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CHA }''11 F:P T 

Ti'lrr.r:;onu G'J~ I ON 

1 , l. IY1troc1uctioll· For Ancient Creeks, \'rho were thE"~ 

m8.in invcmtorn of Pl8ne Geometry, the circle was the mm:..;t 

-rerfPct of all }'18.ne :fignres. Probably this is thA reason 

V·l11:y thr:~y :r:_::a.vc so much attention to thif·J figure:>, The main 

theoremf'. of Plane Geometr;r Br(,; related to it. ~r.h11s, ir1 

stnd;.dng the -properties of the circle, 8ctuaJ ly vve 8.re 

stmJ~:d:n·~~ mocJt of Pl8.11e Geomr:try, 

l, 2, Statnment of tho pr~o.bJ.p_!Jl. ':PhP. pnr)Jo~;e of this 

}'aTH"~r i.r::: ( l) to sr1ow the evolution of knowledge of the 

prop(~rtir;R of the eire le from anc ie:nt years to the preD(~mt; 

F.l!lr'l (?) to rlAtermine whlch Euc lide8Jl theorems 8.re valid 

i.n Hyn0rbol i.e Geometr;r, ann. to show hovr other theorems 

e2.Y1 ·hP vA.lid wi tll s om0 changes. 

1.,1 •. I~rr!J2Qrtfl.nC.Q of. __ t]]3_]2ane,;r.,. It may wr-;lJ he 

rlr:cN'~r~~.:ry "to remArk that m1.wll of the fi:ucJidesn theory 

nmr-:t bP 8l18ncl nnncl o:r :n;re8 .. tly mod i:fied ln HyrPrbolic C: e omr;-

l10nlrr:~ in0.l11/lf' H\lldl rlllnnt thP rl·jf~f'0rrmcr.:-:c: r>PtW08Y1 thn 

Ft' rn1r• ,.-,·t, i ":: n·f' ~~n ,o; lr> r·: , 1 ir1 F~ :: ~ i~'t' i n Y1 ,.,:J 0 s r'!Yl r1 ')'O l;.n" onr:; ir1 

1 ,:,, c l i r·~ P n.n n nd H H')'f' y'll o ·1 "io r~ r) cnn0·t-::r? , l'P t n nn n of t11 em 

n·i•lr~r: Hlllf'!h nti;r;Y"1tinn i:n 1N"h·ich li;11Cl.ldr;Bn th8nr0m~ r:'h011t 
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circles are valid or invalid in Hyperbolic Geometry, 

11 h e c ire le is a has ic fit;ure of Ge orne try, and the pre-

sent p8.per will present somR ideas relating to this 

nen:1Acted area. 

l, Lr-, Undefined terms and symbols. ~rhe following 

terms a.nd symbols have been taken as undefined in this 

paper: 

1) points, denoted by capital letters A, B, C, . • • 

2) angles, denoted by Greek small letters oc., -« , }/ 

, . . , , or numbers 1, 2, 3, , . , , and the symbol 

" L II )..04 1...2, • . . , 
1) arcs)denoted by capital letters and the symbol 

111""'\.11 - ......... AB, CD,, •• , 

Lp) segmentr.;;, denoted by capital letters and the - -symbol " 
_, AB, CD, , . . , 

5) rays, denoted. by capital letters and the symbol 

"~" tl, ~~ ... , 
f.,) lines, denoted by capital letters and the 

symhol 11 ~ " 1m, en, .. . , 
?) measure o:f angles or arcs denoted by the small -letter "m" m LABC, m L-4 , m AB, , • • r 

R) i . ] .;ru.=tng. es, 

r.:::ymbol 11 A 11 "' .A ·r-lc' 4 .. )./' 

denoted by capital letters and the 

~DEF, , . . , 
9) rEJdiur~ of thr:~ c-ircle~ clenoted by the letter r. 

1, ), l)efi.D.L~J.:.9.tL .. 9f _:herms, As :1n fSu.clidean Geomotry, 

8 circle tr: dr=dinod to he tho [1et o:f. all points which arc:: 
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at a constant distance (called the radius) from a fixed 

point (called the centre of the circle). Likewise, all 

of the other familiar terms connected with circles (dia

meter, arc, chord, secant, tangent, central angle, in

scribed angle, minor arc, etc.) retain their usual meaning. 

1,6, Organization of the remainder of the paper. 

The remainder of the paper has been divided into four parts. 

1) Chapter II gives a brief history of the circle, 

2) Chapter III gives a brief history of the discovery 

of Hyperbolic Geometry and some important elements of Hyper

bolic Geometry which will be used in Chapter IV as references, 

3) Chapter IV presents the most important Euclidean 

theorems and determines which of them are valid and which 

are invalid in Hyperbolic Geometry. For some invalid 

theorems, revisions are made to give similar theorems which 

are valid, 

4) A summary of the paper is presented in Chapter v. 



CHAlTEI~ JI 

A RRIT~F lUSrrOHY OF ~rHE CIECI.E 

2,1, In-t_;_r_Qch~gtion, rrhe discovery of the properties 

of the circle is not a vvork" of one day from one people in 

a special place, It is 8 work of thousands of years from 

cU. fferen t people in rl ifferent places. The purpose of ·this 

ch8Dtf'?Y' :is to presFmt briefly the history of the circle, 

2,2, Babvlon, __ .....__ The earliest known documents relating 

to the circle come from Babylon and Egypt. 'I'hose from 

P.a.1Jylon are written on small clay tablets, some of them 

abm.1t the s i7.e of the hand, A table in the British Museum 

shows that such r,eometrical forms as circular segments 

were used in astrology or on talismans, For the men-

suration of the circle, the Babylonians used 1r = 3. 

( [ 2] , n., 6). ~Phey divined the circumference into 3fi0 parts 

::md also made use of various geometric designs in their 

mvral decorations. ((2J, p,6). 

