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CHARTER T

THTRODTCDTON

1.1, Introduction, TFor Ancilent Greeks, who were the

main inventors of Plane Geometry, the circle was the most
perfect of all plane Tigures, Probably this is the reason
why they gave so much attention to this figvre, The main
theorems of Plane Geometry are related to it, Thus, in
atudving the properties of the cilrecle, actually we are

stoudvine most of Plane Geometry,

.2, Statement of the problem, The purpose of +this

naver ig: (1) to show the evolution of knowledge of the
pronerties of the circle from ancient vears to the presents
and (2) to determine which Fuclidean theorems are valid

in Hynerholic Geometry, and to show how other theorems

can bhe valid with some changes,

1.3, Importance of +the paver, It may well be

neceaasyy "to remark that mich of the Fuclidean theory
met he ahandoned or greatly modified in Hyperholiec Geome-—
tre, (LA, »,100), Wost of the Non-fnelidean rseometry
hanls inaludes mueh abont the differernces hetween the
mroanertiens of anegles, Tinern, trisnmeolea and polveons in
talidean and Hrperbolis Ceometry, hot none of them

i vee minh othtention o which Fuelidean theorams nhouth



cireles are valid or invalid in Hyperholic Geometry,
The circle is a hasic figure of Geometry, and the pre-
sent paper will present some ideas relating to this

neglacted area,

1.4, Undefined terms and symbols. The following

terms and symbols have been taken as undefined in this
paper:
1) points, denoted by capital letters A, B, C, ., . .
2) angles, denoted by Greek small letters o, 4 , ¥

s s« + ey Or numbers 1, 2, 3, ., . ., and the symbol

Y S L. 04 , LZ,

[ [ e 9

3) arcs,denoted by capital letters and the symbol

w o™ o ﬁ’ 6?]

v e e e

L) segments, denoted by capital letters and the
symbol " =" Kﬁ, 55, . e e

5) rays, denoted by capital letters and the symbol

A) lines, denoted by capital letters and the
symbol " 4= " 7f§, ?ﬁ%, e 0 e

7) measure of angles or arcs denoted by the small
letter "m" mLABC, mLé€ m.K%, « o ey

R)  triangles, denoted by capital letters and the
aymbol &N v &ATBC,  ADEF, . . .,

9)  radius of the circle, denoted by the letter r.

1.5, Definition of termg, As in Fuclidean Geometry,

a circle is defined to be the set of all points which are
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at a constant distance (called the radius) from a fixed
point (called the centre of the circle). Likewise, all

of the other familiar terms connected with circles (dia-
meter, arc, chord, secant, tangent, central angle, in-
scribed angle, minor arc, etc.) retain their usual meaning.

1,6, Organization of the remainder of the paper.

The remainder of the paper has been divided into four parts,

1) Chapter II gives a brief history of the circle,

2) Chapter III gives a brief history of the discovery
of Hyperbolic Geomeitry and some important elements of Hyper-
bolic Geometry which will be used in Chapter IV as references,

3) Chapter IV presents the most important Euclidean
theorems and determines which of them are valid and which
are invalid in Hyperbolic Geometry, TFor some invalid
theorems, revisions are made to give similar theorems which
are valid,

k) A summary of the paper is presented in Chapter V,



CHAPTER TT

A BRIEF HISTORY OF THE CIRCLE

2.1, Introduction., The discovery of the properties

of the circle is not a work of one day from one people in
a apecial place, 1+t is a work of thousands of years from
different people in different vlaces, The purpose of this

chapter is to present briefly the history of the circle,

2.2, DBabyvlon. The earliest known documents relating

1

to the circle come from Babylon and Egypt. Those from
Rabyvlon are written on small clay tablets, some of them
about the size of the hand, A table in the British Museum
shows that such geometrical forms as circular segments

were used in astrology or on talismans, For the men-
suration of the circle, the Babylonians used W= 73,

( L2 ,n,4). They divided the circumference into 360 parts

and also made use of various geometric designs in their

mural decorations, (L 23, p.6).

2.3, FBgypt. The first definite knowledge that we
have of Beyptisn Mathematics comes to us from a manuscript
conied on papyrus, 2 kind of paper used In the Medilterranean
area irn early times, This copy was made by someone called

Ahmes, who probably Lived about 1700 B.C, Ahmes gave a rule

11



for finding the area of a circle, substantially as follows:
. 2 . .
Multiply the square of the radius by (16/9) which is

equivalent to taking W to the value 3.1605, (T 11 yP.27) .

o

2.4, Avncient Greece, From Egypt and possibly from

Babvlon, geometry passed to the shore of Asia Minor and
Greece., The scientific study of the subject begins with
Thales (640-546 B,C.), One of the mos+t remarkable of his
geometrical achievements was proving that any angle
inscribed in a semicircle must be a right angle. (L33 ,p.207).
Plato (420-348 B.C.) and his school, developed the first
systematic attempt to create exact definitions, axioms

and postulates for geometry, In addition, he tried to
find a square equivalent to a given cirecle, (U1l ,p.31).
About 420 B,C, Hipplas of Elis invented a certain curve
called the quadratix, by means of which he could square
the circle and trisect any angle, (U 11, p,31), Euclid
(300 B.C,) published systematic, rigorous proofs of the
leadins propositions of the geometry known at his time,

(L33, r.28), Archimedes (287 B.C.) gave three important

propositions for circle: (1) The area of a circle is +the
same as that of a right-angled triangle with bhase eaqual

to the circumference, and vertical heileht equal to the
radine a, which meant that the : Area of circlesivy (2wr),
(?) The ratio of the area of a circle to the square

on its diameter is approximately 11:14 which means that

2 . .
a :Ma?::11:14, (3) w ie Jess than 3 1/7 but creater

than 3 1071, (U7) , p.53),
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2,5, India, Aryabhatta (476 A.D,) arrived at an

approximation for W expressad in modern rotation as
31466 (L1Y , p.36), He also found the area of cirrle
diameter, ([53, n.15),

?.A, After 5th century., Al Kashi (Arab 1430 A.D.)

i p——

wrote down the value of W as 3,181502453898732 (L73 , p.153),
Wallis (fngland 1A16-1703), One of his interesting
discoveries was the relationship that

3 ¥ 13X X 858X 7 X7
2 X L X

5
L' A X & X 8, . .

h /4 =
This is one of the eariiest values of W Tound by such a
means known as infinite produet, (U773, p.93), William
Jones is usuvally recognized as being the first man to use

T definitely in its present relationship and when

Teonhard Euler (Sweden) used it in 1737 it came into general

nse (T73, p, 155), 1In 179f Gauss showed that it was
poggihle, hy the use of the stralightedge and compasses
alone, to inscribe a polygon of 17 sides in a cirele., He
aven extended the solution +to inscribe polygons of 257

and £5,537 gides (L 81, p,301),



CHAPTER TITT

TMPORTANT BETEMENTS IN HYPERBOLTC GEOMETRY

3,1, Introduction, The purpose of this chapter is

to present briefly the history of Hyperbolic Geometry and
those important postulates, theorems, corollaries of
Hyperbolic Geometry which will be used in the next chapter

as references,

3,2, History of Discovery of Hyperbolic Geometry.

In the fourth century B.C. Euclid organized the early
study of Geometry into his thirteen volumes called the
Elements, He took a total of five "self-evident truths"
which were the basis of his geometry. Since they were
the very foundation of the system there was no way to prove
them,
The first five postulates of Euclidean Geometry are:
1. To draw a straight line from any point to any
point,
2, 'To produce a finite straight line,
2. To draw a circle with any center and any distance
as rading,
L,  That all richt angles are equal to one another,
5, That if a straicht line falling on two straight
Tines mnkes the interior angles on the game side
Tees than two right angles, the two gtraight

7



lines 1f produced indefinitely meet on that side
on which are the angles less than two righ+t angles,
The fifth postulate is equivalent to Playfair's
axiom: Through a point not on a line, one and only one
line can be drawn parallel to a given line,
Many Mathematiclians, including the Greeks and Arabians,
tried to prove this last postulate and no one could do
it adequately, Around 1700, a Jesult priest by the name

of Giovannl Saccheri became interested in proving Euclid's

fifth postulate. He used the method of indirect proof
and the quadrilateral in figure 1 in an attempt to find

a contradiction which would prove the fifth postulate.

