CJ < n,v	 '" 

t 'n""i'l	 £-1 (I") 1'" 11n; (111 ':" (.; -.+ ,,"'-'1; '1"'i' 1)v,,-_ .... \ .. ..... <.,. I I _ ,;. ......, _, -'- J 'I ..... V '- ~ _.1_ -'- L '--- _.,"' 'J 

i-I (n) = - l/f(l) L f()l/c')i~1 «) 
. : n 

r' < n 

Thecrc~rr1 1. L!: 

Let	 U be \he set of units in D. 

' C' U' - { rE.D I f'(1) 1 1'1 -1"1,1"''-' (U:::') leo --1- '"h,:o,l~"'l ~",,'''O'''nl • ~. - I .... '. It· ... ., '._,' t .. , -- ... " '" . 1 ",~.~ - -- I j I ~ 1 I.A 1...... • 

Proof: 

Let f, f e: u, then (f * g)(l) = f(l)~(l) I O~ ~) l LC 

;:one) [,J ( ") 1 t' -'-}:;o, iff € Ti ), ;, r' "-, l-~ -1 E: 'LJ fol10',I,':":I [! I. '''. ~... U.../J. "... 1[(1) t"; t	 ..

imme~i~~ely frem lc~~~ 1.J4. 

2.	 IlULTIPLIC.,\'11 VE FU;JCTIC,JS 

\ie 11£.1 v;:..' ,:)l'10\JO in s~·~::,io:1 th2t tje set of 211 r2cl

V '~ ] 'l' r ri ',' Y' ~ t "1 r~ D +- ~ ..., ',- 1 r·u J"l (. t; 0 r- <c, ,co F I' { )) ( 1) 1 ,', r 0" Y~1 r'1:'	 ',' 1';"'.. .... " ,,'-' .....'" u • ...L l~ .. I,,, ..... _l. ...... ,.j..l 1. ...... ~ .. i~ 1 • V.I. J., It" 1,;1.-.'.. ,.. 1 .. J., 

ab,~,li;~n group unc":~r Diric;hJct produc'~. In tL.is s:'(;'::10n, \;e 

~re	 [cing to study ~n i[]POl't~:~~ 3ubr~r·ol.:p ct~ CijJ.S Zr'(Jup, 

tl":c'	 sUb[~r~oup of H1U1tip1 iC;t,ti "'it:: functtO!.l~3. 

Dd'j_l1ition 1.:': 

An ?rithmetic function f is ~~id to be mUltiplic2tiv~ if 

f i 3 not ide 11 t 5. c <:, II Y :u· r 0 ;--, 11 rl j, f' r (rm) = f (m ) f ( n) H h (' n ,"i :; r 

(m,n) = 1. 

t' r' , ....f i.'3 comp12t,,:ly r:1Ultiplic-c:,'"ivc' if f (mn) = i(,:;)£'(n) J. _: 1 

,-, 1 1"	 po::> i t i ': Co in'.:, '::: 1:' CT ::; ; 1, r:. 
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Example: 

Let ~ be a fixed real number and let fen) = nk. This 

function is multiplicative. 

Now He =:re going to study some properties of 

mUltiplicative functions. 

Theorem 1.5: 

If f is multiplic~tive th~n f(1) = 1. 

Proof: 

Consicter, fen) = f(n.1) = f(n)f(1) since (n,1) = 1 for 

any positive integer n. Since fIe, we have fen) I 0 for 

some n, hence f(1) = 1. 

MultiplicRtive functions have one big advantage, that 

they are completely determined once their v21ues at prime 

poHers are knoHn. Th3t is, if n = p~l p ~2 •.•• p~r is the' prime 

factorization of n, tben since the ~i 's are re12tivcly
1 

prime in pairs, we have f (n ) = f (p~l ) f (p~2 ) •..• f (p~r ). 

This can be stated more precisely 83 fol10H5: 

Theorem 1.6: 

If f and g are multip1ic3tive functions such thClt 

f(pi)=g(pi) for all primes p and all positive integers i, 

then fen) = g(n) for all positive integers n. 

Proof: 

The proof of this is by m~th in~uction on the number of 

rliffcrent pri~e factors of n. 
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a) For k = 1, i. e \-/ hen n = pel·
1 ' 

fen) = f(p!l) and sen) = gep!l), thus fen) = g(n). 

b) Now, Jssumc th2t f(~) = rem) for ~ prime f2ctors of '-,I. , 

. ~ f el e2 ekI.e. or m = Pl P2 ... 'Pk f(m) = r;(!'n).
 

For n = pel ne 2 .... pek pek+l,

1 . 2 k k+l
 

~ el e2 ek
f (n ) =.(p p .... p pek+l 
12k k+l 

el .e2 ek ek+l= f(Pl )f(P2 ) .... f(Pk )f(Pk+l ) 

= f(m)f(pek+l)
k+l
 

and
 

el e2 ek ek+l )
g(n) = g(Pl P2 .. "Pk Pk+l 

= g(pel)g(pe2) .... ~(pek)g(pek+l)
1 - 2 -' k k+l
 

= g(m)g(pek+l)

- . k+l
 

but f(m) = gem) 2nd f(p i =g(pi ), thus
 

fen) = f(m)f(pek+l ) = g(m)h(pek+l) gnr fen) = g(n).k+l ~., k+l . 

Hence fen) = g(n) for all positive integers n. 

Theorem 1.7: 

Let f be an arithmetic function such that f(1) = 1. 

el e r )Then f is multiplicative if 3nd only if f (Pl ... 'P ,=r 

f ( Pl e J! ••• f (P: r ) f or 311 Pr i mespan (i (] 11 i nt e ge r s P. > 1. 
1 

Proof: 

First, assume th8t f is mUltipli~2tive. Then by 
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definition, [(pel ...• per ) = f(Rel) .••.. f(per ).
1 r 1 r 

C .'~ I " , h'" t f (el er ) - f ( el ) f ( e r ) onvpr",e y, ,,-,ssume t. PI ... Pr -. Pl··· Pr •Cl 

Let m and n be Qny positive integers such that (m,n) = 1. 

r k 

and m = T1 pei :end n = IT qfj hherc P. q. for any
i=l i j=l j 1 I 

J 
i anc1 j. 

e e f ff (mn ) =f(pl ..•. pr ql ••••• q k )
1 r 1 k 

el e = f(Pl ) .... f(Prr )f(qlf l ) ...•• f (qfk 
k 

e e p f f= f (p 1•••• P r ) 1 (q 1 •••• q k 
1 r 1 k 

= f(m)f(n).
 

Thus f is mUltiplicativE.
 

Theorem 1. ~j: 

1) The ordinary product of two mUltiplicative functions is 

a mUltiplicative fun~tion. 

2) The Dirichlet product of t\W mUltiplic~:tiv(" functions 

is a mUltiplicative function. 

Proof: 

Part 1) is cleere For part 2), let f Dnd G bfC 

two mUltiplicative functions and 1'1 = f*g. Let (m,n) = 1, 

t 11 en 1'1 (Pl n) = L f (rl ) g (m n / (1 ) • 

dlmn 

Now, since every divisor rl of mn can be written as 

t1 •d = ab \lhere 2 is 2 civisor of m and b is a di '.risor of . , 

moreover (:j,b) = 1, (m/D,n/b) = 1, <md there is 8 

one-to-one correspondence between the set of prodllcts ~b and 
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the divisor of mn, hence, 

h(mn) = ~ f(8b)g(mn!2b) 
~:m 

bin
 

= 2: f(a)f(b)g(m!a)g(n!b)
 
aim 
bin
 

= L f(8)g(n!2) I f(b)g(n!b)
 
vim bin
 

= h(m)ll(n)
 

Therefore, 11 = f*g is multiplicative.
 

Theorem 1.9: 

If f is multiplicative, then its Dirichlet inverse f- l 

is also mUltiplicative. 

Proof: 

We define 3 new multiplicative function g 3S follows: 

For every prime p and every positive integer e, we let 

r 
g(pe) = f-l (pe) cmd for n = n p,ei He rlefine 

i=l l 

r 
g(n) = n g(p,ei). Clearly g is mUltiplicative, hence by

i=l l 

theorem 1.8, f*g is also rnultiplic2tive. Now, 

(f*g) (pe) = I [(dl )g(d2 )
 
(lId = pe
'2 
~ -1= L. f(cll)f (d 2 

. d eell 2 = p 

= (f *[ -1) ( P e) 

= E (pe) 

Hence, f * g = E. thus g = f- l CJnc1 f -1 is 

multiplicQtive. 
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Corollery 1.10: 

The set of all multiplicative ~rithmetic functions 13 an 

abelian group undnr the Dirichlet product. 

Proof: 

Let F b~ the set of all multiplicative functions. Then 

the commutativity and ossociativity holds since Dirichlet 

product is both co~mutative and associative; f h: t:ne 

identity; and from theorems 1.8 and 1.9, for :::ny I, g e F, 

( f *g) E Fand f- l E F. 

Corollary 1.11: 

Let f, g and h be arithmetic functions, and suppose 

[*g = 11. If any two of the functions are multiplicative, then 

so is the tl1il~d. 

Proof: 

Let h = f*g. If [ and g are mUltiplicative, then h 

.-,-\is multiplicctiv~ by thE:orem 1 • ,S • f~ssume t h
J,l- ......... [ and h 

are mUltiplicative, then [ * g = h implies trlc:':t 

[-1 * ([ *g) = II * h, it n d g r-l .r; h is multiplicative~ = 
. . [-1 d h'• 1 t' l' t . ".. 1ar 1 j' g d 'SInce an j 1'3 mll"_ :lP~lC(1 Ive. ~)lml y, 'vuen 8n n 

are multiplietive, [ is mUltiplicative. 

CorollJry 1.12: 

If g = fl(· (,,0 i.e. if g(n) L [(d), t~)en g= 
dIn 

is mUltiplicative if and only if [ is multiplic2tive. 

r e' r1 

Hori-:;over, L fCd) = I1 C L fCp))) \-lhere n = IT Pli is the 
. 

c~ In i=l J=0 1 i=l 
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prime fQctoriz3tion of n. 

Proof: 

First assume th~t g is multiplicative. 

Then, g = f .;; (,0 implies that e ~'I: -1 
(,0 = ( f * (,0 ) :~ . (,-1a 2nd 

thus, f = g .)i (,-1
a is multiplicative since both g and -1

(,0 

are multiplicative. 

Conversely, 2ssume th3t f is multiplicative. Then 

g = f * (,0 is multiplicative. 

Now, for p prime and e > 0, 

e(f*('O )(pe) = I f (d) = f(1) + f(p) + •••••• + f(p ) 
d lpe 

r 
e'so, for n = IT p. l ,

i=l l r 

( f * (,0 ) ( n) = IT ( f * (,0 )( p~i )
i=l 

r
 

TI [ f ( p.O ) + f ( p~ ) + ••••• + f(P7i) ]
= i=l l l l 

r 

= n f f (p) ) ]. 
i=l j=O l 

3. PRIHES AND UNIQUE FACTOHIZATION rtf ( D, +, * 

Since the ring structure of D, +, * ) is analogous to 

that of the ring of integers Z, it is n~tur31 to pose some 

questions, such ~~ s \Jhether (D, +,':f) is a unique 

f<lctorization domain? In this section \le are going to prove 

th2t (D, +, *) is a unique f:~ctoriz8tion dom~:,in. The"' 

proof is based on showing that D is isomorphic to the dom~in 

R[[Xl,X2' .• xn, .. JJ of formel power series over the real field 

R, in countably m2ny vc1riablcs and the fact th3t 

R[ [Xl , x 2, •. xn, .•. J ] i ['. ~: \l n i q u (; f ,"iC tor i Z 2 t ion dol"'! oS in. 
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First, we extend the concepts of divisibility and prime 

numbers in the rinG of integers to arbitrary integral domain. 

Definition 1. l l: 

Let R be 8 commutative ring with identity 1, R is said 

to be an integral domain if ab = 0 in R implies that a = 0 or 

b = O. 

Definition 1.5: 

If R is ~n integral domain, an element b E R is said to 

be divisible by an element a e R if there exists x e R such 

that b = a * x. We denote this by alb. If nIb, then we say a 

is a factor or divisor of b. 

Remark: 

Unit elements in R divide any element in R. For if u is 

a un i tin R, the n for any a E R, He h a ve a = u * u-1 * :3. 

Sometimes, we refer to the unit elements in R as improper 

divisors. 

Definition 1.6: 

Two elements a and b of a domain R are said to be 

associates if a = b * u for some unit u E R, and we denote 

this by a--...b. 

Theorem 1. 13 

The relation "--..." of being associ<~tes is 3n 

equivalence relation on R. 
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Proof: 

Let u, 0, cell. 

1) refl-2xivitY--8-:1 sine" :1 = ?, '" ~ for (1 11 21 6 r:. 

2) symmetry--n-b implies t;1at a = b ~'u for some unit uER, 

which implies a * u-1 = b * u * u-1 

,,--1anGI a· u = b 

thus b--a 

3) transitivitY--C1""",-,b implies that "1 = b * u for some unit 

u E. R ::md 

b""",-,c implies that b = c * v for some l~ni t 

v E R 

thu s n = ( c * v ) .j; u = c * ( v * u ) 

and a-...c 

Therefore" -....." is an equivalence relation. 

Tborem 1.1 11: 

In an integrc:ll domain R, a-...b if and only if alb and 

b:2. 

Proof: 

First, assume th2t ?,--b. 'this implic~s that c.'! = b * u 

for	 some unit uE:R. Then by definition, b:? Sincc'3-....b 

l t h ~ +implies b--a, 'vII? CuD \lrit.c b = <":! ~. u- , which implic:s , 1 J.. '::.> l~ 

<1	 : b. 

Convcrs01y, 2ssume that 21b and bla. 

. ,.
;;::b implies b=~j"x for x E R 2n(1 b: a ImpJ..lcs ," = b * Y 

for y E R. Thus, :1 = (<1 .;t x) ;., y = :=: if. (): "y). This implies 
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that x i, y = f Hhieh rrl'~cns tll:lt r <1n(l y «rc inverses of 

each other.(LE::. x ,"Inc! yare units). Therefore 8----b. 

Rema rl~ s : 

1.	 If alb, then a divi~es all the associates of b. 

l'	 •2.	 The associates of an element a in R are improper Clvlsors 

of 3. 