? , 1. .[i;g;[J2."\!. The first oefinite knowledge that we 

h~l\U0 of F:in::vrtian ilflathemB.tics comes to UD from a manuscript 

:::Jr!')8 in P8rl.v timPD, '!'hit':: copy w~w mane ·hy someone cBllP.d 

~J.J..rr!t:'f'l, who prol1alll:V liver'l a·bout 1700 B.C. Ahmes ~~ave a rule 



for finnin:<:~ th~J area of a circle, Sllbstan·tially as :follows: 

Multiply the square of the radh1s by (16/9) 2 which is 

8CJUiva.lent to taking 'n to the value ),160_5. ( ( 11 , p, 27) • 

2.4, Ancient GreE~ce. From Egypt and possibly from 

B8bylon, tteometry passed to the shore of Asia Minor a.nd 

Greece. The scientific study of the su.bject begins with 

Thales ( t\40- 5L~(J B.C. ) , One of the most remarkable of his 

geometrical achievemc-mts was proving that any angle 

inscribeo in a semicircle must be a right angle. ( C. 3 J , p. 207). 

Platq_ (429-JLHl B.C.) and his schoo1, developed the first 

systematic attempt to create exact definitions, axioms 

and postulates for geometry, In addition, he tried to 

finn a square equivalent to a given circle, ( t 11 , p, 31). 

About 4?0 n.c. Hippias of Elis invented a certain curve 

called the qua.dratix, by means of which he could squarA 

the circl.e and trisect any angle. ( t 1J , p. 31.). EuqJj,._g 

( 300 H, C.) p1Jb1ished systematic P rigorous proofs of the 

lr-?adinc; propositions of the r.;eometry known at his time, 

( [ 3], p,2R), Archtmedf~S (287 B.C.) gave three important 

propositions for circle: (1) The area of a circle is the 

SP..me as that of a ri .. vht-angJed tria.nr;Je with base eqt1al 

*·.o ·1-,hr .. ·. c ... · .. irc; ... llrrlf.'Pr.er1.C .. e, r1ncJ "~Ter-r.l'ca] he1"crht e al t th c _. '· ....•.. r:L. ~- ., ....•• qu ,o , e 

r~1c1i1lf.: a, vrhich TDP.f!YI-1~ that thEl : Arc~a of circJ.P.=~ Y (? w r), 

(?) 'Phe rnti.n of thr:~ 8rc-;rt of F.l circle to the SCJW1.re 

nn its (1 i}lmro ·h·r i.s a pproxim8 te ly ll ::Lll· which means that 

? J ? 1.1 ·tJ ~ : ,,,8 : : · '' : '· ·~~I ( 1) TT ·i r '!PAn thn.n ~3 l /? but greatr::r 

th n n 1 1 0 1?1 . ( ( 7 J , p . t.; 1 ) , 



).lLr-t-;(, ( t 1.) , p, ')h), He also fonncl the area of ci.Y"~~l.., 

·l~o he the product of hnlf of circumference by half of 

diameter, ( CS1, p,l_c:;), 

?, h, AftE?...r __ _5th __ _gentury. Al l\a~b.i (Arab llf-30 A.D.) 

wrotP. dovm the va1tle of 'lt as 3.:1.l.q_so?A_'53898732 ( t 7J , p.1.53). 

Wallis (Eneland 1616-1703). One of hi~ j~terestine 

discoveries was the relationship that 

This is one of the eB.rl :i.es t values of 'tt found by snch a 

means known as infinite product, 

,Jone~ is usually recognized as bein,o; the first man to use 

l1' definitely i.n :its present relationship and when 

I,eon1'\:'3rrj_ f<:uler (Sweden) used it in 173? it came into genera] 

nse ( t 7] , p, 155), In 1796 Gauss showed that it was 

possible, by the w::::e of the straightedge and compasses 

Blone, to inscribe a polygon of l7 sides in a circle, He 

evf.-:"'n extended the solution to inscribe polyP;;ons of 257 

nnd 05,)17 sider:; ( ( RJ, p,J01.), 



CHAP'PER III 

II'I!POWL'AWT' cnJ;;!VJEN'rS IN HYPER.HOLTC GEWlVJETF/Y 

3.1, Introductim1, 'rhe purposn of this chapter is 

to present briElfly the history of Hyperbolic Geometry and 

those important postulates, theorems, corollaries of 

Hyperbolic Geometry which will be used in the next chapter 

as references. 

l,?. History__of _Disq_g_very: of Hyperbolic Geometry. 

In thP fourth cen t1.1ry B.C. F:uclid organized the early 

sturly of Geometry ·i.nto his thirteen volumes called the 

fnem(mts, He took a total of five "self-evident truths" 

which were the basis of his e;eometry. Since they were 

thP very foundation of the system there was no way to prove 

thorn. 

'J'hc:: first five postulates of B~uc1idean Ge orne try are: 

l, 11 0 draw a straight line from any point to any 

point. 

2. 'l'o prorhwe a finite straight line, 

'", 'J'o drr:J.w a circle with any center anrl any distance~ 

af: rad h.1r::.:, 

r:;, '!'hat Lf a ~::trr::drr,ht l1no fallinp: on two Dtrai.cht 

on thH same fJldr::~ 

7 
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linef3 if JYr'O('lucGd indefinitely mef~t on that side 

on which are tht=~ ang;les less than two ric;ht angles. 

'Phe fifth pos tula.te ir1 equivalent to Playfair 's 

axiom: ~1hrough a point not on a line, one anrl. only one 

line can he drawn parallel to a given line, 

Many Mathematicians, including the Greeks and Arabians, 

tried to prove this last postulate and no one could do 

it adequately. Around 1700, a Jesuit priest by the name 

of Giova:rrnJ~ Saccheri became interested in proving Euclid's 

:fifth postulate. He used the method of indirect proof 

and the quadrilateral in figure 1 in an attempt to find 

a contradiction which would prove the: fifth postulate. 

c. 

·: 

A wllL----------..L...Ir 6 

Fi.rr,ure l 

VIe know from (:~lementary {r,CJOmotry that if two lim'!S 

fiC 8.nd HIJ of equal lenp;th are pE~rpcmclicu1ar to the sam(:? 

line An, tho line CD connectirtr•; the end poir.ts will form 

eqnnl, in fact, l'i~r,ht an{~;loD at C and D. Saccheri calJQd 



C) 

the anglr::s at C and D the summit angleEJ ancl came up with 

three possibilities: 

1. rrh(-'J summit anr:,les are right angles, 

2, 'l'he summit angles are obtuse angles, 

). 'l'he fJummi t angles are acutE'J angles. 