41
| 33
[
i

Pisure 1
We know from elementary geometry that if two lines
AC and BD of equal length are perpendicular to the same
Tine A, the 1ine CD cormmecting the endpoints will Fform

equal, in fact, vight angles at C and D, Saccheri called



the angles at C and D the summit angles and came up with
three posaibilities:

1. The summit angles are right angles,

2, The summit angles are obtuse angles
3, The summit angles are acute angles,

By assuming each of these in turn, Saccheri came to
the corresponding relation between the lines AB and CD,
The Tirst hypothesis, that the angles are right, resulted
in equal lines which, of course, led toc Fuclid's parallel
postulate, The second hypothesis, that if the obtuse
anrle when CD will be less +than AB, turned out to be a
contradiction, and was thereby eliminated, But when
Saccheri came 1o the acute angle hypothesis, he could
not Tind the desired contradiction, He had to trust the
intuition ivn his last proof saying that the "hypothesis
to the acute angle is absolutely false because repugnant
to the nature of the straisht line", We can say that
Saceheri was probably not satisfied with this conclusion,
Rut he was not able to produce a better contradiction,

Ahout Tifty vears after Saccheri, three men working
with the scute angle hypothesis firnally developed a
ceometry different from Luclid's, The greates+t of these

men was Karl Friedrich CGauss, He adopted Saccheri's

alternative of +the acute angle, leaving the rest of

fuelidrs postulate alone, The result was a seometry

blag

A

MNichg

st oan rational and valid as Fuelid's,

!

lLobachevaly, a Russian, and John Bolval, a Hungarian,
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were not the prominent mathematicians that Gauss was,
but at about the smame time, theyv developed a ceometry
identical 4o that of Gavss,

Bolyvail Tound that if we start with AB perpendicular
to q (see figure 2) and allow AB to rotate about A in
either direction, it will continue to cut q at first
and then cease to cut it. He was thus led to postulate

the existence of two lines through A which

Ficure 2
separate the lines which cut q from those which do not,
Since for rotation of AB in either direction there is
no last-intersecting lire, these postulated lines must
be the firat on the non-intersectinge lires, He defined
alao the ancle of parallelism  T(AD) as the acute angle

between AR and either of the parallels p, p'.

Fogtulate 3=3, Throueh a given point, not on a
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oiven line, more than one line can he drawn not inter-
secting the given line,

Note: The fisure 3 which is related to the above
nogtulate shows the different kind of lineg in Hyperbolic
Geometry, There are lines such as Al which intersect €,

There are two lines AS, AP which are the first non-intersecting
lines, There are other non-intersecting lines as FG, CD,
Because some Non-Fuclidean editions use different names
for the same lines, the present paper will use these lines
with the following names:
- . ot N .
1. AS, AP parallel lines (first non-intersecting

lines),

2, FG, CD non-intersecting lines,

3, AH, AT intersecting lines,

"igure 3
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Theorem 3-4, Two non-intersecting lines have one

and only one common perpendicular, (LAY, p.84)

Theorem 3-5, The line joining the midpoints of the

bage and summit of a Saccheri Quadrilateral is perpen-
dicular to the both of them; the summit angles are equal

and acute,

\

ol
s
N

Figure 4

Proof: Tet ABCD bhe a Saccheri Quadrilateral with

richt angles at D and C and AD

——— — —

£ AR and TC respectively, Introduce KF, FA, FB., Produce

o

BB to H, Draw throush A and B parallels +to DG in direction
- . . A s
. Tyrom the congruent triancles ADF, BCF (AD = RC,

D E TR, LADE S L BOF) it follows AW E PR, LDAF BLFRC,

¢

and LAFD E OLBTC,  From the triancles AR, DBEF which

e
h

are also conoruent (AR B BF, AR = B, L

m

BF) it follows

BC, Tet B, T the midpoints
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L BFA ELEFB, LTEBF = LEAT, L ARF ¥ L BFF, Because
L AEF B L BEF and AR is a straiesht line it follows
mLARF = m4LBEF = a right angle, Similarly because
LAFD + L TFA =LBRPC + & HFB and DO is a straisht line
it follows m LDFE = mAL CFE = a right angle., Therefore
the line joining the midpoints of the base and summit
of a Saccheri Quadrilateral is perpendicular to both
of them,

Since mLDAT + m LFEAF = m&ACBF + m4 ERBF it follows

m LDAE = m LCBE, Because mL?) mil (exterior angle

I

of the trisngle ABS) and LDAR L CBS (angles of
parallelism corresponding to equal distances) it Ffollows
mLz2 + mLCR.ﬂ) m4l + m4DAS and mLCBH) m LDAE and
consequently m Lcm) m LCRBE, From the inequality

m LCRH > m LCRE and because AH is a straisht line it
follows 4 FBC ig acute, But Z4EBC =£EAD so 4FAD is also

acnte, Therefore the summit angles are equal and acute,

Theorem 3-6, In a trirectangular quadrilateral the

fourth ancle ig acute,

———————— 1
\\ L'- P |
7 t
\\ / |
N / !
N e :

N ,
AN s {
~ 7 I
\\ / l

e

M N !
D C E

["iemre b



h
Troof:  Tet ATCD be a Tambhert Onadrilateral with right
snsles ok Ty O, B, (Ficure 2),  We heve o show that w L BAD

ig zente.  Produce DO Fhroush € to K so that CF F Do, At @

—

draw T pevrpendicnlar to FC and congruent to AD,  Twtroduee

v— ot

PO, BN, AC, Trom the congruent triancles DAC, RTFC (AD = 70,

—

N o= O, AADG B A PRCY it Follows A

i

OF, LDAC ELREPC,

LACTD ® 4 TOR, Becaute L ACE and LTCD are complemertsry o
eruel ancles LACD apnd 4L TFCH it follows AACH =LFCH,  The
triansles ACH and PO are congruent (ﬁa common, &LACR ® L PO,

—
-

Q= f?ﬂ s0 LARC E LRC = g rirht anele therefore the
N .

points A, B, T are collivear and ADEF is a2 Saccheri Quadri-

7)Y with scute ansles at A and ¥, Therefore

-

Teherel (Theorem 2w

in 2 trirectoncular quadrilaternl the fourth ancle is aecute,

Thaorem =7, The sum of the angles of every richt tri-

srele i lese then two rizht angles.

Py e £
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Proof: Tet ACB bhe any triansle with right angle at
(Pirre A), At A construct LBAD congruent to LABC,
Take the midpoint, M, of AR and draw ME perpendicular
to CB. On K% take AF aqual to BR and draw MF, From

— a——

the coneruent triangles MEB, MFA (AW = WB, AT = BB,
LFAM = LUBE) it follows 4L AFM = LNER = a right angle
and L FMA £ ARMB, Therefors points ¥, M, B are col-
linear and AFEC is a Iambert quadrilateral (Theorem 3-6)
with acute angle at A, Since mADAC = m ADAB + m £BAC
,< a richt angle and m <4 ARC ={DAB it follows that

m< ABC + m LBAC < a right angle, Therefore the sum of

the ansles of every right triangle is less than two

right angles,

Corollarv 3=7.1. The sum of the angles of every

trianele is less than two right angles,

Corollarv 3-7,2., The sum of the angles of every

anadrilateral is less than four right angles,

Corollary 3-=7,3. The exterior angle of every triangle

is sreater than the sum of the two opposite angles,

3-9, The Pvthagorean Theorem, The Pythagorean

theorem L& invalid in Hyperbolic Ceometry, (U431, »p,1h4),
In Hurerholic CGeometry we use a similar theorem which

im almo hased on the sgides of a richt triangle, Tt is
civen hv the Tormula  cosh ¢ = cogsh a cosh b where c is

the hvpotenize and a, b the other sides of the triangle,
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3~-9. Ares and circumference of the circle, While

it s true that there are 3400 in a circle and that

all central angles of 1% in a given circle subtend equal

arcs, no longer is the circumference 2w times the radius,
(L9l , »n. 76),

As in Fuclidean Geometry, limits are required to
obtain formulas for the circumference and the area of
the circle, The circumference is the limit approached
by the perimeter of an inscribed regular polygon of
n sides when n becomes infinite, and the area 1is the
1imit approached hy the ares of the polygon,