Definition 1.7: 

An clement a of a domain D is said to be a proper 

divisor (or factor) of b if alb but b/a. (Le. in the 

equation b = a * c, c is not a unit in R). We denote this by 

a I :b. 

Remark: 

If u is a unit, and u = a * b, then both a and bare 

units, thus the units of R do not have proper divisors. 

Definition 1.8: 

Let R be an integral domain. 

1.	 An element c of R is said to be irreducible provided that: 

i) c is 8 nonzero and nonunit. 

ii) whenever c = a ·K b for 3, bER, then either a or b is 

3	 unit in R. 

2.	 An element p of R is a prime provided that: 

i) P is a nonzero and nonunit. 

ii) If piab, then pia or plb. 

3. 1'herema i n i ngel erne nt s 0 f R, ne i t 11ere ,unit, nor p rime s 

~re called composite. 
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1 • 15: 

If R is an integral domain, th~n every prime element of 

R is irreducible. 

Proof: 

Suppose that pER is a prime element. Let p = a * b. 

Since p is D prime 8nc plab, then pia or pib. If pia, 

then we have 3 = P * c for some c E R. So, P = (p * c) ¥ b, 

and since p ~ 0, then 1 = c * b, and hence b is a unit. 

Similarly, if pib, then a is a unit.
 

Thus, p is irreducible.
 

Remark: 

The converse of this theorem is not true in general. 

Theorem 1.16: 

Let R be nn integr~l domain. Then 

1.	 Every associate of an irreducible element of R is 

irreducible. 

2.	 Every associate of a prime clement of R is prime. 

3.	 Every associate of 8 composite element of R is composite. 

Proof: 

1.	 Let a --....b where (3 is irreducible. Then a = b t; U for 

lsome unit u e R. This implies a ':f u- = b, and since 

a is nonzero and nonunit, then b is nonzero and nonunit. 

Now, let b = x * y for x, y E R. 
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Then, ;:] = (x .J< y) * u = x ~; (y * u). Since "I is 

irreducible, then either x or (y * u) is a unit. 

Similarly, we can write D = (x * y) * u = y * (x ;.; u), 

then either y or (x * u) is a unit. H",nce, if b = x ;~ y, 

either x or y is ;:) unit. Therefore, b is irreducible. 

2.	 Let a--b Hhere 8 is prime. Then a = b for some" u 

unit u e: R. This implies a * u-l = b, and since a is 

nonzero and nonunit, then b is nonzero and nonunit. 

Now, let bi(x * y) for x,y e R. 

Then, (x ~: y) = b * z for some z E: H, and 

(x * y) = (a ;:. u-l ) ;f z, and 

(x * y) * u = a * z, Hhich implies 

A : [x * (y * u) ] • 

Since a is prime, then either alx or al(Y * u). If 

a: x, then x = (a * r) for some r 6: R, c\l1d thu s 

x = (b * u) * r = b * (u * r) implies bix. ~)imU.arly, if 

3:(Y * u) then (y * u) = (a * s) for some s6:R, anr thus 

y = (8 iI' u-l ) * s = b * s implies biY. Hence, if 

bi(x * Y) either bix or biY. 

Therefore, b is prime. 

3.	 Let 8---'b Hhere 8 is composite. Then, b is composite 

follows from parts 1) and 2), 2nd the definition of 

composite elem0~ts. 

Definition 1.9: 

J\D integrcll domain R is saie to bp a uniquE; 

factorization ~om2in provided thnt: 
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i ) E~0ry nonzero nonunit elFD0nt of R can be written as 2 

product of finite number of irrc~uciblc eloments in R. 

. . t' hI.C. a = 01C2 ••• on WI n C3C c, e R is irrcc'Gucible. 
1 

i i) ., - (1 -1 fJ' 1r11el"p c "n" (1If 2 = c1c2 ..• on ~nc u - "1":2·.·' m "" "i 'ci, I' 'j 

are irr~ducibles, then n = m 2n~ for some pcrmut3tion U 

O f {1 ') n 1 c .., ,.. (1 Gssociutes for every i., (.- , ... , ./' "'" i \." " dU(i) c'\!' CI 

Rem3rk: 

Conditions i) snd ii) in the definition, implies every 

irreducible element in unique factorizc\tlon (lOmaln isC., 

prime. Ttlu ::>, i 1''1' (: (' U c i b 1c'''! n (1 p l' i Ineel f' men t [; co inc; i ( c • 

Definition 1.10: 

An integr 1 domain R is said to satisfy the ascending 

chain condition if R contains no infinite sequence 2 1 ,3 2 " .. 

with the prop8rty that each a. 1 is a proper factor of a. 
1+ 1 

In other words, if overy oh2in of proper f2ctors 

I I I I. I I 
•••• 8 i+l C'i I I I I a 2 I I ('"1 1f 0 is finite. 

Lemmo 1. O~) : 

The integral dO[E3in C [1, +, ~ ) of ~ritjmetic functions 

s p tis fie s the ;, ~ c end i n e; c it c.: inC' f~ n cl i t ion • 

Proof: 

The proof of this lemm2 is by contr2diction. 

Let f1 '8,f2' ... be rH) infinite sequence in D ilith t'r-,(, 

I I 1property that e2ch f. f1+1 I Ii' tnen
 

f" ~ '" ro·
 Hllere is not a uni t, henc,?i = I i+1'" b1 ' ~~i 

lJCSi ) < 1 emr' If(fi ) = iHf i+1 )ll(C'i) < nCf i+1 ) for 
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any i. 1·101' 8 g e n e r all y, 'vI e :1 c: V C 

. n-l 
II (f1 ) = Ii (f ) IT N(g j) ----+ 0, Cl s n ~ 00 •n 

j=l 

This implies N(f l ) = 0 cmd thus f l = e, Hhicl1 is eel 

contradiction. 

Reffia ric : 

On the other hand, the descending chain condition for 

ideRls does not hold in (D, +, * ). 
For l'_\. an integer, let Dk be the set of all functions 

fED with N(f) ~ 11k. 

i . e. Dk = fED : f (n) = 0 if n < k } 

We want to show that 

i) each Dk is an ideal of D 

ii) D = Dl :) D2 :) D3 ~ ••••• Vlith each containment proper. 

i ) For each k, Dk is an ideal of D. 

Let f, g E Dk . Thc)n fen) = 0 if n < k and 

gem) = 0 if m < k.
 

Thus, (f - g)(x) = f(x) - g(x) = 0 if x < k.
 

Therefore, f - £ E
 Dk ·
 

NOvi, let f E D and h E D. \-le ll(~ve
k 

N(f ;f h) = IJ ( f ) N(h) ~ (11k) N(h ) 

< 11k, since N(h) ~ 1 

Thus f * h E: D . Thel~efore D is an ideal of D.k k 

ii) Now, f E Dk implies that fen) = 0 if n < 1, andh 

g E Dk- l impli es that g (n) = 0 if n < k-l 

Thus f E <,nd hence DkCDk- l Dk-l 



26 

Ifc\' G') r i (;' " ( n ) -. CU· n <
 

if 11 > '.
 
I'

'lnu~, ;': e: bu'~ 1""'1 ¢ Dk ;.,:·j.r1(.;C :! (~.~ ..~ 1) = 1.L'k-l
 

T 1 T)
Fence, Dk t L k- 1 

:;Oi! , ~~l::' ~Jr'---" [Ot11'~~ to S~·l~)·\<; ~':::.:l~,t C·'I(-ry l10~~U."t:i": (~-1"CI.lt~~~r:;~ tn 

,1'-'~D ;..).... f~ctori~~tion irito i!~l~~~llCibJ.l: cl~M~nts.~.' 

Theorel'l 1.17: 

Let f b~ ~ nonunit clement in D. Th0G, 

1t ~f = Sl ':, ~'2 0 5 

cr. I Q\ll1eC tlL" "1 ;? r ·c~ irreducib10S. 
OJ 

Preef: 

If f 1· ,,~, iT'T'ccj'Jcibl:, , t (1 f' i" (:' i 2, nothinG to prove. 

.~ _.;' .~ '1..-,Gtl:cn: i:3 C, 1 .:; i; ~":'!'l C r ~- 1 13 ;:j propEr fcoctOT' of
1. - ""1 "1 1 

, '...... '"':"'..; +- l·, --.., f':" • co .~ .. '......:' .. i' , ,'" -~ t"1' 1"" f' = ..-';~ . 1 " .. ".. 2 -, ,. ~ 
~ L 1.', ,(' r 1 1 1 ,) 1 J Ie, ,{ c:~ ) J.., 0, ~ 1 ... 2 ,1 ! T II ~-, 'Y" r:~_" I "1 

2 

pI' 0PC'I~ Lice.or of ~ 

,',

1 . \:~; contin1Y:-' '(.;:i:::; precess ",::1 d 0;) ~ i ;i 

("" ..... -. ,-, _~ -. f'" ·t·'" -to 1 ,1--, ~ v. _ ...,..... ~ 1 "i ,...., 

,:, l', Ci U ,'n ,. \: L, 1. 1' .... 2 ' . .. "'., 'c. 1 l' r.; >. c,. "' 
~i 

oJ- ,~~ p r' 0 p 1'" 1;' _--: \: 0 (' '~~:.:. r 
i-l 

T' 
JB\d'._ , (3illC'('~ r) c' t i [.: f i c' 3 t I' ~' (: ;1 L~ 1 r: (~ 0 1'1 d i t i 0 ~1, 1.: : i i:) p r' 0 ':~ c 3 ~j 

,~ , ("' -'bre;"'s off ?, f t c~ r :: ~ r i nit (~ r~ 11 ~ b (y' 0 f s t ;.~' P 0 • .l.l i.:-: Lt,; .!- { ,' ..... 

n 
r I I ..:~'term, in i .'0 i j~ r C 0 u c j, b 1 (' .' '1 c' n I •11. 

Vi'2.. , ~," f n = '7 7· r (1 ',00,' f-:: \ 71.... t ~... r: f = G * f'1 TL' "",1 i ,')fiOl'-i IJ '-....... I...! "'1 _. - .<, l
1 

;-2unit, f j.::: j r r > c; 11 c i b 1 (' , o t. ~ 1.:. r" \ I i .3 e ; 'J E 11 ~.~ V (~ fl = g
"2 

~\-',4 ;':" 'r ':-: g2 js irreducible. Cont,inl:ing in trlis "~J:]Y, V/,.-:' () 0t ;~l i;'1 

,... rl~2't.h",:' ~ ..?qu0nc 1,""" ,J. , ••• r.. :-\ c l'l prOpf"r f.:c-tar' ('I {' ...-" ; 

prE' (; ~ ~.~ i n .~:: 0 ~.~ I. "n'- f i - 1 - 'J l--i \l,1· rc 3:i i0 J. r l' (:, !.. ~ II C i b .~" ". 
""'i 

'1.1~1 i :.:- b r c ~' ~ ~ :~~, 0 f f \, J i !(, {l ;1 i r' j' 'C, (lU (: i!J]", ,...·1 (';'j(; n l..,~s-l - ,. 
- :"'5 • 

J. .-L ,'\ _. [1 = -r rr 
.. +,2 -- ... -_. ~!. 

',~ '") s . ~

"1 ','1 '2 " 1 2 
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Our next objective is to ShOH the uniqueness of 

fa c tor i Z c: t ion in t 0 i l~ redu c i b lee 1 emen t s • Fir s t, ~: e 3 reg 0 i n g 

'tto ShOH th3t if t~e uniqueness of f·3ctorization f3ils, Iv 

fails in a "simple \Jay". 

First, let us divide the set of all nonzero, nonunit 

elements of D into two classes, the class of normal elements, 

whose elements are those functions whose factoriz8tion into 

irreducibles is unique, ~nd the class of abnormal elements, 

whose elements can be factored into irreducibles in tHo 

essentially different ways. Since the abnormal elements are 

nonunits, they all have norm less than 1. 

Theorem 1. 18: 

Let f be an abnormal element of D such that 1/N(f) is a 

least for ~ll abnormal functions. Suppose 

,'t.f g I .~ .... * gm = h I * * h ar'e tHo.... = n 

essentially different factorizations of f into irreducibles 

g., h., then m = n = 2 and H(gl) = N(g2) = N(h ) = N(l1 )· 
1 J l 2 

Proof: 

Ileither m nor n is equ21 to 1, sinc'? C'111 irreducible is a 

norraal element. 11oreover no g. IS't'ne aSSOCl<1'te 0 ...+' any tIj ,
1 

for if so, since cancellation holds in D (recall that D is an 

integral dom8in), we heve 

gl t: "'(T<"m h~ ••• *11 ifh ¥ ?i h* gi-l gi+l * .. = 11" j-l L'j+l' n 

and each side is still abnorm8l. HOHcvcr, since isr.;, 
a.

1 

irreducible, 1/N(gi) > 1, thus 

1/H(f) = 1/N(gl * ... " gm) 
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= 1/[N(~1)···N(Cm) 

?. 1/ I'I( [; 1 ) • • • 1/lf ( g i -1 ) . 1/ N( Ci + 1 ) • • • • 1/ IS ( g m) 

which contradicts the minimality of 1/N(f) for abnormal 

elements. Hence, no gi is Zln C1ssociclte of any hj • 

Without loss of gen0r~lity, we may 2ssume 

1/N(gi) < 1/1H gi+l) for 31J. i = 1,2, ... ,m-1, 

1/N(h j ) 1/N(h j +1 ) for all j = 1,2, ... ,n-1,So
 

and 1/N(h ) < 1/N(gl) •
1 

NOH, 

(*) 1/U(f) = 1/N(gl * ... If gm ) 

L 1/N(gl * g2 ) = 1/N(gl) .1/N(g2) 

> 1/N(gl)·1/N(gl) 

?. 1/N(gl)·1/N(h 1) = 1/N(gl * hI) 

Claim: 

Equality must hold throughout (I). 

Suppose 3t least one> holds in (*), so that 

1/ N(f) > 1Iff( gl * hI). 

Consider F = f - «(;1 .l< hI). Cleorly, F fe, b",C'c~usc if 

lc = 1/ N( gl * hI)' the n f (k) = 0 ['1 n d ( g 1 * hI) (k) r 0, so 

F(k) F O. Also, f( 1) = 0 since f is not a unit and gl (1) = 0 

hI (1) = 0 since gi ' hi is irreducible, so (gl * h )(1) = 0,1 

hence F(1) = O. Thcn':fore, F is not a unit. 