By assuming: each of these in turn, Saccheri came to 

the corresponding relation between the lines AB and CD, 

~rhe first hypothesis, that the angles are right, resulted 

in equal lines which, of c ourf>e, led to Euclid's parallel 

postulate, rJ1he second hypothesis, that if the obtuse 

8.n,(l'le when CD will be less than AD, turned out to be a 

contrs.cliction, anrl waB thereby eliminated, But when 

~;accheri came to the ac1..1te anf•;le hypothesis, he could 

not find the desired contradiction. He had to trusi; t:he 

intuition in his last proof sa:ying that. the "hypothesis 

to the acute angle is absoJutely false becatwe repugnant 

to the nB.ture of the s trair;h t line", We cen sa:y that 

Sacc.heri was probably not satisfied with this conclusion, 

Pnt he 'Nas not able to produce a better contradiction, 

Alwnt fifty years after Saccheri, three men working 

with tho 8cute angle hypothesis finally developed a 

.n:eometry cH:f'fr:::rEmt from Euclid's, The e;reatest of these 

mr=m vvas Ka:rJ. l;':r.:l.ed:r) c.J:~ .G:Jiu§l~.. He acl opted ~:)rtccheri 's 

~11 tE·rmd; lvn of th (~ acu tc~ anp:lo, lea vine; thE) rewt of 

t;:uclicl's post11lc:1.tn al<mc, 'J'hE~ result was 13. e:eometry 

:jnwt :"lfl rc,tionnl nnd valid El.S l':uclid'D. Nic.b . .9J12:.Q. 

~~~}-,[~ ~lt!L'Y.!) 1~:2, r1 I~ 11 ~ l r:: ian , fHHl .T ol'rn H o l V<.lJ., a H 111'1 ~~;;1 :r ian , 
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wr~rc~ not thP. pr·orninent mR.themat:i.ci.ans tha. t Gauss was J 

'hnt st ci'hout the ~'l(lnlP. timt:;, they developed a e.:eomotry 

i.clr""n ti.cnl to thf·l t of C~aur:::s, 

Bolyat fmm(l that if we start wi tr1 AB pen)endicnlar 

to q (see fi,crure 2) and allow A.B to rotate ahout I\. in 
. ~ .• l 

e:i. ther dirt-)ction, it will continuA to cut q at first 

8.nd then coar:;e to cut it. He was thus led to postulate 

the existenr.e o:f two lines through A which 

B 

F:li[r,ure 2 

flP1J8T8te the 1 ines which c1rt q from those which do not, 

::;incn for rotntion of AB in either direction there is 

no 1 ant- intersr:'!ctine: 1 i.YH?, theS(") postulated lines muflt 

l,r:, thP first on thP. ncm-i.ntP.rsP.ctirv,r, line::;. He dE~fined 

r1lr;n trH' i-11\'~lr: of Flrn"ll(:;li::m li(An) ~~.s thE! acute ane:ln 

·l,c:'!.1Nf'Cm An Pnrl cd.tl1Pr of thP pnn.1Jlclc p, p', 



p·iven. lin(~, more than one line C8.r1 ·be drawn not i.ntt:)r-

secting the r:,iver1 line, 

Nots:2.: r1.1he fi.13Ure 3 which is related to the above 

postul8.te shows the different kind of lines in Hyperbolic 

Geometry, There are lines such as AI which interSf:)Ct e , 
There 8.re two lines AS, AP which are the first non-intersecting 

lines, There are other non-intersectin~~ lines as FG, CD. 

Because some Non-Euclidean editions use different names 

for the same lines, the -present paper will use these lines 

v.rith the following names: 
:1. -.:,p 

t. A~, AP parallel lines (first non-intersecting 

lines), 

2, FG, CD non-intersecting lines. 

3. AH, AI intersecting lines. 
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nnrl on1y one common pc~rpendi.cular. ( t.J.r-1, p,8Lr.) 

The: . ..O..T...§..!lL.1::5.· 'I'he lim~ ;joinirw the midpointr-:: of thn 

baf30 8nn surnmi t of a Saccher:i. Qu:otdrilatc::ral is perpen-

dicu18.r to the hoth of them 1 the summit mv::1es are equ::tJ 

and 8<:11te. 

\ 

\ 
\ 

\ 

\ 
\ / 

' D c. 

F'. L~ ~gure 

Proo:[: Let ARCD be a ;;accheri Quadrilateral wi.th 

:ri crh t anr~l es at D and C and hl) = Bc';, Let E, F the midpoints 

of An 8nd nc rPf1:tJ8C ti ve 1 ~r. Introcluce f~F' 1 FA I FB. Produce 

-l•:n to H, llr::Jw thronn·h {\ snd B P<:lr::JJlels to nc in cll.TPcti.on 

~ 
nr~. J•'T'Oill thP conrrr'1Hmt trian()·les lllJF', BCF (M) - -= TlC, 

~~nd LA Fn = L TWC. From thr-~ tr:i an/r,les fl l•:f", IHi::l'' wh i.ch 

1 t ( 1\ .... 1•' ;:, 17'.1''. A-;'·'· ~- -,,,,·1·1, .·li.,'f·i' ::._ .. '",1'') ·.·l .. i·, ·.fl·)l.l. C1'"',···, !\.l"r! [:l 8() C0r},")'l1An·; ·- l, I -I ... .v 
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L EPA :LEF'll, L .EBP :; LEAF', L AEF' ;: L Br,:F, I:lecause 

L 1\F:F ;,; L Hf1:i" am1 AT~ iR 8 s traip:}d; line it follows 

rn LAFF = rn L f!,ETi' = a rLc!;ht angle, Similarly bec81H3e 