T+ ran be shown that the formulas relating the
circumference and the area %o the radivs of the circle
are

¢ = 2Msinh v A o= Lwsinhr/2 (€4, p,161-9)
when the standard unit of length and unit of area are
need, (L 93, p.27), Tt is beyond the scope of this
napar to prove these formulas or to explain the meaning

of etandard unit of length and unit of area,

Theorem 3-10, TIf the three angles of one triangle

are equnl, respectively, to the three angles of a second,

then the two triansles are congruent, L4l , p.83),



CHAPTER TV
TUPORTANT BUCTINHEAN THEOREMS RETATING TO OTROTES

TN HYPERROTTA OROMETRY

b1 Tntroduection, The purpose of thin chanter iso

a *

to rregent the most important Eueclidean theorems which
nartain to cireles and to clanpify them »o o their
validity in Hyperbolic Ceometry, For those which are
ipser12A i Tynerholie Teometry an evplanation why thoy
Are dnwm1id dc cdwven, For gome of them it is pomsible
to mive similar valid theoreme i Heoperholic Geometry,

The ehanter ic organized into three sechtions, Tn

the Tiret section there are those Euclidean theorems

vhich are valid in Hyperholic Geometry, The mroofs ara
ariden nlementary end for the readers who are interested
in thare mroofe the manay mives at the end of each theorem

*

the honk and the page in which there is a proof valid for

31

of those

hoth Ceomatries, The gecond poctlon conaiste

1

AF tha lnelidesn theorens which are invelid in Hyperbolie
faamntrr mnd inelndes sinilor theorems in Hunarholie
Cenmetrer,  Pov coch thooren there i Fipret a proof 7
tenT i denn Ceromedker ond then an avplanotion why it i
Ppwalid v Hoporholie Deometry, Ther the aodiniTar theoram

T Tomerhiolia Caametrr feooedven with itn peoof,  he

I i enntion weaontho pone athear et idean theoronn:

1

i
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whinh are invalid in Yvoerholic Ceometry but for which no
pimilor theorems in Hyperbolie Geometry were proved, For

roech theoran the writer presents the proof in Tuclidean

feometry and then follows 1t with an explanation of why

the theorem iz invalid in Hyperbolic Geometry.



Va1id theorems in both Oeowetriog,

N

TP o 1ine and o cirele are in Tthe

Theoraem =2 1T,

P ie the foot of the perpendicular from

came ploane, and if

the center of the cirele to the line, then:

(1) Hverv noint of the line im outzide the clrele, or
on the cirele and the line iz tancent to the

—
Ida
i
(9]

()

(7)Y ™ is inside the clrcle, and the line interseccts

which are equidigtont

Thooren M~2,?WH; Fvery line tangent to o clirele im

r 0 the radins dravn to the point of contact,

nernondicnls

( t "‘J b T)n _’:"Oh)o
Any line perpendicular to a rading

-
(LFI, poooh),

Meoramn -2 30

the anter end im tancent o the circle,

ot

P e

A Tine through the conter of a cix

Theoren -0, LTI,
ta n ohord hizects Tthe chord and ite arn.

apd PO ienTlor

- Tl
ﬂn? [)»
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Maoremn b=2, 50H,  The sesment joining the center of

the eirale to the midnoint of a chord is perpendicular to

the chord, (LAJ, p.304),

Theorem 4-2,60H, The perpendicular bhisector of a

chord passes through the center of the circle, ([ &1, p.305),

Theorem b-2,7F8H, If a line has a point in the in-

terior of a cirele, then it intersects the circle in

evactly two points, (K63, p.305).

Theorem 4-2,8EH, In the same circle, or in congruent

cireles,chords equidistant from the center are congruent,

Theorem b-2,9BH, In the same circle, or in congruent

cireles, anv two congruent chords are equidistant From

the center, ( UAd, n.305),

Theorem 4~-2,100H, In the same circle, or in con-

ornent eireles, if two chords are congruent, the cor-

respondine minor arcs are congruent, (T, p.312),

Theorem 4-2,11EH, Tn the same circle, or in con-

cruent ecireles, 1F two arcs are congruent, then so are

the correspondine chords, (LAY, p.312),

Theoren 4-2_120H, The two tangent sesments to a

airele from o civen point are congruent, and form con-

spenent apeles with the 1ine joining the point to the
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aenlor of tha cirvele, (LAY, p.325),

Theopremn B-2 1300,  Two diztinct cireles ecan interscet

in at mont two moints, (L AX, p.3i1),

Theorem U-2, 10T, TF two central angles of the same

or consruent cireles are congrnent then thelr intercepted

arag sre nconcruent, (L 31, p.2ih),

Thaorem h-2, 1580, If two ares of a cirecle or congruent

cireles zre noncruent, then the central angles corresponding

to these ares are congruent, (L 31, ».215),

]

Theoren -2, 10T Trn 4the same circle or in congruent

cirales, chords are congruent PP thev have congruent cen-

frel aneler, (L33, p.223),

Theorem -2 170H, Tn a cirele or in congruent circles,

if twio central ancles have unequal meagures, the creater

nentral snole has the greater minor are, (€ 33, p.29),

Theorar L-2 1855, In a cirele or in congruent circles,

PF o minor aras are not congruent, the greater arc has the

cren e rentral ancle, (L 21 ¢ }7»295)

»

Mhearen 1-2,1001,  Tn a elrele or in congruent circles,

the wpanter of the two moneconsrient chords has the grenter

winer mre, (L3231, p.295).

heoren =2, 2007, Tn a elrele or in concruent circlea,

.
[
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+ha rrenter of hwo nmoneonsruent minor ares hag the creater

Fhord, (LAY, 1,200),

Theoram L=2, 2110, TIn a ecirele or in congruent cireles,
5T +wo chords are not congruent, thew sre unenually distant
from the centear, the greater chord heinm nearver the center,

( L33, n.20f),

Throrem he-2 22011, Tn a circle or in congruent cirecles,
iF two chords ave wmeaually distant from the center, they
nre not corcrient, the chord nearer the center heing the

srestan. (L2723, 1.200),

i
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™ 2N ..
Froof: There are three possibhle cases, so a three

€

nart nroof is needed,

“( [t A 3 x .
Case T, Suppose one side of the angle is diameter

(PFigure 7a), Tntroduce CD, m &% =mdlB +m L
hecause Lo ig exterior angle of O CBD, Since m LB =
les triancle)

: ~
m Lo = 2m LB, Butm Lo =m FD therefore m LB = imi'D,

m LB (angles at the bhase of isosce

)

Q
2

se I1, Suppose the center of the circle lies in

——

the interior of the angle (Figure 7b), Introduce RA,

~~ ~
m Le = 2nTh and m L€ = #mAD (Case ), So

{!

-~ -~
L (m FA + m D) and since m L& 4m L€

m Lok +m L8 =
-

D LERD and m FA Fm AD =m FD, m&FRD = m FD

Case TIT, Suppose the center of the circle lies in

the exterior of the angle (Tigure 70), Introduce DA,

o

m Lo = dm A oandm L4 = inm D (Case T)., Since

mLE =meL6 - maek , mLB = —L(mf\’l‘) - mhiFY . Dut

—
-

WAD - mAFT = mFD therefore m4iB = im FD,

Comments., In Hyperholic Geometry this proof is
ipvalid hecause we used in case T the formula
m L& =mlh +tmn L€ which ig a contradiction with
Corollary 3-7.3. The theorem is als invalid because

in Hyperholic Geometry we have the following similar

Theorem:

em -7, 10,  The measure of an ingeribed angle

je (o) less than the half of the measure of the inter-

copted are when one 5 ide of the angle i Aiameter, or



when the center of the circle lies in the interior of
the anele and (b) less than, equal to, or greater than
the half of the intercepted arc, when the centre of the
cirele is in the exterior of the angle, according as the
defect of A BCD is greater than, equal to, or less than

the defect of DABCF, (See figure 7e).