1/N(F) = 1/N[f - (gl ~; hI) ] 

= min { 1/N(f), 1/N(gl ~, hI) } 

= 1/N(gl * hI) by our assumption that 

1/1Hf) > 1/N(gl ,f hI). 

Thus, 1/!i(F) < 1/H(f), so F is normal. 
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c::· -'.. '.'"lIn",,, r::"(:';1 IFI '":'I'" ..' __,,1(; ~l I T'7"'.111 -:::,-'
"n~: 

Ti
L 

~ C".L.:, - .... ~ lJOrl:1oiJ.., • t ~ ] 1 ... C'110 .. 01''-' ' ~'1 ~ "..•L"t. 

(g 1 .'(. h )"1 I ~ 
It', Sc~Y 

1:'
• = r~'l 

~. , 1.

ill 
•• 

;, 
,.., 

Lr for S01F' G E: D. 

:3:lnr:e F = [ - C.a,1 '~ h1 ), then 

( ~	 ", '1..) ~ ~(';1	 " h1 ;" G + 61 " 1.1 =..,..:l 0 

,,' 1'1) * (G -I- ..) - t'-n "r C·, f' or',+'.1.'(gl , r ..... - , ,.. .,. .' ~ \.
 

( r iI· "1 )I[ q~ gl '<ill ,fH=f fOI' sane tI E: D.
01	 . "1 I , ~ oy 

-:.: ~,r r"UOH,	 0" *11 ,fll=f=a tJ m ;1cnv;
<"1 1 t'l 

il ,., H = 9: ,':' ;~ er • 
1 "2 ""'m 

Since m > 1, this product is not the Z0ro function anj 

not a unit, ond hen~c is norm~l because 

11 N( g 2 it· ••• *gm ) ~ 11 j.: ( [ ) • 

11 l'S -.':.. 0~"OC1'~tnu '-ol C ()0 i [or some i = 2, ... , n-1 ,Thu s , ~ ~n	 o~~ c., U ....
1 

"lhici', is c" contradiction. Thcrt."fol'e, in (If), the equali ty 

holds throughout. 

In PD1'tic1.:lar, (.:;) yi(;l(~;;, 

1/11(gl)' 1/N(g2) = 1/1;(1;1) .1/ N(gl) = 1/1:(£;1) .1/11(h )
1 

or H(gl) = N(g2) = N(il 1 )· 

III S 0, m = 2. since ( ;; ) ':3c.ys, 

11 :'.' ( "J; l: g ) - 11 I,: ( ., ,\:. ry )
.j g 1 • • • . 'm - 01 b 2 •U 

But,	 11 N( [) = 1.I Ii ( g 1 ':~ g 2) = 11 iH G1 ) N( g 2) a n c! 

1/H(f) = 1/N(11 "" .•• >< h )
1 n 

= 11 H( h 1 ) ••••• 1/ IJ (l'11 ) 

> [ 1liH(11)]n 

= [1.1 IH C1 ) J n 

rrl11.:.s , [1/UCr,;1 )J2 ~ [1/UC:;1)]n, so n ~ 2, but. ~,incc 

(; >	 1, thpn r. = 2. 
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Now, * f I ¥. TD!~ing norms,gl g2 = = n1 . n2 • 

N( g1 * g2) = N( g1 ) N( g 2) = lHhI) Ii( h 2) = N( 1': 1 ) H(h 2 ) 

since N(gl) 10, N(g2) = N(h2 )· 

Thus, t~e proof is complete. 

4. THE RING OF FORt'1[\.L POHER SERIES 

For any positive integer k, let 

Ik = { CZ = (nl,n2 , ••• ,nk ) : ni e:. Z+ UfO} }, clnd 

Xl'X2' ••• ,xn '··. be a countably infinite number of 

a ::'l r,indeterminates. For each a Elk' we define x L"U 

a _ nl ,n2 nkx - Xl x2 .... xk 

Let R be the field of re2~1 number's. Then the pOrler 

series ring R[[xl'x 2 , •• x , ••• JJ in indeterminatesn 

x1 ,X 2 ' •• 'X ' ••• over R is defined JS the set of alln 

formal sums L ':,.1 xa wherE: d = a a ••• a e: R witha nl n2 nkaE.: a ' I k 

addition and mUltiplication defined by 

a a aL 2 + I b x = L (3 + b )xa X a a a 
a a( I8 X ) ( I baX

a ) = L cax \'Jhere c a nL an ba f--J+y=a f--J y. 

It is easy to show that the following relations hold for 

11 A B . C E: R[ r v I' E ..+ 1 ] •a " , anc L"i IlL ~ .
 

i) P.B = BA
 

ii) (AB)C = A(BC)
 

iii) A(B + C) = AD + AC
 

aiv) 1 = I 8 X , \There 8 0 = 1, 3CZ = 0 for ;:;11 0 I C1 Elk' 
a E:l k

a
is a unit element for mUltiplication. 
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Thus, we can state formally: 

Theorem 1. 19: 

R[[x. : i e Z+]] is a commutative rinE with unity.
1 

. E 7+] ] hNO\J, He are goinG to show that R[ [x i 1 L. , .. 8S no 

zero divisor. 

a I xQGiven 1', = L ilaX E R[[Xi I i E Z+J ] , the ter'ms c~, 
a 

such that La = p are culled the terms in fL of total degree 

p. 

Definition 1.11: 

The formol power series A 
p 

whose terms of total degree 

p are those of A and whose other terms are zero, is called 

the homogenous part of A of degree p. 

Definition 1.12: 

For every A E R[[xi: iE Z+JJ, A f 0, the le2st 

integer p ~ 0, such that A f 0 is called the order of A, andp 

we denote the order of A by W (A) • 

Theorem 1.20: 

R[[x. : i E Z+JJ is an inteo:ral domain.
1 u 

Proof: 

He only need to prove th;;~t R[ [x i i E Z+J] has no zero 

divisor. 

Let A = Laa xa and ,B -- I ba xa be tHo nonzero 

elements in R[[x : i E Z+JJ.i 

Let p = W (f,) , q = w(B), and let A.B = L Ccr x
Cl \Jhere 

Ccr = I G bY Hence, c a -- ('\ for LC1< p + q anc 
fJ+y= Cl (3 

v 
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Co = (Ap.Bq)a I 0 for LO=P+q. 

Thus A.B I 0, Gnd the proof is complete. 

Theorel1 1. c; 1: 

The ring of arithmetic function D, +, " is 

isomorphic to th0 ring of formal power series in count~bly 

infinite number of indeterminates R[[Xi: i E Z+JJ. 

Proof: 

Let {PI' P2'... } be the set of primes listed in "ny 

definite order. Then every integer n can be written uniquely 

in the form n = PIlp~2 •••• and uniquely described by a v0ctor 

(el'e2' •••• ) with nonnegative integral components, finitely 

many of which are nonzero. 

I •Let ep : D ~ H[ [xi 1 E z+]] be given byI 

aep(n = L fen) x 

where the summation extends over all a = (el,e2' ••• ) 

_ el e2where n - PI P2 •••• 

i) Assume that ep(f) = ep(g). 

This implies that 

aLf(n)x a L g(n)x= 
and fCn) = g(n) for ,)11 n E Z+ ,
 

and f = g.
 

Thus, is one-to-one.
1> 
i i) To shoH ep is onto, let L~. CZ E R[ [x . I i E 7 +11('ax - l I ~ ~ - ~ , 

define fED by fen) = aa for all n E Z+ h'here 

elpn = p e 2 •••• 2nd a = (e ,e , ••• ), then 
1 2 1 2 

aep (f) = L f (n ) xa = L cax . 
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a::; iii) epCf + C) = I Cf + g)Cn)x 

= L rfCn) + gCn)Jxa 

'" L [fCn)x a + gCn)x a ]= 
epCf) + <pCg).= 

Q
iv) epCf * g) = I Cf "+ g)Cn)x

l: r l: fCd )gCd )]xC2= 1 2
dl d2 = n 

2: [ L: f Cd 1 ) x{J'L g Cd 2 ) xY J= 
d1 d2 = n 

f f 
Hher(~ d

2 
= ph1phZd1 = P1lP22 •• and 1 2· •.. , and a =P + Y 

p= I fCd l )x I gC(12)X Y 
d1 d 2 

= <PCf) epCg). 

Hence, ep is an isomorphism. 

To prove th2t (D, +, *) is a unique factoriz2tion 

do~ain, we need the followin~ theorem whose proof is little 

invol ved. [7J 

Theorem 1.22: 

The ring of formal power series R[[xi iE Z+JJ is C1 

unique factoriz2tion domain. 

Corollary 1.23: 

C D, +, *) is a unique factorization domain. 

Proof: 

Suppose unique factorization into irreducible elc~ents 

fails in D. By theorem 1.1P., \.1e shoulrl havp. an element of 

D of the fon.~ f e) = b Hhere f, g, h, ,'n c' etre~~ Cf {{ ~{, I",. 
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,t· 
irreduciblcs of tile' SC:1r.1C norm, and f is not r"s:30ciatcd of 

or k. Under isomorphism ~ 1·~l·S \:., c'0'0 ... p-",}either h the 1 0 to't"" L· .~i ...... 

have serics of the form ep(f) ep(g) = ep(h) ep(k) where 

cP(f) , cP( g) , ep(h) , and ep(k) e're primes in 

IR[ [x , i 6 Z+J] and <P(f) is not associated with eitherI 
1 

ep (h ) or eP(k). 

But, this contr8dicts the fact thClt H[[xi: i 6 Z+JJ is 

a unique factorization domain. Hence, foctoriz2tion into 

irreducible elements is unique in (D, +, * ) up to order 

and units. 

CorollDry 1.24: 

Let f E:' D be such th3t N(f) = 1/p, Vihere p is a 

prime, then f is irreducible in (D, +, * ). 
Proof: 

Since (D, +, *) is a unique factorization donain, 

every irreducible element in (D, +, * ) is also 8 prime. 

NO\{ , to show that if N(f) = 1/p, then f is 

irreducible. 

Let f = g * h, then N(f) = N(g)N(h). Hence, 

p = 1/N(f) = 1/tJ(g)N(h), thus \Ie must have either 1/N(g) = 1 

or 1/N(h) = 1, thus either g or h is a unit, and hence 

f is irreducible. 



CHAPTER 2 

SOME IMPORTANT ARITHMETIC FUNCTIONS 
., 
J 

In this ch2pter, He \.;ill be dec)ling i:ith ;:}or::e of U1C' 

important iJrithmetic functions of number' theory. By tt'!:ing 

advant~ge of the alr,ebr3ic structure introduced on the set of 

arithmetic functions in Chapter 1, we prove many c12ssicsl 

results concerning these funtions. The algebriJic viewpoint 

has the obvious arlvant8ges of leading to the development of 

such results without mysterious combinatorial techniques. 

The iota functions 

First, we are ~oing to introduce a very important class 

of arithmetic functions, the iot~ functions. We will see that 

these functions c~n be used to build up many of the 

arithmetic functions in this study. 

Definition 2.1: 

For any real number k, we define the functions (,k by 

(,k( n) = n k for eV2ry positive integer n. 

We will refer to these functions as the iota functions. 

In psrticuJc.r, note th2t (,O(n) = 1 fOl' every n > 1. Pdso HE. 

Hill write (, for (,1 \Illen no eonfusion vlill arise. 

Theorem 2. 1 :
 

The iot~ functions are muJtiplicativc.
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Proof: 

Ltc t (1'1, n) = 1, t!1 '2' n by c1(" fin i t ion 2.. 1 , 

(,k(rm) = (mn f 
= mknk 

= (, k( m) (,k( n ) 

J Thus, (,k is mUltiplicative. Also, \,(' ce:=.n',', see t-h'''t,v,~' (,k I, " 
,.' 

in f8ct completely multiplicative. 

"1 

The iota 

Theorem 2.2: 

functions are Dirichlet invertible nnd 

1 if n = 

(,-Jt(n) = (_1)r nk if n is 3 proGuct 
ciistinct prines 

of r 

o ot:1erHise 

Proof: 

For 8 real number k, (,k( 1) = 1 I 0, hence ~ is 

. t'bl·Inver.l c. F' tf..'ur ~.1fTmOre, ,-1,"k IS It' J''''''mu" .lp .IC21..1VE'. 'r"~!1US, t)y 

using lemma 1.04, we ~et 

Clnc 

for 

for 

n 

p 

= 1, (,; \ 1) = 

prime, Lk1p ) 
1/ L 

k
(1) = 1 

= -1/ "k(n I (,k(p/d) 
(1 : p 

ri < P 

(,'}/Cd) 

= -(1) (,kCP) -1(,k (1) 

= _( 1) pk 

anc1 for t<' > 1, (,'k?-cpe) = -1/ (,k(1) I (,k(pe/d) (,-~ (d) 
dipe 

(::l < pe 

but ~\(1) I 0 only if c = 1 or G = p, so 

(,-;(pe)	 = (-1)[(,k(pe)(,-~(1) + (,k(pe-l)(,"k1(p)] 

= _pek + p(e-l)k. kp
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ek ek -k k= -p + P • P • P 

= 0 

and since iiI is mUltiplicativE', hence for 

-1 fI1 < n = fr p~i Lk(n) = Lk(P~i) 
1 1

i=l i=l 

= nr -(1)P.
k 

if 811 e. i 's -
i=l 1[ o other\!ise 

= [( - 1) r (p p •.• p )kif a 11 e. I s = 
1 2 r 1 

o othen'iise 

= [( - 1 / n 
k 

if alI e. 'S = 
1 

o otherwise 

The Mobius function 

Definition 2.2: 

The ~lobius function fL is defined to be 

i.f n = 1 

fL(n) = o if n is not squ3refree 

(_ 1)r if n is n product of r distinct 
primes 

Note: squc'refree Inf':8nD that if n 
r 

= n pei
. 

. 1 11= 

, ::111 e.
1 

'S are 1. 

Lemma 2. a1: 

fL is mUltiplicative. 