-L fU"D + L !~FA =lBPC + L EFB and DC is a strair:r,ht line 

it follows m LUVI:;; = mLCFE: :::: a right angle. rf.lherefore 

the line joining the midpoints of the base and summit 

of a Saccheri Q1Jao:i:·ilatera1 is perpendicular to both 

of them, 

Since m L DAF + m ~ EAF = m J... CDF + mL tmF it follows 

m LDAE = m L.GBE. Because mL 2) mL..l (extArior angle 

of the tri::mgle AliQ.) and LDA~ - L CB~ (angles of 

TJarglle lism c orresponrlinr to eq1.1al distances) it folJ ows 

mL2 + mLCBSl) m Ll + mJ..DA5l and mLCBH) mLDAJ<; and 

conr~equently m LCBH ) m L CBF:, From the inequality 

m Lr~nH ) m LCBE and because AH is a straig;ht line it 

fn1Jows L f1:HC is acute. But L EBC :;LEAD so L. EAD is also 

acnte. rr'herefore the summit angles are ecp.ml and acute, 

rph_f?_OI.§Jil_j.::£. In a trirectan{:r,ular quadrilateral the 

fourth arwle is aClrte. 

A. 

' ' ' ' ' ' ' ' ' ' ' 

B f --------_, 

/ 
/ 

/ 
/ 

/I 
/ I 

/ I 
/ I 

/ I 
I 
I 
I 
I 
I 

1--L----------11....;1,(_ - - - - - --...1. 

D c E. 



1.h 

-:i.r-:: 2f'11tr. P:rodllCI? nc thJ'.'OlJ:~h c to I·~ ~·.:o tllFJt r~r~;: nr;, At li: 

Ti'rom tho congrvm·,t trj.r~.J'l;~; 1.(~ n flA.C.,' iFfl'f! ( ,iJ·l. :::: II 1 , . . , , L 

}lOints f.,, Tl, P 8.r0 co11 ire8.r and 1\J)l~F' ir:~ f.1 Snccheri Qnnrtri-

A. f ------,--
'1 
I 

M 

c. t. 

p ___ ..., 

B 



Proof: T,A-t. ACl~ he any t:ria:nr;le with right a11gle at 

r~ (Fi·""'llrP h). At A construct LT~AD congr1Jent to LABC, 

'l'ake the mic'lpoint, IV!, of AR 8.nd draw IVIE perpendicular 

~ to en. On AD tal<:e AF F.lqua.J. to E'13 and rlrnw IV!F, From 

the con;o;rllent triangles MJ:;;B, NIPA (MVl :: IVII3, AF :: ER, 

LFAM ~ LfV!BE) it follows LAFIVI;, LNIEH =a right angle 

a.nrl L PIVIA ~ Lr;;rvm. Therefore points F, JVJ, E are col

linear and AFT~C is a Lambert qua.drila teral O:heorem 3-6) 

with ac1.rt8 angle at A, Since m LDAC = m LDAB + m .L.BAC 

<. a right a.neJe a.nrl. m L. AflC =lDAB it follows that 

m <ABC + m l-T~A.C < a right angle, Therefore the sum o:f 

the a.n~les of every right trianr;le is less than two 

right a.np;1es, 

td s.n~le is less than two right angles. 

Cor_9lla:t;Y ]-?,~. The sum of the angles of every 

r~ua.dri1atAra1 is less than four right angles, 

Cor_o,llary 3-7. 3, The exterior angle of every t:r.ia.ng:J.e 

is r~rf-Ja ter thar1 the S1Jffi of th.e t'JTO oppoB i te a.ngles, 

theorem i.f'l :lnvaltd in Hyperboli.c Geometry, ( (. h J , p • lLr'-1· ) • 

lr1 ITynerl,ol-ic c:nonH'.d;ry we 11se a r::i.milar theorem which 

lt is 

r··ivr!n h;v -UH) :rormul8. cosh c .::: cosh a cor>h b where c is 

t 1lf! tl1 .. 1'f1Cltf.!1'1l.1:C~f? ~lYl(l El., l\ "\"hP othc>r c•-j_r1cr• Of th i; • 1 , -.. '·· . ..:1. . ,J,, :: e .;r1.ane. e. 



3-9, Area anr1 q_ir,:p}2.J.~f~1}QSL ..... 9f :~;hq_ c1.rcle, 1:'/'h·Uo 

it i f3 trv.e that thRre arP. JA0° in <:1 c ire le and that 

a11 centra.l angh~s of 1° in a c:iven circlEJ r'HJbtr:mr:l eqw:tl 

arcs, no longer is the circumference 2,- timerl the r~HLillFl, 

((91, p, ?A), 

As in Eu.clidean Geometry, limits are required to 

obtain formulas for the c irm.:unforence and the area o.f 

the circle, The circu.mference is the limit c1.pproached 

by the perimeter of an inscribed regular polygon of 

n sides when n hecomer.; infinite, and tho area. is thf~ 

limit appro8ched 1ly the areA of the polyeon, 

It l:!rm he sh n1.1m th8.t the formulas rela tiDe; the 

circumf'r.;rence ancl the area to the radiur1 of the circle 

B.re 

C = 2 -n sinh r 11 = ~·'If sin.h2r/2 ( t.l¥J, p,1.h1-9) 

when the sta.ndard unit of lene;th and unit of area are 

lJSOcl, ( t: 9 J , p. 27). It ls beyond the scope of this 

p8 .. pAr to prove these formula:::1 or to explain the meaning 

of E: tandaro unit of length and unit of area. 

rphcorem 1-10. If the three angles of one trianr~le -------... ---
:?J.rr-J equal t rerJ pective1y, to the three an:~ler3 of a E:econd, 

t1v:m thr:::: two td.ar1:c:;J.es 8.re c onp;ruent, ( (L!-J, p.8)). 



CHA P:PEf\ TV 

Il\1 HYPE:RBOT,Tr; r'TWMJi~rppy 

Jr., 1. • T n trod lJC t:i_..QD. ~ q.lh"'.-.. f' ..1-1 • h t . .. -, pn:r.pose o .. ,,.ll" !"'. '"'P .P."~" 1s 

t0 rre~·i(~Yl"t the ffiOGt important J~ncJi('lean thP.orr>Tflfl Which 