Troof: There are three possible cases, S0 a three
part proof is needed,

Case T, Suppose one side of the angle is diameter
(Figure 7a)., Since Lo is exterior angle of & CBD
by Corollary 3-7,3 m L d~> ml€ + mLR, Because
m L € =mlb(angles at the base of isosceles triangle)
mLn {mid . Butmld = afD therefore m LB { mfD,

Case 1T, Suppose the centre of the cirele lies in
the interior of the angle (Figure "b), TFrom Case T
m L e\ < im FA sana m L € (Emﬁ) som LA +mLb <
% (mﬁ\ +mAiD) . Since m Lo +mL 4 = L FBD and
oA A+ mAD = mfD it follows that mL FRD <-1~mﬁ)

Cage 17I., Suppose the centre of the circle lies
in the exterior of the angle (Figure 7¢), We show first
the relation of the measure of the inscribed angle CBD
with the ascociated ACBD and the measure of the inter-
cenhed are /ﬁ’ from +the formila of the defect of the
A, d = 180 = §-4 -y it follows 180~ = a+t($+%),
Dernnaen 130 =8 is equivalent to the measure of the arc

-
N oang L8 =LY (ancles at the base of the isosceles

\ ! -
A DY the Tast formula becomes £ =4hD) - /2, Suppose
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the point D is rotating around the circle from B to A,
The area of the triangle CBD inecreases first, reaches
n+t n maximm valne and then decreases, Recause in Hyrerholic
Ceometry the area of triangle ia defined as the defect
oF +hn triangle, the defect of the triangle assoclated
with the LCBD increases first, reaches at a maximum point
and then decresnsen,
1 f
Nmine the result of the last paragraph 4 = imhD-d/?
1. 77 :
we have ok = imAF - 4,/2 whers 4, is the defect of the
ACPE.  Sihtractine the two equations 8 - =

LimAD - mhEY + (4 /2 - d/2), Because 4 - =mlFRD

)
) b

- i ~
and mAD - miF = mFD it follows m LFBRD = w0+ (A /2=d4/2).
Bv nraminines this equation we £ind the following melations:

T (dl,/?.-d,/2)> 0 it follows mLFiBtD> 10D,

]

P
Tf (a,/2=d/2) =0 it follows mLFBD = InFD,
TF (d, /2-A/2) { 0 it follows mL¥AD < imFD,
Thie an ingeribed angle with the center of the circle
in the exterior of the angle may be greater than, equal

+o, or lees than half the intercepted arc.

Theorem U4-3,2F, The opposite angles of any quad-

rilateral fisure inscribed in a circle are together equal

0 two richt ancles,
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Ficure 8

Proof: Tet ARCD a quadrilateral inscribed in the

—

rirele O (Fioure 8), TIntroduce radii Oh, OB, 0OC, on,

ny theorem 4-3,10 m LA = lmT')(:‘\T%, mLC = -?-;_:m]ﬂ?%, m LB ="‘*mm‘
and m LD = dnAD00, DBy addition property mLA +miLC =

3 (m FCE +m PAB) and mLB +tmiD = & (m e+ m ABG)

Singe mPCR + mDAR = mADC + mABC = L right angles 1t

follows that mLA +miC = mnldP +mdlD = 2 right angles.

Comments. In Hyperholie teometry this proof ig
inrmlid hecause we used the Formmala m LA = &0 NCR whieh

n contradiction of theoren h=3,1H, The theorem i

A 0
1.6 7

gl jnvalid becange in yperbolic Ceometyy wo have the

Followins similar theoroem:



o orem he7

211, Tnoeny quadrilateral

o edrelo fhe oun

o bhe ol

AR

2 oright angles,
-

Pyl e

R ————

?)

(Tieure
and

thet m L1

Tt m &l

m L2
ml L0

of the guadril

(Corollary

- .4 ‘.,_,.'1, A
<..ijﬂh

3-7.7

Theorem =3,

o

NAROTF

mL?
+om LA

+ ol St md

=gkt

e o s
atoral

n

of one pair of

other pair and hoth

ERALE)

md5 = mbl

ml D, Oince the gum o

ARCD is than 4 ri

ansled,

34 Follows that
21,  Angles inscribed in

o QONITIanT,
Troof:  Teth
of ecirele O

o d D
LJVM\
" e

For)

R At

({Picoure

L
Entaly

A and T ohe ingeribed

9}, By theorem 4-3,15

therefore mi BAD =

interibed
onposite anglon

lamn

one,

agualitles

ol

aht

mdh tmdC =

the

angles

mLDER and LT

L

in

ie el
b

thon

OCH and

= L,

we
SRR b (VAL

+ L0 and

—Fij—kmLK~FmL7==mLR—FmLD1MMmTMG

of the angles
snoles

miD +tmdB

oane arce

in src BAD

m LDAD

H

InhI

HY

AD
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Tieoure 9

Gomments, In Hyperbolic Geometry this proof is

. ; 11T .
invalid hecanse we nsed the formula m LBAD = zmBD which
in oa contradiction of theorem 4-3,1H, The theorem is

fle0 invalid beeause in Hyperholic Geometry we have the

aimilar theorem:

Theorem W=3, 30, Angles inscribed in the same arc

are concrient 1f and only if the non~-intersecting sides

of the an~les are congruent,

-—

Troaf: (a) Ve first prove if LPRAT = L DEB then

—

— -”\ -y » i
o® T Take any point 0 in BD (Figure 9). TIntroduce

LDER i.e, mLDBAD = m LDER,

i

O, D, hesume that L BAD
Dy dheoren B, PH om LHAD F m LPCD = m LADBC 4+ m LADC and

w LD o LBOD = o LERC H m LEDC,  Because m A BAD = miDER
(eecpmption), it follows that m LARC + mLADC =

q L 1ee b g Loenet s P o LARC = om LAABE A+ m LEBC and

mo LDt = o DA ko LADC so by substitution to Tthe previous



canality we have
m LABE 4+ m LWBC + mLADC = mARRC + mABEDA 4 m& ADC,

hv cancellation property m LABE = mZ FDA, A& ABH = A WHD
(LAPH & L @DH, LBAD SLHED, 4 AHD

HAS

L FHD) theorem 3,10,

therefore AR ¥ ED,

(h) We now prove that if AR = ED then BAD = £ DED,

Tntroduce 5%, 5@, db, OF. Assume AP

1

ED, From congruent

triansles AOR, BOD we have ZABO =4 ¥DC. Because
LOBD ELODP (angles at the base of isosceles 6 0DB) it

follows that LEDB = 4 ARD, Consequently AIDB = A ADB

(two sides and included angle)and therefore LTAD /L DER,

Theorem 4-3.LbE, An angle inscribed in a semicircle

iz a right angle,

Fiemre 10
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b ot T A y ] . " N . >
roof: Tet LBAC he inscribed in semicircle BAC

et

et

(Firure 10), Introduce AC and produce BA to D, From

]

H

the imosceles triangles OAB, CAC miL 1 = ml?2 and mL3 =
milb, Adding these equalities we have mil + m&3 =
ml2 -+ mll, Because mADAC =ml2 + mll (exterior
angle of AABC) it follows that mLDAC = m L1l + m&L?

and consecquently m LDAC = m ABAC = a right angle,

Comments, In Hyperbolic Geometry this proof is

invelid because we used the formula mLDAC =mdi2 + mdih
which ig & contradiction of Corollary 3-7.3. The theorem
ieg also invalid because in Hyperbolic Geometry we have

the followirne similar theorem:

Theorem 4-3, 8, An angle inscribed in a semicircle

i less than a ricsht angle,

Proof: Tfrom the isosceles triangles OBA, OAC
(Fiecure 10) it follows that m Ll =md2, m43 = u Ll
Ry Corollary 3-7,1 mL1l +mb2 +mA3 + m bl <° right
ancles so 2(md1) + 2(md3) <2 right angles and

m &1 +m L3 = nkBAC < a right angle,

Theorem 4-3, 56, The measure of an ancle formed by

a coeant rauv and o tansent ray, with its vertex on tThe

rivale, ie half the measure of the intercepted are,

Froafs There are three posgible cases, 50 & three

narl mroof i needod,



Case T, Vhen LBAC is acute (Firure 1la), Introduce
dlameter AL and B0, By theorem 4-3,40 m L3 = a richt ancle,
Fecavse L4 isg complementary to L1 and L2 it follows
thet m L1 = md2, But m4L2 = 4 AC (Theorem 4-3,11)

1 ﬁ!
conseguently m&l = 4m AC,

Fieure 11

Case TI, VWhen LBAC is right angle (Figure 11Db),

Beeange mAC is 2 richt angles it follows that m L1 o=
o~

LA

Cnee TTT. When LBAC is obtuse (Figure 1tc),

T “ Aty
L4 3 - 1 k NI
(hoose ans point T on minor are AC, Introduce CFF, CH,

e

i Pecange m L3 = a richt angle (Theoren 3, B

s - el . ” . , 7’) o
m L7 4+ mLlh = a richt angle, Conseguen Bly m&l +mdb?

2 pioht anclen, Hy theovem 3,20 m L2 +mdA5 = 2 rirht
| | o~
Al oe Aherefore mLl = mA 5, PutmiLh = Am ATC

)
- JPUR ™wes
(Theopen 4=2,100) henee wal = = ATC .



Gomments, TIn Hyperbolic Geometry the proofs for
cage T, TTY are invalid hecauvse we used the formmla
mL3 = a rirht angle which ig a contradiction with

theorem 4-3,0H, The theorem is partly invalid because

Theorem 4-3,5H, The measure of an angle formed by

a secant ray and a tangent ray, with its vertex on the
cirele is srester than, equal to, or less than one half of
the intercented are, according as the angle is acute, richt

or ohtuse,

4\

Lo I T
C
C
(:i:::%:
K
/) &—rnm S
A B A B

('1\ (h) (C)

4

™ eoure 12

Viey L DAC <m.riﬁh* anele (IMirmre 1720), TIntroduce



bk

radii DA and DO, LPAC + LDAC = a risght angle and m LDAC=
m LDCA (ansles at the base of the imosceles QA ADC), Tlising
addition property 2( LBAC) + L NCA + LDAC = 2 richt ancles,
By Corollary 3-7,1 m £LADC + mLDCA + m LDAC <9 richt angles,
Comparing the lagt equation and las+t inequality we Find that

1 N

m LDAC \) m LADC and consequently m ABAC  ZmAC,

Cage IT, When LBAC iz a ricsht angle (Figure 12b),

”~\

o~
Becatse mAC is 2 risht angles it follows that m LBAC = #mAC,
Cage TIT, When LBAC is obtuse (Figure 12¢), Produce

m in the opposite direction, Take on the minor arec any
point K and on major arc any point J, From case I, mLHAC >
~N Fan' ) .
IMAKC ao 2{(m LHAC)) mAXKC, wLHAC + mALCAB = 2 risht angles
hence 2(m LHAC) + 2(mLCAB) = b right angles, mAKC + mAJC =
I rish® angles, By transitive property and the last two
o~ — .
pauations 2(m LHAC) + 2(m £ CAR) = mAKC + mAJC, Using the

~~

ineauality 2(mLHAC) > mAKG we Find that m LCAB < At T

Theorem 4-3,6F, Parallel lines cut off congruent arcs

on a circle,

r'
‘b
>>
o

A4

A
<
(-

e 13



Troof: Tet €and m be parallel lines which cut the
cirele O at A, B and C, D respectively (Firure 13), TIntro-
. - o 1

duce B, By theorem 4-3,1E mALl = 4m BD, mL2 = 4m AC,

-~ ~
Since mLl =m£L? (alternate interior ancles) mBD = mAC and

PR
"D = AC,

Comments, In Hyperbolie Geometry this proof is invalid
Can
hecause we nged mL1l = %m BD which is a contradiction of
theorem 11.-3,1H, The theorem is also invalid because in

Hymarholinc Geometry we have the following theorem:

Thoorem 4-3, 57,  (a) Non-intersecting lines cut off

conoruent ara® on n eirele iff the common perpendicular passes
thronsh the centre of the circle and (h) parallel lines

i1t off nome-conornent ares,

| i . _ N
| N I 0
e \\ |
P 7
A N -
N 7

(’\) (h)

Pirure 14



Proof:

Cnoge I, When the common vermendicular passes throush
the centre of the circle (Figure 1ha, h), Tet &, m he

any two non-intersecting lines which cut the cirele at voints

Ay R oewmd 000 D respectively and their common permnendicular P

pagses throursh the eenter of the circle O, The theorem is
valid whether the center is between the parallel lines or not

and the followineg proof applies to both ecases, Tntroduce OB,

— — ey

m, (P, Oh, AC =md (G, L POB E L POA because APOB = APOA

~—

(PO common, OB 2 OA padii and & APO, LBPO right angles),

Similarly LOOC = LQOD, From these two equalities and he-

-~ f\‘
cange PN ig a straicht line LAOC BELBOD, Therefore TH = AC,

Cage TI, When the common perpendicular does mot pass
throneh the centre of the circle (Figure 15a, b), The theorem
i velid whether the non-interseeting lines include or not

es to

e
¥

the noanter of the circle and the following proof apnl

hoth noazes, Tet €, m he any two

-4
o |/
> |
|
i
— 17
<
|
|
=
®
f
{ e
?’ \y
o=
[
\
>
ot
m
{
o [
!
\E )

A
4w
o
<:£;3

Figmre 15
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non~intersectineg Lines which cut the cirele at points
Ay, Band €, D respectively and their common perpendicular
PQ does mnot pass through the center of the cirele O, Mrom
center O draw perpendicular to line m, FProduce this line
to eut line €, Tet B, ¥ the two points of intersection,
Txamination of the quadrilateral FFEQ shows that it is a
Tambert Quadrilateral (Theorem 3-6) with acute angle at F,

v, Since &TFR

'

At voint F draw perpendicular line n to T
is acute this line will cut the circle at a point H on the

> was . e . .
are AP,  Tinilarlyv since the LADFE is obtuse the line n will
cut the cirecle in a point K on the arc BN, Tecause FI is com-
mon verpendicular to the lines n and m it follows from case T

~~ T -~ e ’ﬂ 'ﬁ.
that 0 5 fD, Since mAC { mHC and mkD £ mhD it follows that

— ~
mAC < mBhD,

Gase ITI, When the lines are parallels (Figure 14),
Tet @©, m be any two parallel lines which cut the circle C©

st points A, B and G, D respectively.