Proof: 

Let (m, n) = 1. Then 

i) ifm=n= 1, fL (mn) = 1 = fL (m ) fk (n ) 

ii) if either m or n, (or both) Are not squarefree, 

fL (mn) = 0 = fL (m ) fL (n ) 



38 

if ~ 8nd n Grp squ0refree, then andm = P1 P2·· .Pr 

n = qq ••• q \ihE't'E' P. I q. for all i = 1, .• ,r; 
125 1 J 

j = 1, .•• ,3. 
r 5f fL(mn) = (_1)r+s = (-1) (-1) = fL(m)fL(n) 

thus fL is multiplicative. 

Theorem 2.3: 

The M~bius function fL is the unique arithmetic function 

such that fL ;.: (,0 = ~ i . e • LfLCcl) = jf n = 
din 

if n f 
Proof: 

c 
C'. ..:Ii ) .)Ince fL 3n~ (,0 are rnu1tiplicative, ( fL ¥. La is 

multiplicative, so 

fL * (, a ) ( 1) = fL ( 1) La ( 1) = = ~ ( 1 ) 

and for p prime and e > 0, 

fL * (,0 )(pe ) = fL(1) (,O(p e ) + fL(p) L (pe-1) +a 
( e-2fL(p2) (,0 p ) + ••••• + 

fL(pe-1) La (p) + fL (p e) La( 1) 

= (1)(1) + (-1)( 1) + 0 + ••• + 0 + 0 

= 0 

= f (pe) 

Therefore, fL ;~ (, a = f

i i) To prove the uniqueness, assu:ne that fL * La = fi * L, a 

Then, fL *' (,0 = fL * (,0 

-1 
(fL* (,,0) * (,0 (fl-.* (, a) * (,-1= a 

j-I- 'If ( (,0* (,-J) = fL ~. (,a * Lo1) 

f fL ;/: ffL * = 

fL = fL 
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J 

Rem;) rk : 

Note that ~ is the Dirichlet inverse of ~O 

Theorem 2.4: (MBbius inversion theorem) 

For all arithmetic functions f 8nd g 

g = f * ~O if and only if f = ~ * g 

i. e. g(n) = L f (d) if 2nd only if fen) = L ~(d)g(n/d) 
din din 

Proof:

First, assume that g = f * ~O , then 

~ * 9 = ~ * f * ~O) 

= ~ * (,0 * f ) 

= (~ * (,0) * f 

= ~ * f 

= f 

Conversely, assume that f =~ * g, then 

f * (,0 = ( ~ * g ) * L. 0 

= l g * fJ- ) -)I LO 

= 8 * (fL * LO) 

= g * f
 

= g
 

Theorem 2.5: (Generalized M5bius inversion theorem) 

If f, g, and h are arithmetic functions, and h(n I 0 

then g = f * h if and only if f = g * h- l • 

i • e. g (n) = L f (d )h (n / d) i fan don 1y iff (n) = I g (d )h-~ n / d ) 
din cin 
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Proof: 

First, assume th3t g = f ~f 11 ,then 

g * h = ( f ;7 h ) * h- l 

= f * ( 1'1 h- l ).J< 

= f * f 

= f 
Conversely, assume that f = g * h-1 , then 

g i1 h- l ) ·If hf * h = 
= g * ( h-

l * h ) 

= g * f 

= g 

Note that if h = LO in this theorem, then we have the 

classical Mobius inversion formula. 

Number Bnd sum of divisors 

Definition 2.3: 

For positive integers n, we define the foJlowing 

functions: 

U T(n) is the number of positiv~ ~ivisors of n 

ii) O"(n) is the sun of positive divisors of n 

iii) Ok(n) is the sum of the l~th pO\lerS of positive 

divisors of n, Hhere 1.<: is ~H1Y rei'll number. 

Note that T(n) and O"(n) are special cases of 0""0 n ). 

i • e. T (n) = UQ( n ) rlnd 0"( n) = °i(n) 

We can write these functions in terms of the iote 

functions: 
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1'1 
T(n) = ( 1,0~ l"O)(n) = L1 

din 

0"( n ) = ( l,,0* l" ) (n ) =L d 
dIn 

Ck(n) = ( l,,0* l"k) (n ) = L (;
,k

din 

Theorem 2.6: 

O"k is mUltiplicative. 

Proof: 

Since l"k is mUltiplicative, then Ok = l,,0 * l"k is 

multiplicative. 

Corollary 2.7: 

Th e fun c t ion s Tan 0 0" are mu 1tip 1 i cat i ve . , 

Proof: 

Since T 3nd 0" are special cases of O"k' hence, T 

and 0" are mUltiplic2tive. 

Theorem 2.8: 

For any prime p and any positive integer e, we have 
e 

O"k(pe) = I pik = <; + 1 if k = 0 
i=o 

pk(e+l) _ 1 if k I 0 
[ 

pk _ 

Proof: 

Ok.< pe ) = ( l,,0 * 1<.) (pe ) 

L ok= 
-oll e 
\; I p 

k 2k ek=1+p +p + •... +P 
e 

= L pik 
i=O 
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by using sum of geometric progression with common 

He have 

if kUk( pe) =[e + 1 = a 
pk(e+ll. if I< I 0 

pk _ 1 

r 

Sin c e O"k i S :TJ U 1 tip 1 i c 3 t i ve, t 11 en H h (' n n = n p~ i VI e get 
i=ll 

Corollary 2.9: 
r 

Ok(n) =	 ,n ( e, + 1 ) if k = 0 
1=1 1
fr..!:ik (ei +1) - 1 l.f k 1 0 

i=l p,k	 !J 
1 

) . Corollary 2.10: 
r 

If n = TI p,ei then T(n) ) . Also= n(e. + 
i=ll	 i=l 

1 

T(1) = 1. 

Proof: 
r 

T( 1) = L 1 = 1 and. T (n) = O"rf..n) = n ( ei + 1 ). 
d: 1	 i=l 

Corollary	 2. 11 : 
r 

e' p,ei +1If n = n p,l , then eT(n) = r 1 - 1 
i=l 1 n 

p, - 1i=l 1 

Proof: 

eT( n)	 r p~i +1 = eTl(n) =n 1 

p, i=l 1 

It is e8SY to derive v8rious identities involving the 

8rithmetic functions Ok and fL • 
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Theor em 2. 12: 

For any positive integ~r n, 

k"k* fJ- = (, k i . e • I Ok(d) fJ- (nlo) = n
din 

Proof: 

By definition, CTk = (,0 * (,k , thus
 
-1 -1


CT
k 

* (, 
0 -

_ (,0 * (, 
k * (,

0 

f~i< fJ- = (,k * 

~ * fJ- = (,k 

Coroll<1ry 2.13: 

For any positive integer n, 1rTe h2ve 

1) T * fJ- (,0 1. e. L T(d) fJ-(n/d)= = 
din 

(,i i ) CT * fJ- = i . e. I CT( d ) fJ- (n I d ) = n 
elin 

CT 'I<., (,iii) (,0 = T * i • e. I CT( d) = I (n/d) T(d) 
cin din 

Proof: 

i ) T ~. fJ- 0"0 * fJ- (,0= = 
i i ) CT*fJ- 0"1 * fJ- (,= = 
11 i) CT* (,0 = ( 1.0 * (, ) * (,0 

0\' 
1-'1 

(, "..' = l (,0 * (,cY * 
(,= T * 

'de also h::we 

Theorem 2. 1II: 

For 8ny positive integer n, 

i) I d CT(d) = I (n/d)2 CT(d) 
din din 



~ ----

44 

ii)	 ICT(d)CT(n/d) = 2: d T(el) T(n!r.) 

din din 

Proof:
 

i) Since I (n/d)2 CT(d) is equivalent to ( ~2* CT len), 8n~
 
d in 

both ~2 ::md CT 3rf> multiplicative., we can just look at 

its value at pe , where p prime and e > O. 

(~2 if CT )(pe) = 2:CT(rl)(pe /d )2 
d i pe 

CT( 1 )p2e + CT (p )p2 (e-l4.- • • •• + CT(pe-2 )p4= 

+ CT(pe-l )p2 + CT(pe) 

= p2e	 + (1 + p)p2(e-~)•••• + (1 + P + ••• + ~-2) p4 

+ (1 + P + ••• + pe-l ) p2 + (1 + P + •••• + pe 

= p2e + (p2e-* p2e-2) + ••• + (p4 + P 5 + ••• -1- pe+~ 

( _/ 3 2e - A ( 1 2 e+ j.T	 + P + ••• + P ., + + P + ••• + P 

= 1 + (p + p2 ) + (p2 + p3 + p4 + ••••• + 

(pe-l + pe + •••• + p2e-2) + (pe + pe+l+ ••• + p2e) 

and 2: d CT(d) = CT ( 1) + P CT ( p) + p2 CT (p2 ) + •••.• + 
dipe 

pe-l CT(pe-l) + pe CT(pe) 

2= 1 + P (1 + p) + p2 (1 + P + P ) + ••••• + 

e-l e-l e e 
p (1+p+••• +p )+ p (1 + P + ••• p 

223 4= 1 + (p + P ) + (p + P + P ) + •••••• + 

e-l e 2e-2 e e+l 2e 
(p + P + ••• + P ) + (p + P + ••• + P ) 

Thus L (1 CT(d) = I (n/d)2 CT(<5)
 

din dIn
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ii) ;~i!ni18rly, since L (]"(d) (]"(n/d) is equiv2l-::nt to 
din 

((]"* (]"	 )(n), th~~n 

((]"* (]"	 )(pe) = L(]"(d) (]"(pe/d )
d: pe 

:l = (]"( 1) (]"(pe) + (]"(p) C/Cpe-l) + ••••• + 

(]"(pe-l)C/Cp) + (]"(pe) (]"(1) 

e-l 
= ( 1 + P + •••• + P e) + (1 + p)( 1 + p -1- ••• + P ) 

e-l 
+ •••• + C1 +P+ ••• +P )(1 + p) + 

e( 1 + p + •••• + P 

e e-l=(1+p+•••• +P )+[(1+p+•••• +P )+ 

2 e, r( e-l)(P+P + •••• +P )J+ ••• + 1+p+••• +p 

+ (p +p2 + ••• -I-pe)J + (1 +p + ••• -I- Pe 

= Ce + 1) + ?ep + •••• -1- 2ep e-l+ (e + 1)pe 

and 

Lc T(c!) T(pe/d) = T(1)T(pe) + p T(p)T(pe-l) + •••• + 
d ipe 

pe-l T(pe-l ) T (p) -I- pe T(pe) T ( 1) 

= (e + 1) + P ( 2) e + •••• + Pe-l ( E' ) 2 -I

pe(e + 1) 

= (e +	 1) + 2ep + •••• + 2ep e-l + (e + 1)p 

Thus	 L(]"(CI)(]" (n/d) = L d T(el) T(n/d) 
din ~ in 

EUler's function 

Definition 2.J~: 

We define Euler's function ep by 

.../... ,< 
~ "h l,O = l, i . e. L eP( en = n 

din 



1 

46
 

By Mobius inversion theorem,
 

(,:. fJ. i . e. 9(n) = I dfJ.(n/d)
cP= 
din 

Since (, and fJ. are mUltiplicative, it f0110"l5 tl18t 9 
is multiplicative. 

Theorem 2. 15: 

For n > 1, we have ep(n) = n TI( 1 - lip) 
pIn 

Proof: 

If p is prime and e > 0, then 

ep(pe) = ( (, * fJ. )(pe) 

2 e-2(,(1)fJ.(p e ) + (, (p) fJ. (pe-1 + L.(p )fJ.(p 7 + •••••• += 
(,(pe-~fJ.(p) + (, (pe ) f-'- ( 1) 

e-l e= 0 + 0 + o + •••• + P (-1) + p 

e-l e= -p + p 

= pe (1 _ 1Ip ) 
r 

Then, if 1 < n = n p~i 
r i=l l
 

cP< n ) = n ep(p~i )

i=l l 

r n e'= p. l (1 - lip. )
i=l l l 

= pel ••.• pe r (1 - lip )(1 - lip ) •••• (1 - lip)
1 r 1 2 r 

= n n(1 - lip) 
P:l1 

Ordinarily, th~ Euler function ep(n) is defined to b~ 

the number of inter,ers m, whc're 1 .5. r.1 :; n and such that 

(m,n) = 1. 

To show the equivalence of the two definitions, consider 
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the function r defined for each positive integer n by 

I(n) :: number of integers 1 ~ m ~ n \'lith (m,n) :: 1. 

First, He IJill prove the folloHing lemm8 

Lemm2 2.02: 

IIf dln, let ., 
:: { mn/d I 1 < m < d 2nd (m,d):: 1 }'-'d 

~nd ~ n,' ¢ ('111(1If d : n, e:n d I e, thr-'n "d ~)e:: 

U ~('d 
-- 1,?, ... ,n}. That is, uc:> 

d 
c:n } is a p8rtition 

din 

of { 1,2, .... ,n}. 

Proof: 

Let din, ein and d # e, then 

Sd :: { mn/d I
I 1 ~ m ~ d Dnd (m, d) :: 1 } and 

c.' { I 
~ e ::'-'e :: rn/e I 1 ~ r and (r , e) 

SUPpOSE' Lld" n oJ e f ~, then there is an integer t where 

t :: mn/d and t :: rnle with 1 < m < d, 1 < r < e, 

(m,d) :: 1, (r,e) :: 1. Thus 

(m,d) :: 1 implies that (mn/d, dn/d):: n/d which implies 

(t,n) :: nld 

Simil,-lrly, 

(r,e) :: implies th1t (rn/e, en/0) :: nle which implies 

(t,n) :: nle 

Ct,n) :: n/d an~ (t,n):: n/e implies d :: e, which is 

C' n " 

C' 

i'TJpossibJe. ThErefor p , if r f e, '~d 0 e :: ¢ 
lIO\'I, let t E {1,2, ... ,n l. We will shoHthat tE:2d 

for some d uhere (1 in. 

For some integer k, let k =,(t,n). 

This implies th3t kit 8n~ kin, thus t :: kb and n :: kd where 
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< b < t Dno < (; < n. From this, \{(' get t = bn/c' , but

~ t ~ n, so 1 S b ~ t ~ d < n and thus 1 < b < d. 

Also, k = (t,n) implies k = (kb,kd) Hhich impli'Os 1 = (b,en. 