For those vrhich ~.rc 

Po:r some of thnm i.t is l'~OSniblP. 

1 .~/ 
I 



~:i.mi.lr;:.:r- tlv;o·t'(;rnD j_11 1-T:yrnrholi(; Geometr~r wcrP p:r-over1, For 

of v.rh·lr 
" 

t1:s thP01'8rtJ is in.valid h"' li:yperlJOlic Geometry, 



It "'l . ' ' 

tl•c cerd:;c:r' of the c ircl8 to tho l:l.m~, then~ 

( r; ) T_,.': · .. : .. i_s 011 tl1c circl8 and the line i~: tG:nc;en.t to the 

circle, or 

( J) r' is ill:::: ide the circle, and thE! 1iTl8 intcrsoc.tn 

:frOHl r 
. ' ( ( 7) , T.l, )02). 

Ji:ver:,r line tangent to 8. circle in 

( r (-. J n "01!.) 
"" p ,, • _.1 ' ' • 

rf1ll (' (1']''(: '11 1!·-? lr.FH' [\ 1 irle thron;··:h ti;e cc:•ntor of 8 G LJ:c lr:· ---· -'-·"'··,.;; ...... ----:..1.---
·:·lorl rv•rJ'r··;·1rl:i_c'1l~.;~ ton cho:r('l l!in8Gt::: tho Gl1n:r:·(l ~:tnd itc:: o.rc. 

( c 1) , T\ '? .-, ":' ) 
.1. ~ I ' "' 
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rl'he ser:ment join:i.r1g the center of 

tlH:' cixc1n to thP tnir'lpoint of a d10rrl :i.n peY.'Jle11d:i.ct1Jar to 

tl1P chord, ( ( h J , P. 3 Olf.) • 

cho:rrl p8.r-:;r; es th:r.ongh the center of the circle. ( ( 0), p, 30.5). 

If 8. line has a point iY1 th8 in-

terior of 8. circle, then it intersects the circle in 

e~,:~~.ctJy tv1o points. ( C 6 J , p, 30 5), 

rpheore~r-~.?-~f:~H. In the s:~.me circle, or in congruent 

circles~chords P.'J11irJist:::mt :frorn the center are congruent. 

In the same circle, or in congruent 

circl0G, r-mv two conz;ruent chords are equirJista.nt from 

( t(;J , p. 305). 

In the same circle, or in con-

"Tllrmt c-Lrcles, if two chords are congruent, the cor-

( C.6:l 1 p,'.312), 

In the same circle, or i11 con-

( C6J , p. 31.2). 



21. 

'l1 'h r· orr::nl h-? 1.1EH, 
-----·~ .. ····-· .. ., .. ~~~··-··· ··----1! .......... ---· 

in nt mont tvro TlOi.rrtF;, ( [ 6 J , l'· Jl/-1_). 

or corwrlH·:nt circles a.re conc;rnent thon their intercepted 

( r JJ , p, 211.!-). 

I:f two ?.rc::: of n. circle or con!.:r;ruent 

circlr:;;:: e.re c:or,~·:rne:nt, tlre:n the cont:r.o.l an.(~J.en co:r.respondinc; 

((J],p.2l5). 

'rh e oreril 1!--2 1 (FH. ··---------·-----...... ~ ....;._;;...;;..... 

In tl1e se.rne circle or in con{r,:t."nent 

( t J J 1 p, 22.3), 

']lheorr:>m li·-2, l7EH, 
---~-····. --~ ._ ___ .. ,.... .. .....--.Jn--· 

In 8. circle or ill conc:rue11t circles, 

crrd;:t'8l Plv~;lP h8.8 the f~reater min or arc. ( c 3 J , r . 2 91,. ) • 

I1:. a circle or in cml."?,):'1Jent circles t 

'!'11F'01"F·-I!i 11-?, 1_ O!':lT, 
·····--· ··--· .. -· .. ~- .. --~··-,...'-·-'"''~"'" 

-,,l 8 circle or in congrnont circles, 

'I']·, r·· rYt:Y·TYi ''·- '") '/ ()ll'H -.. ~ ..... ··~··~ .. -- ... -· -'"•""'~: .. -~ . .,',, _ _,_, .~.;,.: , 



( C 11 , 1~, ? or; ) • 

In a circl~ or in co:n.e:ruent circles, 

if two cl,.,..,rr1~~ "'""~" 111'1 0~1181 Jy dic:ta:nt from the ce:nter, the;,r 

1r:;-nt, the chord 11.earer the ce1Yter being the 



f A 

( r1 ) (b) ( c ) 



. ... . •·· c-: r.:.re 1ree posrn. ~~. e canr--)f1, r1 o "' trn:'('P Pro o_:.f.: Tl-1 Pr ~ tl • ·1 1 

Tlf-!Tt 1""lroof in nP.ecled, 

(Fi.~11re ?a). -Introduce,) CD. m /... 01. -· m J... T3 +· m J...-& 

beC8.1Jf:'lC 
• 1- • 
lS e1n,erlor angle of ~ CBD. (,_'"i" ... )1.nce m 

m LB (a.ngles at the base of isosceles triangle) 

m Ld.. = 2m L..l3. But rn L d... :::: m 
....... 
I~']) the:refore n1 L.Jj -~ 

1 ~ ,~ml•D, 

Ga~J... SuJlpose the center o:f the circle lieF; in 

-the inteTior of the angle (Fie;urc ?b), Introrlnce H,~, 

m L d. 1 - "" -· ;~mFA. and m '- -& = ?@AD (Case I). So 

m Ld. + m J...~ == ~(m FA+ m fr1) and ~:;ince m Ld.. +mi...~··· 
,-... -""' ~ ,............., 

m L YRD and m FA + m AD == m FD, m L. FTlD = ·lm FD, 

i~he ex-terior of the [m:c;,Je (l"ir,ure ?c) • Introduce nA. 
,......, 

~ ""' I) 
m L d.. = ~m A.F a.nd m '- ::: -~m AD (Case • Since 

m L F! = m L ..(. - m J... d... , m LB = -i!r \ mA'1 - mAJi') nut 
...-.. ~ ~ ,......... 

mA.n - mAF = mFD therefore m L B == -~m FD, 

Cm:fl~S.. In Hyperbolic Geometry this proof is 

invalid beca11se we used in case I the formuJ.a 

m J- d. = m L. r: + m L~ which is a contrfl.diction with 

(' lJ '"' ,..., 1 "P.he theornm is also invalid becauBe 
_~oro ... ary )-r • • 

in H~·.1 porl)o] ic Gr.omr~try wn hn.ve the :follow"inr~ si.mU.ar 