£

P S

H

A

Sy enpa 16



LS )
—
=

et T the foot of the perpendicular from O to line m, Prow-
duce this perpendicular to cut €, Call this point IF, A%
the 1oint ™ draw line n perpendicular to Fil,  Tet H, X the
. . . . - - ™ o~ ~~~
points where this line eut the cirele, WG B KD, AC ) HC

-~ —~ —
and KD > N and consequently AG‘) T"TL

ts 2 circle passing

A

34

Theorem 4-3,7E, There always exis

through three gilven non-collinear points,

Figure 17

~aof: tet A, B, ¢ he three non~-collinear points, Intro

i}
Atan AT, D, OR, let D, B be the midpoints of tha AR, 8O

recpnatively,  Dreaw perpend iculars B, m to these linen nt D

nrich Myaca Tines will meet in a point, T they do not then

M w111 e parnllel and eongenuently DA wi 11 be parallel 4o

e Gt e de dmpossible and so linen e, m will meet in n
neiet. Tet dhis poirh be T Totr oduen VA, 11, From the



oy

consruent briangles DB, PAD we smee that PA

it

P, Introdoce
now PG, From the congruent ftrisngles PBE, PCT we see that

o

—
1 o
- T')‘ by

Proand therefore PA = PR % 0, Therefore I ig the cene-
ter of o clirele with radius PA and which passes through

n

Ay
R fLTWﬂ (" °

Comments, This proof is invalid because the lines R,

m may not meet in Hyperbolic Geometry, In Hyperbolie freometry

thie theorem is invalid becaunse we have the following mimilar

theovrem:

Theoram H~3,7H,

There does not always exist a circle

rasgine throush three given non-collinear pointa,

Mo 16

. - . N - e R L ey PV £ Yy P el .i [
Peanl Aeoin telidenn Ceometry LT threo nointa 1

(SR

» . weempd Ty A vorteves  of o trinre
el WJHWw"Huq/:uﬁgulanLQHWLTJ the vertoxse ;
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and covgenuently the perpendicular bisectors of the mides of
the triansle pase fthrough the center of the clrele, To prove
the shove theoram we need three points which are the verteres

of 2 trisncle two of whose sides are bisected at richt anglen

by a pair of parallel lines for no circle can pass through
three such points, Tet 8, m be two non-intersectirg lives
with common perpendicular n, Take any point P not on X,

m or n, Draw from P perpendiculars +to the lines T, m, Tet

i
jo=24

A, © be the points of contact, fxtend PA to C so that T'h

— —— —
L

and T0 o D so that ID = BD, Introduce CD, the points I, C,

D do not lie on a line hecause in this case thig line wounld

he vervendicular to B, m, Thie ig impossible because n iz the
only common perpendicular to & m (Theorem 3-4), So ¥, ¢, D
sre non-collinear points are there is no cirele on P, C and

A

N heecance in thisg case, 28 we sald in the begimming of the

in

-

@

woof, the rerpendicular bisectors B, m must pass through the

7

certer of the cirele,

Theoren 4=3, 88, The measure of an angsle formed by two

cannrte intersectine in the interior of a cirecle is half the

cum of the measvres of the arcs intercented by the anole and

ite verticsl ancle,



I

fisure 19

Proof:  Tet AC, DN intersecting in the interior of the

cirale O (Tirure 19),  Introduce DC, mil =mdl3 +tmé?2
(m 21 evterior sncle of the AHCD), By theorem B, 1B

- 1 R fany ~
m L3 = dpAD and m L2 = @bC, Conse nently m4 1 = A{mADHmRC),
- : @ . e

Comments, In Hyperbolic Geometry this proof is invalid

Leaavsae we nsed the formula m Ll =mi3 + mA?2 which is =
rortrediction of Corollary 3~7.73. The theorem is also invalid

heoanoe i Hynerholie 6 leometry we have the following theoroms

Theoran b=2, 80,  ‘fhe meagure of an anele Tormed by two

emapte Jrterrectineg in the irferior of a cirele in relnted

+o the mnn ol the measures of the ares intercepted by the

cpele nmd e vertieal anele ng follows:



]

]

INA? - 1. - e BN ]
(2.) Yhen the vertey of the ansle i the center of the

cirele or vhen one side ig diameter and the other interscots

it ot richt angle, the angle is half the sum of the measures
of +he irtercepted are,

(h) "Men one side is diameter, the angle, 1o less than
or sranter than the half of the sum of the intercepted sros
accordine as it is scute or ohtuse,

(c) Vhen neither side ig diameter and the angle contains
the center and ig divided into two angles which are not o~
tuge i the line joining the vertex to the center then the
ancle is Jess than the half of the intercepted arc,

(A) Yhen neither side ilg diameter and the ansle containg
the center and is divided into ‘two ancles one of which ie

obtuse, by the line joining the vertex to the center, then

i

the ancle may he equal to, less than or greater than the hall

nf the intercepted arc,

Proof s

(n) When the vertex of the angle lies on the center of
+the rirecle or when one line is diameter and the other irter-
aocts it st rieht ancle, the ansle ig half the sum of the

measures of the intercepted arc.



I3

(=) (n)

Figure 20

b T A - o ]
(laae T. When the vertex lies at the center of the circle

e i

(Mioure 20a), DPecause LAOG, LBOD are central angles

. ~ : -~
g LACC = akC, m LROD = mBD, Trom this and hecause m LAGC =

m L007 (vertical angles) it follows that mAAOC = L(wht+miD),

Gage TI, Vhen the vertex of the angle is not at the cen-

ter of +the circle (Figure 50h), TBecause AR is perpendienlar
o - - — —
40 the echord O it Follows that mBD = mBC and mAC = mAD and

— —— — w—
rnoneenently mAC T miD = mAD + mBC = 2 richt ancles, Gince

LARC ia a visht anole it follows that m&AKC = ‘%(mﬁf'l«rnm),

(1) YWhor one side af the angle i diame ter(Fimre 21 Y,

the angle, 1g lessg than or creater than the half of the oum

of +the intercepted arcs according as it is acute or ohtuse,



LAy,

A

Tieure 21

Tet ok he anv acute angle with one side a dlameter and
£ o2vy ohtuse angle with one aide a diameter, Then LAED or
LUGC aan represent el and LARC or LDBED can represent 4.
Ginee A AFD = LDEC and LBED = L ARC assume A = L AED and

£ = L ARG, Construet at the center of the circle 2 diameter

=

cneh that LTPOR 8 LARD, Draw perpendicular 1o the diameter

=

o+ the renter of the circle, Tet K the point that this

=

-
i

nernendictlar meets CD, Since m LFOK = a risht ancle it fol-
lTows +that m LOEE <rz risht angle and consequently LoD is

P —
¢

olibnee. At the noint 1 deaw chord W perpendicnlar to O,
Tet i, 1. bhe the noints in which this Tine cuts the eclirele nnd
1 othe noeint of interseetion with %, Comparine the fismren

et - — -~ - ‘h o s - #"N’
CHETT . OMTT we mee that W= WD and HM B BT, Sinece DI M
itog h L4 tl

a1 < Piidh Pollows thatl HI)> kev, o Fyom parh (a) noce |



I g

N o -
we krow thet m LFOB = j’(m PR+ mAH) . Becavae mﬁ[ . m‘mw‘ <
T o - ~ -
mAT) + mBC it follows that m LATD (—:};-(m[\"l.) + mBCY,  Since LALC
is supnlemewntars of the LAED it follows that m LARC >

—~
L(mAP0 + mBD),

(¢) When the two sides are not Alameters and the anslen
formed bv the Tine joininc the center of fthe cirnlns and the
voertex of the ancle are not obtnse, by the line joining the
vertex Lo the center then the angle is less than the half of

the intercepted arc.