Since t = bn/d \Ihere < b < d and (b,c.!) = 1, then te:S d 
, INow, we \·Jill ShOH that SdC { 1,2, ••• ,n } i-ihen Gin. 

Sd = { mn I d : 1 S m S d 2 n d ( m , d) = 1 }. Sc, wen e (.(j t 0 S h 0 \i 
r 

that 1 < mn/d ~ n. i.e. d < mn and mn < nd. 

mn ~ nd implies th~t m ~ d, which is true from the 

definition of 3 d , d S mn if and only if 1 < mk where k = n/d 

and k ~ 1. Thus d ~ mn if and only if m ~ 1, which is true. 

Thu s S d C { 1, 2 , ••• , n }. 

Therefore, US d = { 1,2, ••• ,n } 
din 

NOH, since the collections of the subsets is " 
(" ~Sd 

partition of 1,2, ••• ,n }, the number of elements in 

1,2, ••• ,n } is the sum of the number of elements in S d 

C.' • C' 1.-.,-,Ince..)d '133 Y(d) elements, we have ~ Y(d) = n. 
din 

Therefore, by :'1obillS inversion theorem, we !18ve Y = [, ')' fL, 

anci He seE' that Y = e:p 

Summarizing these results, WP have 

Theorem 2.16: 

The number of inter:(~'rs m such that (m, n) = 1 uno 

< m < n is ep(n). 

Cor'ollary 2.17: 

!\ny cyclic group of order n has e:p(n) genel~ators. 
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Any cyclic group of order n is isomorphic to (Zn ,+). 

Thu S vJ e H U 1 1 00 l- Cl t the zen era tor 3 0 f ( 2 n ' +) • 

The units in Zn are Un = {[8J~Zn: (a,n) = 1} thus 

I Un : = ep (n ) • 

CIa im : 

Every unit in 2n is a generator for (2 n ,+). 

Proof of claim: 

Let Zn = {[1J,[2J, •••• ,[n-1J,[nJ }. AssumE; thClt 

[a J E: Zn is a unit in Zn • Since [a] is a unit, (a,n) = 1. 

Thu s < [a J > = { [a J, 2 [a ] , ..... , n [a J } 

We will show r[aJ f ara] for 311 1 ~ r,s ~ n, if r f s. 

Assume r [a J = s [a J. This implies era J = [sa 1 

and ra == sa (mod n) 

(ra - sa) = 0 (mod n) 

a(r - s) = 0 (mod n) 

thus ni a(r - s) 

2nd n:(r s) since n/2 

but this is impossible since (r s) < n. Contradiction, 

and thus r[aJ f sea]. 

Therefore, eVE;ry unit in Zn is a generator for (Zn'+). 

Theorem 2.18: 

The folloHing identities hold among the functions ef:> ' 

r , a- , and l. 

i ) ef:> * T = a-

i i ) ep = .*·l: a- l. I. 
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or more gen~rally, we h~ve 

ep * Ok = I, ;; I, k 

We will prove part iii) only since p3rts i) and ii) 

folloH from it.'J 

I,iii) ep .~ O"k = ( I, * fL ) ~: O"k = I, * ( fL * O"k) = I, * k 

To sum up the fnet that most familiQr arithnetic 

fu net ion s n 3 m(' 1 Y T, 0" , ep ('mel fL C'=ln be build up from 

the functions La 2nd I, , we state the following theorem 

Theorem 2.19: 

The group generated by La and I, is the 'smallest' 

sUbgroup of the group of units of arithmetic functions in D 

with values in Z under the Dirichlet product which contains 

the following classical 2rithmetic functions: 

~ = 1,-1* I, the Dirichlet identity 

!"1obius functionfL = La
-1 

I, .,
T a ,. La number of divisors= 
0" = I, La SWll of divisors* 

I, * 1,-1ep= EUler's functiona 
".." r: 

Jordan function 

The Euler ep -function is on ex~mplp of a wider Cli'lSS of 
"Uh ;' 

functions called the c18ss of totient functions. 

Definition 2.5: 

An arithmetic function f is a totient if it can be 

Hritten 2S f = g '" h-lwhere ?; and h 2re completely 

-
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multiplic,Jtiv p [1I11'..':"i0ns. 

Cleerly, the Eul(:r ¢ -function is tot-ient sincE' 
-1 ep = (, ,X fk = (, * lrO 

where both lr and lrO are completely multiplicntive functions. 

Ps an example of 2 totient function, we will consider 

the Jordan totient Jk as one of many generalizations of the 

Euler ep -function. 

Definition 2.6: 

For any positive integer k, the kth order Jord;Jn 

totient function J k is defined by Jk = lrk * fk • It follows 

from the definition that Jk(n) = 2.fk(d)(n/d) 
din 

Theorem 2. 10: 

For any integer k ~ 1, Jk is a totient. 

Proo f: 

Since Jk = I .. 

"k'~ 
L1. 
r 

,= "k 
.. 
.... 

lr-1 o Where both l..k and (,0 

are completely multiplic2tive functions, then J k is a 

totient. 

Theorem 2. 11 : 

J k is mUltiplicative. 

Proof: 

.3ince Jk = lr k * f-L Hhere both lrk and fk arE"' 

multiplicative functions, then J k is multiplicative. 

Note that J 1 = lr !f f-L = ep 
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r 
e'J k (1) = 1 and if 1 < n = TI p. 1, then 

r i=l 1 

J k( n) = n k n (1  1/p.k
i=l 1 

Proof: 

J k (1) = (\*fJ.. )(1) = (,k(1)fJ..(1) = 

For p prime and e > 0, 

Jk(pe) = ( (,k* fJ.. )(pe) 

= (,k( 1)fJ.. (pe) + \(p) fJ.. (pe-l) + ••• + (,k(pe-l)fJ.. (p) 

+	 (,k (pe ) fJ.. ( 1 ) 

(e-l).k ek= a + 0 + ••••• + P c-1) + p 

(e-l)k ek = -p + p
 

ek k
 = P (1 - 1/p 

r 
e·so, if 1 < n =n P.1 

i=l 1 

r	 r 
elk erk	 kJk (n) =TI Jk(p~i) = P •••• p n( 1 - 1/p. 

. 1 1 1 r i=l 11= 
r 

= n k n (1 - 1/p ~ 
i=l 1 

Theorf'm 2.13: 

For any positive integer 0, r Jk(rl) = n k 
• 

din 

Proof: 

By defini.tion, J k( n ) = IfJ..(d)(n/d)k, thus by Hobius 
din 

inversion theorem, I Jk(d) = n k . 
dIn 

Theorf'm 2.1 J!: 

J k (n) equals the number of ordered k-tuples of integers 

x 1 'x 2 ' ••• 'x k ) such that 1 < x. < n for i = 1,2, ••• ,k and 
1 
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gc d ( xl' x 2' ••• xk' n ) = 1. 

To prove this theorem, we will make usc of the following 

well known combin8torial principle: 

Inclusion-exclusion principle 

If A , •••• A are subsets of a finite set S then the
l t 

number of elements of the set 
t . 

:s \ (Al U A2 U . . . . U At): = :s : + I (- 1 ) J 2: : (A i In••• n f1. i . ) : 
j =1 1 ~ i l ~ •••• ~ i j ~ t J 

The proof of this formula can be found in [24J. 

Proof of theorem 2.14: 

Let I be defined by
k 

Ik(n) = number of order8d k-tuples of integers ( xl, ••. ,xk ) 

such that 1 < x. < n, i = 1,2, ••• ,k and gcd(xl, ••• ,xk,n) = 1
- 1 

Let S = { (x1 ' ••• , xk ) : < x. < n, i = 1,2, ..• ,k} and 
- 1

.1\ = { (xl, ••• ,Xk)E:' S: Pi: gcd(xl, .••• ,x k ) } Hhere 

el er n = p •••• P 
1 r 

If (Xl , ••. ,xk)E: Ai' then r,cd(xl,····,x k ,n) f 1, 

because each x. , i = 1, ••.• , k are mu 1 tip 1 C S 0 f p. Thus 
1 1 

Yk(n) = : S \ (AIU A2U • ••U A ) :.r 

Claim: 

(A;Cl) A1' 2n . . . .n A1·.) : = ( nip. •.•. p . )k, 1 < i. < r • 
..L J 11 1j - J -

To prove the claim, we will look at special cases, that 

is when i = and i = 2. From there, we can see that it works 

for all 1 < r.< ~ 

For i 1 , = 

Al = { ( xl' •••• , xk ) E: S PI i gcd(x l ,· ..• ,x k ) } 



54 

= { (PI ,2PI ,···· ,(n/PI)P I ) X (P I ,2P I ,···· ,(n/PI)P I ) 

X•••• X (PI,2PI' •••• ,(n/PI)PI) 

= { (PI ,PI , •••• ,P ), (P ,2P ,2P , ••• 2P ),····,
I I I I I 

«n/P )P
I 

, (n/PI 
)p ,····, Cn/P I 

)P )
I I I 

thus, :.\: = (n/PI)J; 

Now, He Hill look at iAlnA2: 

Aln.A2 = { (xl'·.·· ,xk) E: S:	 PI: gcd (xl'··· ,xk) and 

P2: gcd(xI,···,xk) 

= I (PIP2,2PIP2, ••• ,(n/PIP2)PIP2) X 

v(PI P2 ' 2PI P2 ' ••• , (n IPI P2 ) PI P2 ) X •••••• ,i\. 

(PI P2 ' 2PI P2 ' ••• , (n IPI P2 )PI P2 ) } 

= { (PI P2 ' PI P2 ' •.• , PI P2 ), (PI P2 ' 2PI P2 ' ••• , 2p I P2 ) , ••• , 

«n/PI P2 )PIP2 , (n/PIP2 )PIP2'·····, (n/PIP2 )PIP2) 

thus	 :jl1.n~: = (n/PIP2)~ 

Therefore, in genernl, 

: (Jl'iln Ai2n ••• n A~ ) : = (n/Pi •••• p~ f , 1 -< i.J < r.l
 

Using the inclusion-exclusion principle,
 
r
 

k
Ik(n) = n + L (-1) j L (n I Pi~ • • . • • • Pi' ) k
 
j=l 1 S. 1. 1 _ <•••• _ 1j. <_ r J
 

= L (n/d)kjJ-(c!)
 
din
 

= I d<jJ- (n/d)
 
dIn
 

= l	 l.k*jJ-)(n) 

= Jk(n)
 

Therefore, Ik = J k •
 

Now, we will give an example to illustrate the theorem 

and its proof. 
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Let n = 6 = 2.3, ano. S = {(xl ,x2 ) l 1 < ~. < 6, i = 1,2}
- l 

the n AI = { (2, 2) , ( 2 , I! ) , ( 2 , 6) , ( 4 , 2) , ( 4 , 1~ ) , ( 4 , 6) , ( 6 , 2) , ( 6 , 4 ) , 

(6,6) } 

A2 = { (3,3),(3,6),(6,3),(6,6) } 

Al U A2 = { (2, 2) , ( 2 , 4) , ( 2, 6) , ( )~ , 2) , ( 4 , I! ) , ( I~ , 6) , ( 6, 2) , ( f) , 4) , 

(6,6),(3,3),(3,6),(6,3) } 

Thus, S \ (AIU A2 ) are the ordered pairs that are not 

both mUltiples of 2 or 3. Th atis, t h f: g cd ( x I' x 2 ' f.) = 1 • 

Then, /2( 6) = : s \ ( AlU A
2

) : = 211. 

i\.l so, Aln A = { (6, 6) }, : Aln A : = 1, and
2 2 

( n/PI P2 
)2 = ( 6/2.3 )2 = 1, thus
 

Al n A2 : = ( n 1PI P2 )2 •
 

NOH, J (6) = L jJ-(d)(6/d)2
2 
d:6 

= jJ-(1)(6)2 + jJ-(2)(3)2 + jJ-(3)(2) 2 + jJ-(6) 

= 36 - 9 - 4 + 1 

2 Lf= 

Therefore, /2(6) = J 2 (6). 

Theorem 2.15: 

Let { Fk(n) : k E Z } be a set of nonzero completely 

mUltiplicative arithmetical functions such that 

Fk(n).Fj(n) = Fk+ j (n) and let 

'fIJfn) = ( jJ- * Fk )(n). 

Then, Fk (n) = [ F. * ( ,T'k . • F.) J( n ) • 
. J 'I" -J J 
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Proof: 

F· ~ ("¥k-j • Fj ) J(n) = L ('¥k-j • FJ )(n/c)Fj(d)J 
Cl In 

(n/d)F j (n/d)F j Cd) = 1~ '{Ik-j
(, In 

= F-(n) L '¥k-j(n/d)
J d ,n 

= Fj(n)( I, 0 l:- '¥k - j )(n) 

= Fj (n) [ Fk-j (n) l 

= Fk (n ) 

'

Corollary 2.16: CGegenb;:,uer) 

-1
( J k ~ J j )(n) = Jk-j (n) I,j(n) 

Proof: 

By definition, J k * 1,. = ( fL * I, k ) * I,jJ 

= I,k * ( fL * I, j 

= I,k * J j 

hence, J k * J-j
l 

= I,k i, I,
-1

j . Then by substituting 

FkCn) = I,k(n) in theorem ?15, Hi? have 

J . (n) = ( fL * I,k_j )(n) andk -J 
-1 -1 

(J * Jj )(n) = ( ~ ~ I,j )(n) = J k-j (n) I,j (n).k 

) I, .Also, J k ~f O"j = ( fL I,k * ( 1,0* * J 

,x- l, . ~.= ( fL ) * ( l,,0 I,k
J 

J. O"k= * J 
-1 0" :t 0" .-1so, J 4 J. = k J k J
 

Thus we get
 

Corollary 2.17: (Negoes) 

0" ,(. 0".-1 )(n) = J . (n) I, . (n ) • 
k J k-J J 
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Liouville's function 

We defin p Liouvill0'2 function ~(n) as follows 

A(1) = 
r 

A(n) = (_1)e l+.'.,·+er . if n = n p. ei 
i=l 1 

Theorem 2. 1(': 

For every n ~ 1, we have 

L A(d) = [ if n is a square 
.din 0 

ot~1erwi5 e 

or equivalently A(n) = 2: jJ-(n/d 2 ) 
d 2 in 

moreover, A-tn) = ijJ-(n): for all n. 