thr.orem: 

fl'heor(c~m il--l 1H, fl'he men::mro of ~n in::1erU)Pd 8J1,";le 
-··-··-.-· ··~ .. --.. ---··-! ........ -.. 



when the center of the circle lies in the interior of 

th.e 8.1'\':.·le and (b) less than, equa.l to, or greater than 

t'he ·h81f of the intercepted arc, wJ1(m the centre of the 

circle :t.s in the exterior of ttle ang;le, accordi:ng an the 

defect of b. BCD is greater than, equa.l top or less than 

t:he defect of A BCF, ( S e e figure 7 c ) • 

froof: ~1here are three }lossible cases, so a three 

part proof 5.s needed, 

C~Flf;_I_. Suppose one side of the angle is diam8ter 

(F:i.~urr:~ 7RJ, Since Ld.. is exterior angle of !::. CBD 

b;r Corollary 3-7,3 m L 0..) m L -8 + m LB. Beca.use 

m L -€ :::: m Lli ( ane;les at the base of isosceles triangle) 

?m L n ( m Ld.. • Hut m Lr:J... = mFD therefore m LB < 1:-mFD, 

c~~.:.:se_Jl., Suppose tl'te centre of the circle lies in 

thP i.ntcrj.or of the angle (Fie;ure ?b). From Case I 

\ 
,...., 

--« ( tm ""' .t < m Ld.. J,m FA 8.nc1 m J_ AD so m Ld... + m J... 

~ (rnFA +mAD) . Since m Ld.. + m L -1 = L FBD and 
~ ~ ~ J ~ 

mF,~ + rni\D == mFD it follows that mL FBD "\ ~mFD, 

Cari§JI_I,. Suppose the centre of the circle lies 

i.n t:11n Pxterior o:f the an!?:le (Figure 7c). We show first 

tl1e r0l8.tion of the moaS1Jre of the inscribed Emgle C::BD 

witr1 t1Hl 8F:soci8terl f::l. (;nn R.nrl the measure of thA inter-

......... 
r:r·rl"l;r,rJ nrc~ All, F'rom the fo:r.mnla of the defect of the~ 

-.. 
f\ 11 nnrl (an:·;les at t1'10 har::e of the inosceles 

A 111:(~) tf10 1a:c;t formuln h<::comes ~=·~mAD - d/2. Uuppose 



tho Doint D i.R -rntatin.c~ around 'the circle from T3 to A, 

:::~ t 8. mn.ximnm iT8.l11e Fl.nd the·n c'lecr-eA.ses. Because in 1-r~'T'Prl•ol.i.c 

Geometry i;hr-: aref:l. of triangle is defined 8.8 the defect 

of ·r.'ll,..,. 'trinngle, the defect of the triangle associated 

with thR L.,.CBD increases first, reaches at a maximum }Joint 

e.nd then dec:r.e:::uses. 

T1sh1?; the result of the le.st para{!,raph ~ = !m.AI)-d/2 

we have d.. = !mf"P - c11 /2 wherr:> rl1 ~ s the defect of the 

~ r r.P. ;:n'btractirro; the two equations -6 -d. = 

d/2), ·secavse -6 - ~ = m L FBD - ,...., ....... ,....,. 
flnr1 mAn - m.A.F = mTi'D J.t follows m L FBD = ~rnl~'D + ( o1/2-d/2), 

p),r r;·:prnjnin.n: this enuation we finn. the followin:'j r-elations: 

If ( C\/2-d/2) ) 0 it :follows m LFBD > ~ ·~o ;em' .. • 

If ( r1 1_/2-d/2) 0 it :follows m LFJ3]) 
1 r-. 

·- = 2-mFD. 

z ( 
..-. 

I·F' ( n
1 

/?.-d/2) 0 it follows mLFBD ~mFD, 

ri'hns 8n j_nscri'hed ane;le with the cent8r of the circle 

in the e:xted.or of the angle may be ,a.;reater than, equal 

to, or less tha.n half the intercepted arc. 

Thr:: OJ~!~_}I::-_l .. ZE;.. rJ~he opposite angles of any quad-

ri .. l ntPrn.l firr11re :inscrilJed in a circle are toe;ether equal 



?7 

JJroof' ~ T.et A.BCD 8. qnadrilateral inscribed in tr10 

-
r:ircle 0 (Fi::nre B), Introduce radii OA, on, OC, on. 

........ ,........ .,-... 
ny ·theorem '-1--J.lf·~ mLA == ~mnc::n, mLC = ~mDJ\TI, mLB =-~mAne 

By a deli tion rroperty m LA + m L C = 

-#,- ( m :D'CP. + m '6i\n J 8Xld m L ]3 + m L D = f.r ( m ir)c + m ABC) 
__... --.. ............ -

Since mf\CP· + mDAT-\ ~· mADC + mA.BC :::: L1- ri,zht angleR it 

:Pnllows that m LA + m LC = m LB + m LD = 2 right angles, 

follrw;i_rl.cr ~:;:i_mil.n.r· tltf'Ol'nm: 



?R 

nn .~. ( ··-· . n ) h 1 . l' lr~lll:'P. ··. ~·'P. .. ave m 1.- . ··· rnL2, mt..J = mLh, 

m J.. 5 "" '!I L r an.cJ m t.. '7 = m L :',. 

f inr~ tl• .,-t PI /.. l + m L. n + m L l~, + m l- 5 "" m l. 2 + m L J + m L.. (, + 

~n L 7 , T'.11t rn J.. l + m L C; + 111 J... ~~- + m L 5 :::- m /.. t\ + 111 L C 8.:nd 

''! L? + m L. J + m L ( + m L 7 == m L. T1 + m L D th8reforc 

i!l L. ,~. + ~.n L ,r; "" m L '' + J~l L. D. ~)ince the i.nnn of the 8.n.r:;;ler:; 

( CoroJ_l;;u:-v J-7,?) it :followr:.: tltB.t i.n J. A + m .L C = m .l..D + m L B 

~.2:.Q2:f: T,et 1\ :::,:nd F be inEocrilJr:H'l 8Jl{~~).er:! in G.rc P,AD -of circJ_r_: 0 ( Fi~5,1n'c~ 9). r~y theorem 1.!--3 ,1E m L Bfi.D == 1-mrm -~.1v1 r: J. fT': : "" ~:mDiJ tiv:n:.'F)forA m '- T'J\Jl = m L DRF: rmcl L ·r~fi.D ;; 