Fieure 22

Tt JAFD in Bimre 22 he an ancle such that LAFO and
L (i mpa acnte or vight, Join pointe 0, . Produce this

fat T, ¥ he the points in which it euts the cirele,

Tine, y

: o o : 1oy
Hpam narte o oand hom LA \4 A(wfE + miR) and m LKED \<

Ll h o+ mC Y (ot mot hoth enmal s inae both anples cannot
) . ~ ~N )
. Y e o 2 3 W bl B
e i) eonaeanently m LEEA +om LKND = LARD < HmhiImC
Nppmen L ARG ia emoplementary ancln of L ARD i follows the t

LY

~ -
m LA > Almho - mhny,



M6

(d) When the two sides are not diameter and the ancole
containg the cevnter and is divided into two angles one of
which ig obtuse, by the line joining the vertex to the center,

then the angle's relation to the arc is undetermined,

Fioure 23

Tat A, 0D he the two lines and L¥ED Y a risht angle

H

(Ficnre 23).  From part h m LKED > L(mED + meF) which means
. ~ ‘
fhat m LEED = kD + milP) + € where £) 0, And
1 h : 4 1 "\’ V'QT.)
me € <';7(W T 4w R) which may be written as L(wA¥ + mPB) -

m L8 > 0, Sunpose that the points A is moving towards ¥,

-
The ancla € hecomes smaller and gmaller and F(wAK + nen) -
Y e T
L€ = 0, Buk there exists a B anch that (A FDY -
~ . R .
mrbh o= g ondom L £ 1’\1\ dgfn) - €, Adding this
. ~
ancTe ho L N we haove m A EEn A om L 4 % o= }:(’Ii”ﬂ{” oY) [

P

[ [ . Jr— -
Llmh -k w! Yy - € = L(mATD domEs),  inee mok gwn b o Lé =
mo LAy Gk Tollows m Lhin = Al o BLY

P P "
£ > £ thoen LAh > A(mAVH neEY) and 3T anele 4 < 4"

o~

S~
L AED < LOanen )

Obeionnly L ancote



heorem l-3,01, The measure of the angle formed hy two

"’0

tancrents drawn from an external point to a cirecle is half the

J3frerenca of the measures of the intereepted arcs,

"icure 24

s S . .
Proof: Tet PA, PI tangents to the circle O from a point

P oanteide the eirele (Firure 24), TIntroduce AB. Take any
point ¥ in the major arc, m LA =mlP+ma€ , By sub-
fmetion property this becomes m AP = m Lok - m L € . By

o gy
thearam =217 mioh = FAKD and v 4 € = 4mAB, Hence maiP =

~ —
Lphv - A,

Commene . Tn Hyperbolie Geometry this proof is invalid
Dernnen we naed the Tormmloo m Lok = LDt me€  which i a
o bpe i et omn of Copollayy 27,3, The theorem ig also in-

e i Senange in Tuperholic Geometry we have the Tollowing

vt e thoeoyome



8

Mheoren N3 O, Thao menaure of +he ancle formed by

fvro tanoentos dravm Fromoon external point to 2 elvele in

Tege than The half of the difference of the mensvres of the

intercentad aren,

) i) i N L)
Pronfe We meed to prove that m LT (%;(mfxlv"f‘i - Al
(Figure 28), By Corollary 3-7,3 m LeA > mLl?P +msd , T

Follows LThet mLl Qm Lk - mad | fince for any pogition

; 0 0
af P, o > an” and 4 < 00" by theorem 4-3, 80 m L S« < AR T
and n L4 > Ld R, Bubstituting the leat two inequal itien

— —
+to mbL P < m Lok - mnld we find m LD < A(mAET - mAl),

Mheoyem a2 100,  The measure of the angle Formed by o2

consrnt and p hancent intersecting ontmide a clrele

the differnnes of the measures of the intercepted arce,

e 06
B w



L4}

) ) -2 . , >
Froof: Tet I'C he tangent %o the circle O at D and PR
ant the eircle at B, A (Figure 25). TIntroduce DA, m Lo =
m L T4 mLd (exterior angle of ADPA), By suhtraction
property this becomes m LP=mlo -m L , By theorem
. e R
b3, 87 m Lok = ImDA and by theorem b=3,1F n £ € = AmDB,

Suhetititine the lagt two equalities $o mLiP = miok -msL€

- ~ ~
we Find m LF = 2mDA - mhR).

Comments, Tn Hyperbolic Geometry this nroof is invalid
becanme we uged the Formula mioh = mdP + miL B  which is a
rontradiction of Corollary 2~7,3, The theorem is also invalid

hecange in Huperbolic Ceometry we have the following =imilar

theorem:

Theoren b-2,100, Thae measure of the angle formed hy a

legs

Is
[N
[9)]

secant and o bangent intersecting outside a gircle

~

thon +he half of the difference of the measures of the inter-
nopted ares when the center of the circle lies in the interior

af the 2ncle or on the secant.

P

Pienpe 260



-
Troof:  Tet PC he tancent to the cirele 0 at 1 and I

A ST e i TP conama . " _
st the eirela of T, A (Timure 24), Trtroduce DB, By Corol-

ST m LT i - ;
Tery 2-7,7% m oLk > mLT +mag , Taine subtraction property

o

this becomes m LY < mL4A® - mnLd , v theorem b=, 1H

se € is 2lways acutbe, by theoren

Substituting the last two Inenqualitiers

+0 the Firet ore we have mLP

Commente, Vhen the center of the clrele lies in the

evtarior oFf the snole the shove proof is invalld hecauvse the

messnre of ancle ok, a8 secant moves towards PC ohanraes
Prem leas than o eaunl and then to greater than the half of

Te inthercented are (zee Theorem lhm3 11 )

Theaoren -3, 1110, When the standard unit of lengty

e - PL IS

=

vead (gep 3-0) the clvcumference of a cirele of civen radius
3o plvmon crester than it ciprernference as determined in

Thelidesn Ceomety,

nderd unit

Ve aemaider the case in vhich the o

. T - 4 S g Y

alf Ternes +1 oonne o . fot O 2 irele w ith ra aLus i D (1* W
. - . - LIS i ' e o e

f 4he eiveumferences in fuelidean an d Hyperbollie Geometr:

) o " 3 o ‘," SR Ty Y e Al K Rt
recpnotivelr,  The cirenmferencen ape JLVETD DY the foyimles
agy e e O = o adinh p (mection 7=0), Oubstitute the

. N e A ey P
Feterednes aorian to the Torimla G, 7 oW rinh ¥

1 "
"‘llu} = » L + o 8 0
4 AT 2
f’
Y a

r - 7 A {r -}




Cp = 20r +2a(p +p’+, , )
37 5t

L 4

T i
3t 51

!
N
3
=
N
R
+
3
-
-

Since the expresaion in the varenthesis is alwayvse positive,
3t Tollows that the circumference in Hyperbolic Geometry of
given cirele i sreater than the circumference in Euclidean

Oeome by,

Teorem 4=3,12, The ratio of the circumference of a

cirele to the diameter (a) is not constant, (h) exceeds

(¢) sprroaches M when the diameter approaches O,

Yie consider the cagse in which the gtandard unit

vsed, Let O he a cirele with radivg r and cir-
Cy

comferance O, and p = 5= the ratio of the circumference fo

the di=meter, From gection 3-9 we have OH = 2W sinh r, So

¥ oaivh r « . \ . : .
N ow e es - Substitite the following series to our

ratin

ginh p = +p’ + p- o+
o8] q?
)4 K
3 g
nE AW (e kol bl L) (1)

= R (rt oyl pd ) ()

Lot un evamine now the hehavior of  p  with different
volins af v, Toh o= 1, 2, 3, lUgino tables for the sinh we

T, = 2T sinh (2) = 3,02065%
[ ?.?‘




Fyom these results one can conclude that the ratlio is not

fpon gten 7 owe Tind po= T (pD e b, )

Teepuee the expresgion in the parenthesis ig always positive
s+ Follows that the ratio exceeds W, P >,
g in~ the expression of the ratio of the last paragranh

we have

Tim mo= Tim 47 + W [:g;**;;_* e e e
r-»Q T -Q 3t 5

Therefora the retio n approaches T when the diameter ap-

nroaches 0,

Len, 130, When the atandsrd unit of length is

Theorer

(coe seation 3-0) the area of a cirele of sgiwven radius

T
D
DJ

ig olwewvs openter than its area as determined in Fuclidean

Geometry,

Iroof: Ye connider the case in which the standard unit

AT Tensdth o used, Tet O A cirele with radius r aﬂd.AF, AH
e aropn in Poelidesn and Hyperholic Geometry respectively,

R

W peeng gre civen T the formnlas

i

A= Ty a11e] AH‘ fLw:vinhK r (section 3-9)
2



Cubetitute the Following series in the Fformuls for A

3

=inh

'%
L.
ot

vt

Tind

mle(x)z
2

Receuse the exvresgion in

then 1 it Follows that A, ) Ay which means that the

a0 cirele of siven rading i

el ldean Geometry,

,;_; q!f ["; o
r/2
L4 (p/2)? o (e/2)

the marenthesi

s greater than that found

.
|65

ig always

greater

area of

*

m

™



e, Invalid theorems in Hyperbolic Geometry-No similar

theorems.