Proof: 

Let g(n) = 2:A(O), then g is mUltiplicative, so He can 
dIn 

compute g(pe) for p prime ~nd e > O. 

g(pe) = L A(d) 
I e

diP 

= A( 1) + A(p) + •••• + A(pe-l) + A (pe) 

( 2 (e-l e = + (-1) + -1) + •••• + -1) + (-1) 

'1--1if e 1 S oC-..,=[ (t 

1 if e is even 

r 
so, 1'f n = n p.e'1 , 

i=l 1 
r 

g (n) = n g (p ie i) if onp of the ei is odd 
i=l =c if 211 e· arc f:.·ven

1 
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This implies th2t 

LA«(i) = g(n) if n is a squ~re 

din =r '.
othen-lise 

By MBbius inversion theorem, 

to 

A(n) = LjJ-(n/d)G(d) but if d is 3 squ8rc
g(d) =[~dIn 

othervlis(2 

hence, A(n) = Lj.L(n/c!2) 
d 2 (n 

NOyJ, 1et A. * :jJ-: = f. 
* I IL I( A 1/1 )(1) = A(l):jJ-(l)1 = 

and for P prime, e ) 0, 

\ e \ e-1A * :jJ-: )(pe) = 1\(1):jJ-(p )\ + l\(p):jJ-(p ): 

+ ••• +A(pe - 1 )1j-L(p)1 + A(p e 
):jl.(1): 

o + 0 + •••• + (_,)e-1 : (_ , ): + (_,)e= 
= (_ 1)e -1 + (_ 1)e 

= _(_1)e + (_,)e 

= 0 
r 

eisince A and jJ- are mUltiplicative, hence when n =IT Pi
i=l 

A * : jJ- : ) (n) = o. '1' h 1I s A-1n) = : jJ- (n ) : 

Theorem 2.19: 

r
 

If n = 11 Pie i , t 11 e n
 
i=l 

~) ri) LjJ-(d)A(d) = ,
dIn 

ii) LjJ-(d) A(n/d) = (_1) e l+···+er2r = A(n)2r 

d:n 
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Proof:
 

i) For p prime and e > 0,
 

2:H(d)~(d) = J.L.(1)~(1) +J.L.(P)A(P) +"'+J.L.(pe)~(pe) 
'IalPe
 

= I + (-1)(-1) + ••••• + 0
 

= 2 

r
 
e'
thus for n _ n p.l, 

- l 
i=l 

rL J.L. ( d ) ~ (d) = 2 ••••• 2 = 2

din r tiMes
 

ii) For p prime, and e > 0, 

L /-f::(d )~(pe /d) =J.L.(1)A(pe) +J.L.(p)~(pe-1 +"'+J.L.(pe)~(1) 
dlpe 

e e-1 = (-1) + (-1)(-1) + 0 + ••••• + 0 

e e-1= (-1) + (-1)(-1) 

= (_ 1)e + (_ 1 )e 

= 2 (- 1)e
 
r
 

thus for n =n p~i ,
 
i=l l
 

e' l (_ 1)e 1+ •.• +e r _ \ r
2.J.L.(d )A(n/d) = fr 2(-1) l = - Idn)2 

din i=l 

The Mangoldt function 

This arithmetic function is important in the study of 

problems concerning distribution of primes. 

Definition 2.2: 

For every integer n ~ 1, we define the Mangoldt function 

1'f n = p m or some . p dncf prIme . somo1\.(n) =[log p 

Fl > 
I] at ;jer\·li s € 
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Thcorf'm 2.20: 

If n > , Hc:: b;lve; 

i) lop; n = L:ACcl) 
c; : n 

ii) C j-J.. * log )Cn) = ACn) 

Le. 1\.(n) = Lj-J..CQ)logCn/c!) = - L:j-J..(c!HogCd)
 
din din
 

Proof: 

i) If n = 1,	 log 1 = 0 and IACd) = I\.(1) = 0 
d : 1 

Assume	 n > 1, let n = fr Iiei then
 
r i=l
 

1 n e'
1or n = .og p.l
-	 1 

i=l 

= log p~l + log p~2 + ••••• + log p:r 

r
 
'" e'
=~l log Pi 1 

r 

= I ei log Pi 
i=l 

Note thnt	 the only nonzero terms in the sum of IA(d) 
d :n 

are the divisors d in the form P~ for m = 1,2, ••• ,ei f.'~ n r~ 

i = 1,2, ...	 ,r. Therefore, 

'LACci) = f ZACpIT! 
o:n	 i=l m=l 1
 

r e'
 
'" .....1 = L 2..logp.

i=l m=l 1 

= r e i log Pi 
i=l 

= log n 

ii) Cj-J.. * loe)(n) = [j-J.. * cA G (,O)](n) 

=[j-J..* (,o."AJ(n) 
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-1 A= [( (,0 .:. (,0) ¥, ](n) 

= r f * A J (n ) 

= A (n) 

From part i), log n = II\.(d) 
din 

and by MBbius inversion theorem, 

A(n) = L j-L(d)log(!1/d) 
clin 

L j-L(d)Oog n - log d)= 
din 

L j-L(d)log (n) - Lj-L(dHog (d)= 
din	 dIn 

but, Lj-L(dHog (n) = log (n) Lj-L(c1) 
d:n	 din
 

= log n
 ifn:,] 
if n f 1G

= 0 

hence, I\.(n) = - Lj-L(dHog (d) 
(i:n 



CHAPTER 3 

UNITARY PRODUCT OF ARITHMETIC FUNCTIONS 

...11 trl is C 113 P t i~!~ , \~ e ~lil]. ~tudy O~l: of rc;~ ,'.I Y 

Ge n E. r'C 1 i z " t ion.s 0 f tl\ 'e, Di ric hIe t pro c' lJ. C t, t 11 ;] t i.s t ~l 'e: un i ~ c r' Y 

pro~uct of ~ri~hmetic function. Uu~'"' tr'c,~trncn'l=- of tl'l~::; l.ll1i ~~.ry 

pro due the t' e ~J ill foIl 0'.1 t :; e p ;:' t t c r ~ \ie, J r '." ,j (~ y J;. i (' 0 u t f 0 j' 

t h ( Di ric h 1 c: t pro (J u ct. 

Dc fin i t ion ". 1 : 

ft positivs divisor ~ of the positive integer n is c~ll~t 

d \}ni tary (~i yisor of n ::-r (d, n/e:') = 1. 

'.le clc'notr:- the f2et -ch,ll (: is a unitc:ry divisor of n by 

(3 : 1n • 

·.~e S11211 nO\1 prov,~ some impcJrtc'nt pl'opertic:::, ()f lHl:~',,~:ry 

divisors. 

Lemma ~i. 0 1 : 

.) I I,....Ii' 2.:: ban c; b:: c, t h / (1 t.._ I I '.- • 

Proof: 

'Jy cEfinition, ;: : : b 1. !Y!P 1 i :: 3 b = ,'x [ 0 r S 0 mE: 1 I j t <-, ;; e r 

,'llC (C",b/,~l) = 1, ('; n ( b:: c i IT1P :' i C 2, C = by for so me in t c ;:: c r " J 

2nd (b,c/b) = 1. Thus~ r.' = (c;z)y = ,';(xy) , and since ,;:b t~;<l 

( ,:i , c/b) 1. IIOH, ("J,b/') = ,ind (2,c/b) = i ~1 P1 i .~ ~~. 

U" bc/,~b) = (n, c/c) = 1. 'l'h['Tef,,)r'~:, ;:;:: c. 
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Definition ~.2: 

r e'
Let n 2nd m be two positive integers, with n = n Pi 1 

i=l 
r 

an r:1 m = TI P .fi ,E:ci ,fi ~ O. 1'11 e n wed efin L:, 

i=l 1 

<n,m) = np,O(ei,fi) \-Ihere =[0 if elfo(e,f)
i=l 1 

e If e = f 

Lemma :3.0?: 

<n,m) is a unitary divisor of n and of m. 

Proof: 
r r 

Let n = n pei and m = IT pfi So, by definition, 
i=l i=l 

n/<n,m) = (pel •••• pe r )/(pO(el,fl~.. pO(er,f~ )), but each 

po(ei,fi) ~ivides pei , hence n/(n,m) is an integer h'h i C'h 

implies th8t <n,m>:n. 

Similarly, m/<n,m> = Cpfl •••. pfr )/(pO(el'~l!.pO(er,fr) 

is an integer, thus <n,m>:m. 

rr 0\<1 , '.Ie will show that C(n,m),n/<n,m» = 2nd 

C(n,m),m/<n,m» = 1. 

el ek e· e. ~ f f f' fLet n = p • • . p p J... p ran '" m = P 1 ••• p kp. J • • • p r 
1 k j r 1 k J r 

'i'n en, 

C(n,m),n/<n,m»
 

_ (O(el,fl) O(er,f r ) ( el e r )1 8(el,fl) 8(er ,f r )
- P ••• p ,p •••. p p •.• p 
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e
1 , p~l ••• P r r if ~(p, f·) = 0o -l' l 

for 811 i = 1, ••• ,r 

el e••• p r 1 if b(e.,f.) = e= PI r ' l l 

for all i = 1, ••• ,r 

(PI l ••• Pfk,pjj .•• p~r ) if b(e.,f.) = e for i = 1 , •• , k 
l l 

and b(e.,f.) = 0 for i = j, •. ,rl l 

= 

Similarly, «n,m>,m/<n,m» = 1. 

Therefore, <n,m>1 In and <n,m>: lm. 

Lemma 3.03: 

a: l<b,e> if and only if a: lb and a: Ie. 

Proof: 

First, assume al lb ond 3: :c. Then 

al ib implies b = ax for some integer x and (a,b/a) = 

and ai Ie implies c = DY for some integer y and (a,c/a) = 1. 

Thus, <b,e> = <8X,Oy> = a<x,y> implies <b,c>/a = <x,Y>, hence 

a I <b, c>. 

NovJ, we have (a,b/a) = (a,x) = 1 and (a,e/a) = (a,y) = 

hence, (a,<x,Y» = 1, i.e. (8,<b,c>/a) = 1. 

Thus, c I :<b,c>. 

Conversely, assumE:: 21 l<b,e>. Since <b,c>: ib and <b,e>: Ic 

then by lemm8 3.01, c:lib ?nd a::e. 
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Lemma 3.04: 

Let m and n be two relatively prime positive integers 

and d: Imn, then c~ = 2b \1here al 1m cmd b: In. 

Proof: 

Let (m,n) = 1 ond d limn. 

r 
rI
s

f'Let m = rI p~i andn= q.J Vlhere p i I q j for 211 
i=l 1 j=l J 

r a" TI {J• • IIi = 1, •• ,r and J = 1, ••• s. SInce d,1mn, then d=(TI p .1)( q ,J) 
i=l 1 j =1 J 

r s 
where 0 ( a.( e" 0 < {3 j ~ f j. Ta k e a = n p~ iand b =n qPj . - 1- 1 

i=l j=l J 
Thus 31m and bln. 

Now, since (d,mn/d) = (ab,mn/ab) = 1 , then 

(ab)x + (mn/ab)y = for some integer x and y. Thus, 

a(bx) + (m/a)(n/b)y = implies (a,m/a) = 1. Similarly, 

b (a x) + (n /b ) (m / n ) y = implies (b,n/b) = 1. 

Therefore, d = cl.b Hhere (1: 1m and b: In. 

Definition 3.3: 

The unitary product (or convolution) of tHo arithmetic 

funtions f and g is defined for all positive integers n by 

(f 0 g)(n) = L f(d)g(n/d)
d: :n 

Now, we are going to study some properties of the 

unitary product. Let ( 6 , 0 ) be the set of all real-valued 

cTithmetic functions together uith the unitary product. 

Remark: 

Note that the unitary product (f 0 g) c?n be expressed 
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as fo110\\l5 

(f 0 g:)(n) = L f(d)8(n/d) 
d : : n 

= I f(n/d)g(d)
d: :n 

Now, let d be a unitary divisor of n. Thus, dlin andl 

(ell,n/dl ) = 1; let nidI = d ' then n = cl d and (r\,n/d ) = 
2 I 2 l 

(d ,d d /d ) = (d ,d ) = 1. So,
l l 2 l l 2 

(f 0 g)(n) = ~ fed, )g(d ) 
ell02 = n 2 

(ell' d2 ) = 1 

where dl and d2 rUD over all positive integers whose 

product is n and are relatively prime. 

Lemma 3.05: 

The unitary product is commutative and 2ssociative. 

Proof: 

The commutativity of unitary product is clear. Let f, g, 

h E 6 . He need to ShOH th8t (f 0 g) 0 h = f 0 (g 0 11). Let 

F = f 0 S, then, 

[ (f 0 g) 0 11 ](n) = (F 0 h)(n) 

= L F(d)h(n/d)
d: :n 

= L F( c1 1)h(d2 ) 
dl d 2 = 11 

(ell' d2 ) = 
= L h(d2) L f(d3)g(d4) 

cJl02 = n d3 d4 = ell 
(dl ,d2 ) = 1 ( d3 ,d4 ) = 1 

=	 Lf(c'3)g(d4)h(d2) 
d2 d3 d4 = n 

(d2 ,°3 ,d4 ) = 1 
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In the same Hay, if He let G = g 0 h, 

[ f 0 (p; 0 h) J(n) = (f 0 G)(n) 

= L f(cJ)G(n/d) 
d: in 

= L f(dl)G(d2) 
(11rl2 = n 

(dl,d2) = 1 

= L f(dl) L g(d 3 )h(d4) 
dlcJ2 = n d3 d 4 = d2 

(Gl,d2) = 1 (d3,d4) = 1 

=	 L f(dl)g(d3)h(d 4 ) 
dld3cJ4 = n 

(d ,d ,d ) = 1l 3 4 

Hence, (f 0 g) 0 h = f 0 (g 0 h) and hence the unitz1ry 

product is associative. 

Lemma 3.06: 

For all f e: l::i, we have 

f 0 f = f , "'here fen) if n=c 1
= 

if n 

Proof: 

(f 0 f ) (n ) = L fCc!) f (n/d) = fen) since fen/d) = 0 
d: :n 

for all d < n 2nd ~ ( 1) = 1

Thus the function f is the identity for the unitary 

product. 