L nr.~·~l .. 



Com1n.entfl. In Hyperbolic Geometry this proof is 

inv8J ir1 becAJ1r:le W8 used the formula. m LBAD = !mi3n which 

:is 8. coTJ:tX"8.diction of theorem '·1·-J,HI, The theorem is 

~-,lso invnlirl l)ecanr:Je iTI. Hyperbolic Geometry we have the 

'T'1v::9 .. 2.::.Qin 11·-)_. lH, Angles inscribed in the same arc 

(a) \''c first prove if L13l\Tl = L DI~B then 
,....... 

'llrlh' r-m.\r point r: in llD (Figure 9). Introcl.uce 

I'/ I ' (~ I ) • ;\ ~·;;,311rnr· th ::1 t L nAD :; L DI~B i. r~, m L BAD ::::: m L DE~ f3, 

" thr·rn·r·l[' 1, ... ·1. ""H 1n L l'.l\ n + m L nr:n = m L/\.BC + rn LADG and 

"I LIWI) + rn L!'/~ll "' 1f1 LI•:T'l~ + rn Lrmr:, 

(~·,_:···llrttrdinn), it. fn"llowr: that m LAf~C + mL/\.DC =--= 

Ill L 1·:1'1: ·I lfl L !•:JI(:. 1:111. 111 LA llC = m LAHF: ,. m LF:nc and 
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r;q1.1alit.v we 1'1nvr-' 

m LAT1F + m L '':nr, + m L Anr: = m L T~DC + m J.. I(D~. -!· m L ADC, 

property m LA!H~ :::: m L lmA. 

( /...APH ;: L l':L!H, LllAJl :=.LHED, L AHn;;; L f1:riD) theorc~m J.lO, 

-th!'?refort=?. .1\F', = ED. 

(l)) 1Ne now prov~; that if AB - ED theni..T\1\.D ::: L DI1:Ti, 

Jntr·onvce Of~, OT5, OD, OE. Assume AB-; ED. F':r.om congruent 

L nBn ;;Lonn (an~rles at the base o:f isoscelr_-)n A ODB) it 

:follocNf3 tll":tt LEDB;:;; Li\TlD. Consequently .6.1WB :;A J\DB 

(two s i.d es c:mrl included angle) and therefore L Bi\D = L nm:~, 

1S n r:LD:h t a.ngle. 

B 

I 

:D?l 
I 

I 

11' irr,u.ro l n 
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- -Introclnr::e 1~ 0 aml peorhwe !lA to D, From 

tl-1e jy.oscel8S tria:ngleG OAB 9 OAC mL1 =:: rnL2 anr~ m.L.J ·-

m L lJ,, Ad('Jing th~"!se equali tie::.: we have m L 1 + m .L J = 

m /.. 2 + m L L~.. Because m L DAC == m 1. 2 + m L l1. (exterior 

angle of A ABC) it follmvs tha.t m 1... DAC = m 1...1. + n\ '- 3 

r:mrJ com:8C!_t!C:l"~"Cly m .LDAC = m LBAC =- a rie;ht angle. 

Comments. In Hyperbolic Geometry this proof :t.s 

inv81id because v.re uGed the formula m L DAC = m L 2 + m L J.} 

which if' a contnuUction of Corollary 3-7, 3. The theorem 

iE Ell:::-:o inva.Jid becc:u1r:Je in Hyperbolic Geometry we havr--J 

the followi.np: similar theO:t'r:-:m: 

ProgJ: From the ir:wscelc~s triEmgler:; OBA, OAC 

(Fi.c:rl.lr'l':: 1.0) it :follows that m Ll = m 1...2, m L3 = m LL~. 

F):v r:orollary 3-7.1 rnLl + m 1...2 + m LJ + mLL~ < 2 right 

~:m?·lr:of~ ~:~o ?(rn~l) + 2(mL_3) ( 2 right anc;les and 

m '.1 + m LJ ::-:-: m LnAC \a rin;ht angle. 

"rhr~ Cl.t"C'lll li--1 C)li: • rp'h e moar:lUJ::'f~ Of an an[r,1e fOrJn()0 hy 
.:---·-··-"" __ ... ~~ .... , ... -·"""..J.....,.;..,.._, 



.3? 

Vl1lEH'\ L.llAC i.s ac\Jtr; (li'j.r~ure 11a), Intro<l11CC~ 

By theorem li·-':L J.~p; m L 3 r i n·~l t ~i n ' ,. J f' 
"'. ·- " ::. ' .. . • ~ • ,I - - ' , 

Pec.ctW?\P Lh is complementary to Ll and L2 lt follows 

...... 
ccrn::::equently m Ll = ·~m l\C, 

A B 

I 

c. 

(b) 

A 

(c) 

r:D.F~..Q ___ LL. Vlhen LTiAC is rie;ht 8.Ylf.;lo (Fit~ure llb), 

-Rr:caw.:e m.~C is ? rip;ht ane;les it foJ lowG that m L 1. == 

-Chno~:e fH",'r pcl'ird; 1\ or' minor Hrc AC. Tntrodnce CJi', CE, 

"'' L? + m Lh = n r·ie·lrt ane:l!', Cmmoqnerd;Jy m L l + rn L? -

-1 ' 1 f L 1 - I'll I t' ''.)·1 .1 i·,· Tl'\ L r:._,_ - ·~.'.·J'll .' •. 'f'i'(~ ..• ~n,,· ,..::·: ·,:;nPro--or·c:.· m . -· .., )· , . " 
/'""'. 

('l'liC'Or'f'lli li-J,ll,;) lH~ncc rnLl ~-~ ~H1/\F'C. 
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m L 3 = a rio·ht angle w .. hich is a contrs/liction with 

theormn lJ.-J,hH, 'J:he theorem iF: partly invA.1id 11eC81JfH~ 

in Hyncrl>olic Geomntry we have the fo] lowing thP.orem: 

Th~_Q_rem /.i·-1 1 SH. ~1he mearmre of an angle formed by 

a secant r::;~.y and a t8nn~ent ray, w.i th its vertex on tr1e 

r.irclc is .~;:r·e8ter than, equF:I.l to, or lese than one half o:f 

c.· 

( <1 ') 
I,,_,' 

(b) (c) 

J n"l;l'O!lllC C! 



r8njj 'DA rmr1 nc. L BAC + LDAC.: = :r' ll- J 1 LflA('' a . :t.rr,rr·t, a.nc; .... fl r:tnc m . n , = 

m Li!CA (anr.'lAr:.; 8.t the base~ of the ic:osceles A ADC), lir::Li..ng 

8rlrlit.:i.on ;)roperty 2(LB/\C) + LDCA + LDAC = 2 ric~ht ar1t')m'i, 

Dy C orolla.ry 3-7, l m Lf\.DC + m L DCA + m L DAC < ?. r:iJrh t a.nc;lor::. 