Theorem -l 1E, TIf PP is a tangent sesment to a cirecle,

~d PR seement intersecting the circle at A and B then PA+PB =

—_— 7
Py,

firure 27

roof: Introduce the chords AT, TB,

trom theorem 4=3, 51 m LATP = AT,

From theoren

—
P 10 o LAy = AT,

bt el ewe L bp L AT, The triangles nre, ATP are aimi -

Ve (L0 F LV, L AP0 EOLART, LT = L PAT) therefore
2

l w1 e P o= () Y,

s



BN

Commentg, In Hyperholic Geometry this proof is dinvalid
Tecansa we naed the formuls mAART = %;rnﬁi' which is a contra-~
Aiction of theorem L-3,1H,

The +heorem ia also invalid because it is basged on the
Pythacorean theorem which is invalid in Hyperbolic Geometry
(2ee sectior 3-8), Tet us see an example, Consider the case
for which the sesment PR pagses throush the center of the

13

cirele (Fieure °R),

'

Ficure 28

Heaine the formnla of +he ahove theorem we find:

.
L e '|':l\ . T

= A (eh o+ AT

PR (A A 2A0)

= A 2 Th s AD

el el
= PR D A s A = AOT A AOT



(A +.x\._o)2 - Aog

= T’(\? - (_"Jrl"‘?‘

i

>
and PO° = TJTQ -+ ()fT‘?

The Teoet eten is actually the conclusion of the Pytha-
corean ‘theoram irn *the richt triangle PrO, Therefore the above

thaorem is invalid in Yvnearbolie Geometry.

Theorem L-b, 20, If two chords intersect within a circle,

the mroduct of the maemants of ome chord equals the product

of the seemeante of the other,

Firmre 20

-

Tot i1, Oh shorde intersacting in the inferior

]

s

— L
AP 4l mimele O (Tienpa 20),  We nead to prove that AR R o=

A
- - “ \ - g e {
o i Vovbvodiee AD . ne . Pwam mAT) = g‘n'\!\(: g M LB = ;5mAC.

(e =2, 10 1% follown LD = L1, The triancles TFAD,

s

B e cdmilae (L AP E AR, LT E 4 1) therefore



w— —
AF = P and AW « PR = OF. FD
o s

"""""""""""" Tn Hyrerbolie Geomatry this proof is invalid

~
hecavse we veed the Tormmla mliD = 4mAC which is a confra-
diction of theorem H-3,1H,

The theorem ig also invalid becouse it is based on the

Pvthasorean theorem which iz invalid in Hyperbolic Geometry

s

see mection 3-8), Tet uz see an example, Corsider the case

Ffor which one chord nasses throuch the center of the cirele

tance of the rading (Figure 30),

[Fenre 30

Ut e Pormnla of the above theornm we finde
(U e Y e AT e PR
Wy = AT(EO O

/o (/2 k)

)



» g
= /1/)' e /1{

2 .
Nno~Y - O

L]

o 2 .
and DO o= DT RO

The oot aten is actually the conclusion of the Pytha-
corenn theorem in the right triangle DFO, Therefore the above

theoram is invalid in Hyperbolic Geometry,

Theorem L=l 38, Tf from the vertex angle of a triangle

a strairht line he drawn perpendicular to the hase, the pro-

i

duet of +tha sides of the vertex angle 1s equal to the product
of the pernendicnlar and the dismeter of the circle described

ahout the trisnole,

D

M rmre 31

e P et AL ipseribed in cirele O (Figure 31),

—— ——

. - Tad o T
i breoduee dimimedar A0 and AR perpendicular to BG,  Join |

—

b



L
0

e

e nead to nrove that AC s AR = ATy AD, Beeause ABD is a

i

richt ancla (Theorem e WE) it follows L ADD L AT,  Fpom

oy s

thaoren 4-3,231 we now that LADR = L ACH, Therefore the

friancles ACE, ADD are similar (LZARD & L ARG, £ ADR = 4 ACB)

AC = AT - — - -
and i o Or A s AR = AT « AT,

Comments. In Hyperbolic Geometry this proof is invalid

hecanae we copgidered AR as a right angle which is a con-

tradiction with theorem -3, W,

Thae +theorem is also invalid becauvse 1t 1l hased on the
Prihe coresn theorem which is invalid in Hyperbolic Geometry,
Tet ug see on eramnle, Consider the case for which the tri-

ancle iz jsoceles and one side passes through the center of

the oirale (Pionre 32),

™ A2



A0

Ueine the Tormmla of the ahove theorem we finds:

i

AC e AT ACG o« AD

ATE = A0« 2(N0)

0
and AR

H
=
~

The laoct shep ig actually the conclusion of the Pythagoresn
theorem in the rirht triangle AOB, Therefore the abhove theorem

ie invalid in Yynerholic Geometry,



CHAPTER ¥

CONCLUSTON

5.1, Summary, The purpose of this paper was to nresent
the evolution of knowledee of the properties of the cirecle and
to determine which Fuelidean theorems for cirecles are valid in

Hyperholiec Ceometrv and to show how some theorems can be

>
0

valid with some changes,

Tn Chapter T, defined and undefined terms which were +to
he nsed in this maner, were stated,

Chanter TT save a hrief history of the cirele from an-
clent vears o the vresent,

Cheavter TTT mresented 2 brief history of the discovery
of Hunerholie fGeometrv, caneatratine on the events taking
nlann after Sancheri developed the three hvpotheses for the
Sacnhari cuadrilateral, Also presented in this chapter were
coma imnortart ~leaments of the circle in Hyperbolic Geomntry
Hhnt ware paed in Chavter TV as reforences,

Chanter TV war = Anwrelomment of the following: (a) the
theerens ahent eireles which are valid in both Cenmetries
(1Y the BaeTidean theawmons whinh are invalid in Hyperholio
Cenmoty hit Forowhich i wae poneihin e i rimilar T o 0T e
fe S Tunerhalie Ceometrr ond (n) the Eunlidenn A e
wgah v iwyntiadoaw Honarhalia Ceometry but for which imi-

Teir e mvmemes Ty Tonnrhol i (o ome 't'r'y were not dianouarn % ‘h'} 4

I



G
The writer,

g0 smaeerted Negeareh, There are two main areas for

A

further recearch snorested by the writer,

A, (1) Tn Chapter TV, it was shown that the following
theorema are invalid in Hyperbolle Geometry, For the astudent
interested in pursuing these ideas in more detail, it mey
prove Fruitful to try to disceover theorems similar o the
Following:

2) Tf PT iz a tencent serment to a cirele and IR
zesment Intersecting the cirele at A and B then
pA TR = (PTYC,

h) TF dwo chords intersect within a cirele, +he
nroduct of the segments of one chord egquals the
product of the aegment of the other,

a) Tf from the vertex angle of a triancle a straicht
Tine cen he drawn vervpendicular to the hase, the
mroduct of the gides of the vertex angle ism equal
to the vroduct of the perpendicular and the dia-

meter of the cirecle demeribed about the ftriancle,

(TT) Another anestion which micht he congidered io:

Ceometyry?  TF mnot, then perbaps a similar theorem
in Tuperbolis Caometyy non he discovered and
reoved,

The mepsnre of the anele Fformed by the oo

ceconte Arhernootine onbedide n oelrele ig holdf



£3

the difference of the meammres of the intercepted

™

Yo Tn Chapter TV, the faet that the DPythasorean theorem

was invalid in Hvperbolic Ceometry was nsed to prove thot
some Duelidean theorens were Invalid in Huperbolic Geometry,
There are manv other Fuclidean theorems which are baged on the

Pytherorean theorem, A student interested in this ares may

find eimilar theorems in Hyvperbolic Ceometry for these theorens,
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