Theorem 3.1: 

( l::i, +, 0 ) is ,3 commutative ri.ng Hith identity. 

Proof: 

It remains to show the distributive laue i . e, 

f 0 (g + h) = (f 0 g) + (f 0 h). 
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[ f 0 (V + 11) J(n)::: L f(cll)(~ + 11)(02) 

d lcl 2 = n 
(cl l ,02) = 1 

= L f(dl)[g(c2) + h(d2)] 
cF12 = n 
(dl,d2) = 1 

= L [f(dl)g(d2) + f(dl)h«(~2)] 
dFi2 = n 
(d l ,d 2 ) = 1 

L f(dl)g(02) + L f(dl)h(d2)= 
dlG2 = n dld2 = n 
(d l ,02) = (dl'd 2 ) = 1 

= [(f 0 g) + (f 0 h)](n) 

Therefore, the distributive law is satisfied. 

Rec2l1 in Ch;-,pter 1 that N(8) = 0 and for fie € ~ , 

N(f) = 1/k where k is the smallest positive integer for which 

f(k) I o. 

Lemmo 3.07: 

For all f, g E: ~ HE have 

i) N(f 0 g) ~ N(f)N(g) 

ii) N(f 0 g) = N(f)N(g) if 1/N(f) and 1/N(g) are relatively 

prime. 

Proof: 

Assume that neither f nor g is e . 
Let N(f) = 1/k and ~(g) = 1/m. By definition, 

f (d) I C) only if c ~ k r~ n (1 

g(d) I () on 1_y 1of d.. > m. 50, 

[(km/d) f 0 only if km/d > m . i.e. when k > d. 

Consider (f 0 g)(km) = Lf(d)p'(k:n/c1) 
c':::{m 
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but t!", only til"C vr}'f,n fCc:) I ('I Cin( [U~m/(l) I 0 i::; ~;llen 

~ = k, which implies thAt (k,m) = 1. Tter2fore, 

(f 0 g) (l{ill) = L f (d ) ['; (kml d ) 
rl : : km 

= [0 if (k,m) I 
f(k)g(~) if (K,m) = 

i)	 (f 0 g)(km) = 0 implies that N(f 0 g) ~ l/km = N(f)N(G). 

1st11 ere e :x i s t 11 < k In sueh t 11 <3 t (f 0 g) (h) I r' ? HC' HilI 

show that there doesn't exist such h, by contradiction. 

.. 'J\ssume that "nere exists h < ~~ iY\ sucb thAt 

(f o g)(h) i 0 • Then (f 0 g)(~) = L f(d)g(h/d), but 
(' : : h 

fed) I 0 only if d ~ k ancI g(L/c) I 0 only if hid > m 

\lhich impJies thqt km > h ~ md, thu~) I(? d. Therr~forc, 

f(ct)g(~/d) I ~ only if d = x, Gn~ since hid = h/k < m 

thus g(h/k) = O. '1hi3 implies (f 0 g)(h) = f(k)g(h/lc) = 0 

which is a contr26iction. 

II0 w , He VI i 1 1_ Sh 0\1 the e q u :11 i t Y H11 E' n ( k , m) = 1. 

ii) (f 0 g)(~m) = f(k)g(m) if (k,m) = j.mplies that. 

N(r 0 g) ~ N(f)N(g) = l/km. By simi12r argument use~ in 

lemma 1.03, N(r 0 g) I NCf)N(g). Thus, 

lI(f 0 g) = N(f)N(g). 

From Chapter 1, we find out that D, + , ;") for ms C' ,1 

integr',11 domain. HOHever, (~, +, 0) is not ;:n integra) 

r:onnin. \Ie Hill give: an e;wmp1e that shows f ,a e: tJ., but 

f 0 f = a. 
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Example: 

fen) if n = 2= [1 
o othCr\lise 

(f 0 f)(n) = Lf(d)f(n/d) 1 0 only if d = 2 [,4nd nld = 2, 
c1 : : n 

and thus (o,n/d) = 2 i 1 "../hich contradicts the cJefinition of 

unitc1ry product. 

Particu13rly, (f 0 f)(2) = Lf(d)f(2/d) 
d: : 2 

= f( 1)f(2) + f(2)f( 1) 

= O. 

Therefore, (~, + , 0 ) is not eHl integral domain. 

Definition 3. 1t: 

If for fE:~, there exists a funtion g E: ~ such th;::t 

fog = g 0 f = f., then g is c2,11ed the unitary inverse of 

f. 

In the next lemma, we characterize unitary invertible 

functions 8nd give (} recursion formula for the inversE. 

Lemma 3.on: 

Pi function f e: ~ is uni tory invertible if and only if 

f(1) I O. This is equivalent to say f is invertible if and 

only if N(f) = 1. Moreover, the unitary inverse of f is given 

by 

f- l (1) = 1/f(1)
 

-1

f (n) = 1/f(1) Lf(n/dH-l(d) for n > 1 

d: :n 
d < n 
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Proof: 

First, assume that f E: l:J. h8s uni tary inverse 1'-1 , then 

l' 0 r- 1 = E • In par ticu 1a r , 

(f 0 1'-1)(1) = L f(c))f-1(1/d) 
d : I 1 

= 1'(1)1'-1(1) f (1) = = 
hene,;), 1'( 1) i o. 

Conversely, assume that l' ( 1) 1 o. 

For n = 1, (f 0 1'-1)(1) = If(d)f-1(lId) 
d I I 1 

= 1'(1)f-1(1)
 

= E ( 1)
 

=
 
-1 -1 

thus, 1'(1)1' (1) whic~ implies that l' (1) = 1/1'(1)= 
sinee 1'(1) i o. 

-1 
No\l , assumet11 3 t the l'u net ion val u e s l' (d ) has bee n 

uniquely determined for all d < n. 

-1Consider, ([ 0 f )(n) = (. (n). 

For n i 1, (f 0 [-l)(n) = Lf(n/d)f-1 (d) = (.(n) = 0 and 
, I Iolin 

d < n 

this can be written 38 f(1)f-1(n) + I f(n/d)f- 1(d) = o. 
c! : In 
d < n 

If the values of f- 1(d) are known for all divisors d < n 

then f- 1 (n) is uniquely determined by 

f- 1(n) = - 1/1'(1) I f(n/d)f- 1(d)
d: :n 

d < n 
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Theorem 3.2: 

i.e. V 

Let 

= 

V 

{f E 6: f( 1) 1 0 }, 

be the set of units in 

then 

6 . 

(V,o) is an abplian 

group. 

Proof: 

Let 

f (1) 1 0 

f, 

<) n (i 

g 

g ( 1) 

E:. V, 

r O. 

then 

.lH so, 

(f 0 

iff 

g)(1) 

E: V, 

= f(1)g(1) I 0 since 

the n f -1 e: V f 0110 \1 S 

immediately from lemmQ 3.08. 

In chapter 1, \,;e also find out that (D, +, *) is a 

unique factorization domain, but ( 6, +, 0 ) is not. Before 

we gi ve an eX3mple shoHing that ( 6, +, 0 ) is not a unique 

3nd b of a domain R':'l
UTvlO elements 

Definition 3.5: 

factorization c10main, HC HElnt to recall 

divisibility in an integral domain. 

are said to 

the definition 

be 

of 
;• 
'" .. 
II 

i 
IIJ! 

associates if 3 = b 0 u for some unit u € R, and denoted by 

c; --....... b. 

Lemm'" 3.0S: 

If fED. is such that 1/N(f) = pel. where p is 2 

prime and a > 1, then f is irreducible. 

Proof: 

Let 

hence (g 

f = g 0 h. Since N(r) = 1/pC1 then 

0 h)(pU) 1 O. Thus 

(g 0 h)(pU ) = L g(d)h(pa Id) 

d: :pU 

f(p a) 1 0, and 
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= g ( 1 ) h (p a ) + e (p Q) h ( 1 ) 

i 0 

hence, at lcnst one of the terms is nonvnnishing. So, 

e i the r g ( 1) f 0 0 r h ( 1) ; O. Th erefor e , cither g 0 r his 8. 

unit. 

In the next example we will show unique factorization 

does not hold in the ring ( 6, +, a ). 

Example: 

Let f (n ) if n = 2,1~,5=c o t h::~ r\l is e 

c(n) =[-1if n=2 
11 if n = 5 •..

• o other\lise = i 
hen) if n = 4=c I 

other\'li se 

z (n ) if n = ~=L otherHise 
:,~~ 

,,' 
"II 

'" Thu s N( f) = 1/2, N(g) = 1/2, N(h) = 1/4, N( z) = 1/5. 

Clearly, one CRn see thJt f 3n~ g are not associates to h 

and z; as an example, if we assume that f is associate 

to h, then by definition f = h a u for some unit u, and 

N(f) = N(h a u) = N(h)N(u) = N(h), which is not true. 

Therefore, lemm,01 3.09 implies that f, g, h, nnd z 

are nonassociates irreducib10s. 
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NOH, \iC Hill ShOH fog = 11 0 z Ie. 
')(f o r;)(n) = I f(d)g(n/d), but fed) f 0 only if d = ,._, II"t, 

d I In 

or 5 and g(n/d) I 0 only if nld = 2 or 5. Then since 

(d,ll/d) = 1, \fe Hill choose d = 4 and nld = 5, hence, n = 20. 

Thus, 

(f 0 8)(20) = I f(d)g(20/d)
 
rl \ : 20
 

= f ( It) g ( 5) 

= 1. 

Similarly, for (h 0 z)(n) = Lh(d)z(n/d), h(d) I 0 only
d: In 

if d = 4 and z(n/d) f 0 only if nld = 5. Therefore, n = 20 

and 

(h 0 z)(20) = L h(d)z(20/d)
d: :20 

= h(10z(5) 

= 
Hence, fog = h 0 z I 8, and thus ( 6, +, 0 ) is not 

a unique factorization do~~in. 

Simi12rly like (D, +, *), 6 , +, 0) does not 

satisfy the descencing ch2in condition for ideals. 

condition for ideals. 

Proof: 

For k {In integer', let 6 k be the set of 811 functions 
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f E. 6 'ditto N(f) S. 1/k. 

i . e . 6 k = { f E 6: f (n) = a if n < i{ 

We wDnt to show thAt 

i) each 6 k is ?-D ideal of 6 

i i ) 6 = 6 1 ~ 6 2 ~ 6 :::> •••••• with each containment3
 

proper.
 

i ) For each k, 6 k is an ideal of 6. 

Let f, g E' 6 k . Then fen) = a if n < k and 

gem) = 0 if m < k. 

Thus, (f - g)(x) = f(x) - g(x) = 0 if x < k. 

Therefore, f - g e 6 k • 

Noh', let f E: 6 k and h E 6. We have 

N(f 0 h) < N(f)N(h)-
< ( 1/1<) N(h) 

~ 

< 11lc , since N(h) ~ 1 
.~ 

~ 

.,thus f 0 h E: • Therefore is an ideal of 6.4 6 k ~: 

.,i i ) 110\' , fE: ~ implies th2t fen) = a if n < k and 
\~ 

~~I 

~ 

g E 4 implies thC:lt g(n) = 0 if n < k-1 

II-I 

,,~I 

'Ii 
Iiithus f E: 6 k - l 3nd hence 6 

k
C 6 

k
_ 

l 

", 

NOH, define 

hen) = if n < 1{ c if n > k 

thus h e: 6 k- l but h 1= 6 k since h(k - 1) = 1.
 

Hence, 4 I 4-1
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rr ext, He ;1 r c going to stuc1y the beh:::vior of 

multiplic?tive function under unitory product. 

Theorem 3 .it: 

The unit~ry product of two multiplic2tive functions is a 

mUltiplicative function. 

Proof: 

Let f '-"H) g be tHo mUltiplicative functions ;::,n(~ 

h = fog. Let (m,n) = 1, then 

h (ron) = I f «(1) g (rm / d ) 
c1 : Imn 

2: f(,lb)g(mn/ab) since d can be= 
a I :m	 written as d = 8b 
b: in	 where al 1m nnd bl In 

I f(a)f(b)g(m/a)g(n/b) since (3,b) = I' .'= 2: 1m	 and (m/a,n/b) = 
b: :n 

I f(a)g(m/a) I f ( b ) g ( n /b )	 
I 

:~= I011m	 b I In 
'Iii., 
~I 

,~I 

:: h(m)h(n) 

" hence 11 is DUltiplic~tive.	 'Ii 
iii 

~I 

,JI 

Theorem 3.5: 

If f is multiplic3tive, then its unitary inverse f- 1 is 

also multiplicative. 

Proof: 

We define Q new multiplicative function g as follows: 

For every prime p and every E: > 0, we let g(pe) :: f -1(pe 
r r 

e'and for n = n p~i , we 0efine g(n) = n E(Pi1 ). Clearly,
i=l 1 i=1 

g is mUltiplicative, hence fog is multiplicative. 
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HOH, (f 0 r;)(pe) = L f(d~)g(r2) 
d I d 2 = P 

(dl,d2) = 1 

" -1= .L. f(rl1)f (d 2 ) 
(llc:2 = pe 

(dl'02)	 = 1 

-1 e= (f 0 f )(p) 

~ (p e)= 
-1 f -1Since fog = ~ thus g = f ane! is 

mu 1tip lie ~1 t i v c • 

Theorem	 3.6: 

The set of all multiplicative functions is 8n 2belirn 

proup under unit8ry product. 

Proof: 

Let F	 be th2 set of all multiplicative functions. Then 

the commutativity and associativity holds since unitary 

product are both comnutRtive and associative; ~ is the 

identity; 3nd from t.heorem ~.4 and 3.5, for any f, g E: F 

(f 0 g) E: F 2nd -1
f E: F. 

Corollary 3.7: 

Let f, g, and h be arithmetic functions, 2nd suppose 

fog = h. If any two of tbp functions are multiplic2tivQ 

then so is the third. 

Proof: 

Let h = fog. If f 8nd g arc mUltiplicative, then h is 

multiplicDtive by theorem 3.1~. Assume thClt f "nc' h nrc 

1multiplic:'tive, ther fog = h implif's tn<:Jt r- 0 (f 0 g) = 

r- l o h ond ~ -1 () 'r1 i <:' mu 1 '- ]' P 1 l' ,., '" j- ; "n sinCE;' f -1 is..L. ..........l ..LV~_ ...... l.C~.J.J.."(-
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mUltiplic2tiv0 by theorem 3.5. SimilRrly, when g and hare 

mUltiplicative, f is mUltiplicative. 

Corollary 3.8: 

If g = f 0 ~a' i.e. if g(n) = L fed), then g is 
d: :n 

multiplicative if 2nd only if f is mUltiplicative. f1oreover, 

r r 
L f (d) = n (f(1) + f(p~i )) 1,fhere n = n p~i
 

i=l 1 i=l 1
d: In 

Proof: 

First, assume that g is multiplicative. Then, g = f 0 La 

-1implies that g 0 {,a = f 0 {, a 0 L 01 ancl thus f = g a {,Olis 

multiplicative since g anr! LOlare both mUltiplicative~ 

Conversely, 2ssume that f is multiplicative. Then, 

g = f 0 La is mu 1 tip 1 i cat i ve • 

Now, for p prime an~ Dnd e > 0, 

(f 0 (,a )(pe) = I f (d)
d: ipe 

= f(1) + f(pe)
 

Thus, if n =h p~i
 
i=l 1
 

r
 
e'

(f 0 (,a )Cn) = n [f(1) + f(p, 1) 
i=l 1 



CHAPTER 4 

THE UNITARY ANALOGUES OF SOME ARITHMETIC FUNCTIONS 

[Jere, ,ofe introduce n'2h' 2rithI'1etic:3l functions \~ldch (1('y 

be rcgr:rdcc1 ?s tl,e uni t;cry on<3.logues of some of the \H:J.l 

knoHn c]essic:,l ftm0tions. Among these functions, \iC )1;'lve 

corresponoing to the Euler ep-function, the unitary totient 

~* is introducec'. The unit2ry an210gue fL * to thr> [.lobiu::, 

function is also rlpfined. A unitery an~losu~ of thefJ
M3bius inversion formula is also proved. 

Definition Ij.1: 

elLet n :: PI ••• Pe r be the canonical factoriz8tion of n. 
r 

He define Wen) :: r 1,,'i th W(n :: o. T1'1~::: n Wen) is 

the number of distinct prime divisors of n. 

Number and sum of unitary civisors 

Definition 4.2: 

For positive integers n, we definp the following 

functions: 

1) T(n) is the nUf'1ber of uni tc'ry divisors of n *
 
*
 ii) Q""(n) is the sum of uni L:ry ('i'lisors of n 

*iii) ~(n ) is the sun of ;~th pO\lc,rs of unit2ry divisors of 1'1 

uhere J: is ::my icc,l nuubel'. 

Examplrc: 

As ex~mples, we will find the v~lues of T*( 12) , 
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0-*(12), 3nd 0-;( 1;~). The unit,:ry divisors of 12 are 1, 

3, 4, and 12, thus 

i ) T* ( 12) = 11 

i i ) d( 12) = 1 + 3 + 4 + 12 = 20 

iii) (Tk(12) 1 + ~k + + * 4 k 12 k = 

Note thot T*(n) and o-*(n) are special C,:ises of 0-ken )* 

T*(n) = O-O(n) and cr*(n) = ~(n). /\1so, ini. c. *


terms of the iota functions, they can be written as
 

i ) T'*(n) = ( 1-0 0 1-
0 

) (n )
 

ii) d( n) = ( (,0 0 l- ) (n )
 

*iii) 'k (n) = ( (,,0 0 ("k )(n) 

Theorem 4. 1 : 

o-k* is mu 1 tip 1 i C 2 t i ve • 

Proof: 

Since the unitary product of two mUltiplicative 

functions is mUltiplicative, and ~ = (,0 0 ~ hence 

*o-k is mUltiplicative. 

Also, since T* and 0-* are special cases of ~, 

they are multiplic2tive. 

Theorem 4.2: 
r 

If n = I1 p, ei , e, > 0, then 
i=l 1 

1 

*o-k(n) = 1 if n = 1 

n k fI (1 + 1/P,ke i if n > 1 
i=l 1 

Proof: 

[ 

~(1) = ( (,0 0 ("k)(1) = (,0(1) (,k(1) = 1. 



81 

For p prime and e > 0, 

c:{ (pe) = ( "0 0 I,k ) (pe) 

= L 1,0(0) (,k(pe/d )
d: Ipe 

= L (1) (,k(pe) + !'O(pe) L (1)
O	 k

:: p ke + 1 

:: 1 + P ke 

Since c{ is mUltiplicative, then for 1 < n ::	 np.ei
i=l ~ 

r
 

~(n):: n (1 + p~e i )
 
i=l ~ 

r 

:: nk n (1 + 1/p':k.e i 
i=l ~ 

Corollary ~1.3: 
r 

If 1 < n ::	 n p.ei ,then
 
i=l J.
 

* rrr Wen)
i ) T (n) = 2 = 2 

i=l 
r 

i i ) cI (n) = n (1 + p. e i 
i=l J. 

Proof: 
r 

i ) T*C n) = O""(fn)* ::	 n (1 + p~ 0) en 
i=l J. 

r 

:: n (1 + 1) 
i=l 

r 

:: 11 2 
i=l 

') W( n)
:: ( 

r 

i i ) erCn) :: at(n) :: n (1 + p.n) e i ) 
i=l J. 

r 

:: n (1 + p. ei ) 
i=l J. 
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The unitary M~bius function 

Definition 11.3: 

We define the unitary analogue of M~bius function fL*(n) 

by 

2nd fL*(n) = (_1)w(n)fL* (1) = 

Theorem 11. I.! : 

fL*,13 mu_lt'lp_1COl' t"lve. 

Proof: 
r 5 

f·Let (m,n) = 1, then n =)1 p~i and rn = n q,J
l=l l j=l J 

Hhere Pi f qj for all i = 1, •.• ,r j = 1, ••• ,s. 

Then fL*(mn) = (_1)W (mn) 

= (_ 1 ) s+r 

= (-1) 5 (-1) r 

= (_1)w(m) (_1)w(n) 

= fL*(m) fL*(n) 

Thus, fL* is mUltiplicative. 

Theorem 4.5: 

*fL * 0 l,O = f. i . e. 1 I fLed) if n = 
( 11 

In =[ 0, I 

if n I 
Pr oof: 

( fL * 0 l. 0 ) ( 1) = fL * (1) l,O ( 1) = 1. 

0For p prime and > 0, 

( fL * 0 l,o )(p e) = 2: .u*(c1 ) l,O(pe/d)
 
cJ I :pe
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= fL*(1) + fL*(pe) 

= 1 + (-1) 

C' •,."lncc j-L* 

= (J. 

is multiplic3tive, for 1 < n 

r 

= n p. ei 
i=l 1 

( fL * o (,0 )(n) = O. 

Thus fL * 0 (,0 = ~ 

Theorem 4.6: (MBbius inversion theorem) 

For all arithmetic functions f and g, 

g = f 0 (,0 if and only if f = fJ-* o g. 

i . e • g(n) L f (d) if and only if fen) L fL* (d ) g (n / d ) = = 
d I In d: In 

Proof: 

First, assume th3t g = f 0 then(, a '
 
fL* o E = fJ- * 0 (f 0 (, a )
 

= fL*O ( (,0 0 f)
 

( fL * 0 (,0 ) 0 f=
 

f- o f
=
 
= f
 

Conversely, assume thrlt f = fL* 0 g, then
 

f 0 (, a = ( fJ--* o g) 0 (,0
 

= (g 0 fJ- * ) 0 (,0
 

= g 0 ( fL* 0 (,0 

= g 0 f 

= g 

Theorem 4.7: (Generalized MSbius inversion theorem) 

If f, g 2nd hare qrithmetic functions, and h(1) I o 



84 

then, p: = f 0 h jf c'nd onJy if f = g o :1- 1
 

Le. g(n) = Lf(d):l(n/cJ) if "mo only if fen) = I g(d)h-1 (n/d)

d: :n	 d: In 

Proof: 

First, assu~c th~t g = f 0 1'1, then 

g 0 Ie1 = (f 0 11) 0 \1-1 

= f 0 (1'1 0 h-1 ) 

= f 0 f. 

= f 
, -1Conversely, assume tnat f = g 0 h , then
 

f 0 h = (g 0 11- 1 ) 0 h
 

= r; 0 (11- 1 0	 h) 

= g 0 I

= g 

Note th2t if 1'1 = (,,0 in this theorem, then we have the 

classical Hobius inversion theorem. 

The unitary rl-.*-function
Jk----

Definition L!.4: 

For k a positive integ"r, \.je define the unitary «
function by ep: = fL* ~ Le. cfk(n) = I;L(d)(n/d)k0 

cl	 : In 

, ("' 
~,ClSince fL* cmd ("k ~re mUltiplicative~ cJ{ 

mu 1tip lie ," t i ve • 

Corresponding to Euler ep-function, the unitzry 

IS rl.. * Tt·IS
,.J,. * .	 . 1totient 't' <: speCl,L ~80e of "'rk • .L ciefineri by 

,l..* *q,* = 't'1	 = fL or.. i . e • ep*( n) = .z 1-'*( c ) (n / d ) 
• I I 

(J I In 
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II p.Th,-'orem f ..... J • 

IT
r

e'If n = 0. 1 , C. > 0, then
i=l'l 1 

cI>:cn) if n = 
r=[ nk n (1 1/p~ei if n > 

i=l 1 

Proof: 

}-L*( (1 ) ( 1/ c! )k * =c&( 1) = I }-L(1)= 
d : : 1 

For p prime and e > 0, 

4\.( p e) = I ~*(d ) (p e/ c: f 
d: :p e 

= }-L*( 1 ) (p ke ) + }-L*(pe) 

= pke + (- 1 ) 
r 

~Hnce ep*k is :nultiplicative, then for 1 < n = n p ~i 
i=l 1 

,+..* r
~~n) = II (p~ei - 1)
 

i=l 1
 

r 
= nk n (1 - 1/p.

ke'
1 

i=l 1 

Corollary 1~.9: 
r 

ep*( n) = c/> ~( n) = n (p~i - 1)
i=l 1 

Theorem 4. 10: 

(, * ep* 0 (,0 i . c . 2: ep(d) =n 
c'l : n 

Proof: 

* ,ep* 0 (,0 = ( }-L 0 (, 0 (,0J 

* 
= l }-L 0 L 0 ) 0 (, 

0 (,= f 

= (, 
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The'orrem 1:.11: 

Let F k kE:z c·, sc~,(n) }, be " of nonzero 

multiplicative functions, such that Fk(n).Fj(n) = F k +j (n) 

F: n d let 'itk( n) = (I-'-* 0 F'k ) (n) , the n 

Fk(n) = [fj 0 ('itk_jFj)J(n). 

Proof: 

F. 0 ('¥k . F.)J(n) = 2: ('¥k . F.)(n/d)F.(d)J -J J -J J Jd: :n 
= L '¥k_ j ( n I d ) F j (n I d ) F j (d )

d: :n 
= F.(n) I 'ilk .(n/d)

J ~ I -JIn 
L: I I 

= Fj(n)[ "0 ° '¥k-jJ(n) 

= Fj(n)[Fk_j (n)J 

= Fk(n) 

Corollary II. 12: 

...L* *-1 
( ~ k 0 q,j )(n) = ,J.,.* .( n ) I, . (n )

"¥ k-J J 

Proof: 

By definition, cP: 0 1,. = ( fL* 0 I, ) 0 (, . 
k 

= I,k ° ( 1-'-* 0 t..
J 

) 

J J 

ep~= I,k ° J
 
,..J...* * -1

"'h
hence 't'k o ep.-~ I,k 0 ".J 
• l .... en by substituting 

J 

Fk(n) = I,k(n) in theorem LI.11, HE:., have 

,+.* * 't'k .( n) = ( LL 0 I, k .) (n) and-J r -J
 
"",* ..J..*-l. 1
 *'i1< 0 ';JjHn) = ( ~ 0 I,j len) = rI-.' .(n) I,j(n).

'tk-J 

* 
.'\.1 so, ep k 0 cJ j = jJ. * ° I,k ) 0 ( I,

0 
0 I..
 

J
 

= 1-'-* 0 1,'
J 

) 0 ( 1,0 0 I,k 

= ep; ~0 



(u) ~'l 

::: L '11 A..-l:JT1 0 J.0J 

o
[ 

° ){ep 'os = 1-'CP 
** 

L8
 



SUMMARY AND CONCLUSION 

The object of this p;:'..pc:r has been to stU(:l :JritlHilctic 

functions from an 2lgebr2ic point of vie~. The empl'lZlsis rl~·}S 

been on two ring structures on the set of arithmetic 

functions. This ~lgebraic approach of studying arithrn2tic 

functions has the ~dvantage that it leads to the development 

of many classical results in number tl1eory ,,;it110ut 

difficulties 3nd unplcssant computational techniques. 

As we have proven in chapter 1, the set of arithmetic 

functions with respect to ordinary addition and Dirichlet 

product forms a unique factorization domain. In this 

chapter, 1i8 also study some basic properties of 

multiplic~tive functions. Some of the important arithm~tic 

functions of number theory, such as the iota functions, 

Mobius function, Euler totient function, and severGl other 

functions have been studied in chapter 2. 

In chapter 3, we foun6 out that contrary to Dirichlet 

product, the set of :-lrithrnetic functions \lith or6in;:'ry 

~rldition and unitary product is not an integral dorn3in, ~n( 

not a unique fcctorization dOffi3in. The unitary analogues of 

some of the: ,,,rii:-r1lTIetic functions studied in chaptel~ 2, ;1:'.'1 ..: 

been discussed in chapter 4. 

T 1· we suggest that the results of tnis p~p2r~n conc.~uSlon, 

Call 1 ( be extended in b;o \;;.;y s • One way \JOL;l(; bt: ti\C' 

p:-;:tcnsion of the Dirichlet and unitary convolutions to l{
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coevolloltion [11, 1·'1, 1C::i, (,nd thc:n to d e t r; r r1 inc thE' 

concitions unc:et' \;l:icn the set of ()rithmctie functions hEls 

tne otructure of n ring or 8 unique factorizQtion domain with 

respect to k-convolution. A second way would be to defino 

k-convolution ;~, 1181 o£u eo of the \IC II-len O\'Jn claSS1C:l} 

arithmetical functions and the stucy of their properties. 
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