Compa:rin::; the last equation and lar3t h)equaJ:i.ty we :fin(1 th~1.t 

m LnAc; ) ·t;m LAne and consequently m LBAC 

Case II, When L J:lAC is a rLgh t angle (Ji'i,~ure l2b), 

"""' -Beca11S e m.A.C is 2 rip~ht an,zles it follows tha.t m L BAC = ~-mf\.C, 

Cas e __ llJ.. When L BAC is ohtuse (:F'igtlre l2c). Producr-~ 

.t\13 i1• the onposi te direction. ~I:ake on the minor arc any 

point K ancl on major arc any point ,J, Ji'rom case I, m LHAC) 

-lmAKC; so 2 ( m L HAC) ) rnAJ(b. 

11ence ?(m LHAC) + 2(mLCAB) 

m LHAC + m LCAB = 2 r:ir~ht anr;les 
_._ ,-.... 

= L~ rie;h t an{~les, rnA KC + mA..JC --

11. rircht anr:les, lly tr8 .. nsitive property and the last two 
........... 

8f111F1tions ?(m LHAC) + 2(m LCA'Fl) = mAKC + 
.......... 

mA,JC, Us inp: the 

ine0_11al:i t:r ? (m L HAC) ) mA'KC we find that m L CA.B < ;~AJC, 
T.hP:..9l'Jl!!l.....±:-M1~. Parallel lines cut off congruent arcs 

on ~- circlP, 

t 

m 
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r·roo:f': T,et e 8.nrl m bA JlBrallel l·inen ·whicll cn-t thr::. 

c.i:rr.l0. 0 r-1.t A, Il 8nd n, D :respectively (li'ie;nre 1.3). Trrt;ro-

d1lc. r::. nr~ . 
,....., ,.-.. 

n-v thPorem h-3.1E m L1 = 4.rm BD, m L? = lm AC. - ....... -- m L2 (8.lternB.te i:nterior an.r~les) mBD == mAC a.nrl 

0ornments_. In Hynerholic Geometry this proof is imn-1l:i.d 
......... 

beca11Re wP nser1 m L 1 :::: ~ BD which is a. contradiction of 

theorem h-J,lH. 'T'he theorem is also invalid becauA8 j-n 

cono:n1en+. q.r.:~ o-n r1 d.rcle iff the common perpendiculA..r passes 

thronn~h the cent:rr:: of the circle and (b) parallel l:Lrtos 



Proof: 

-::ny two non-interRectilln: lines which cnt the c·irclP 8t rointr: 

~., P ~Vir'! 0, D respectively and their common per•_lenoi.clJ1a:r PQ 

v2l iil whether the center is hetvvePn thr~ parallel lines or not 

::>nr1 the:· ::f' o JJ ovdJ'! n; proof applies to both cases, TYlt:ror1uce OH, 

- L fl POJ\ r-;n, em, ()(\ 
' 

AC 2.'YJr'l nc. L POB - PO!\. because AVOB -

(PO c omm.o,,, OH ;: OA :radii and 1.. A. PO, L TlPO right angles), 

~3i.miJ.8.rl'' L(:!OC = L QOD, Prom these two eqnalities fmd l1e-
....... ,...... 

Therefore nn ~ ~c. r;anse Pn j s a straio:ht line LAOC =Li30D, 

S:~gtr::e T.I_. When the common perpendicular doeG not pass 

t"r·Jroun·h thr> centre of the circle (Pitjure l5a, b), Thr: theorem 

; s v2l :i.rl vrh0ther the non-intersecting lin.P.s include or not 

th0 crmtr:·r of the d.rcle and the follow:i.ng proof applies to 

( '1. ~ (l,) 



non-iYltr:::rr:::Gctine; linns which cut thE! circle B.t poird:n 

.\, n 2.1'1il C, D resp8ctivr0l? a1.1d their common perper1d i.culo .. r 

PQ rloes not pasn through the (~enter of the circJ.e Cl, Frmn 

r::el'ter 0 draw perpendict11ar to line m, I'ronu.oe this Jjl!P 

to C1!t line J;, :Let F:, F' the two point::; of inte:r.s~:~ctio11, 

FxB.minat.ion of the quadrU.8.te:ral PF'EQ showf.:l that it is a 

l,a.mbr-:rt Quadrilateral (Theorem 3-6) with acu.te an;_:,le at F, 

At }JOint F draw perpendicular line n to FT~. ~3ince i-PF'Ji: 

........ 
!":J.rc An. :·; imilarly since the LTll:i'E iEl ohtuE:e the lim: n will -c1Jt t'h.e c ire le in a point J\ on the arc 'III!, l'.eca1.me Ji'E: ·ts com-

mm'1 perpendicular to tho lines n and m it follows from cnrH~ T 
-.._.-.. "'"'I,..... ....._/......., 

that HC :;:,: r~n. ~)ince mAC \ mHC anr.:l. mKD \ mnD it follows th~:'t 

C22!.£';...~IJ;;., V1hen the lines are parallGlg (fi'lgtJre lfl). 

J,r~t e, m lle any two p8.t'81lel 1inAS Which cut the oiroJe 0 

::'lt ·nc>:intr:~ A, n 8.nd C, D respectively, 



J'ro-

-.F'!i:' r.ct H, 1( i;.he 

JlOintr3 'Phere trlis ]J_rle cut the circle. 
,......, ~ ............ ,........., 

H C ;; KD , A C ) H C 

thrm1gh t1-lree e:iven non-collinear points. 

F ie;u:r.e 17 

l'rnoJ': T, 0 t A, ll, C be three non-collinear -roirtt~:;, Intra-

r.et D, E rHO} tho mid pointr:; of the An, !,,(; 

'.·rill \lr: rnr:rJlel ~ 1.nr1 cnnflN111r;TYt.1y 1\A. 1Nil1 'llP pnrn.11r•1 IJl 

··1 1 'I 1 • r ,., n tll wil1 mnr·:i; in r1 
: ; 11 -! -1;1, i :c: i f) i 1111 ~or: :·: 1 l r:· r1 !'H rH) ·' :1 n l. • ~ r 

T r· \. -1-,1 1 -j:c·. pnh·,t ·11P 1', Trrtro(l11Cr! T'A, l'H. !i'rom ·t)1r• 



concT1.1.rmt t;r:i.an:C:,l~C)8 PTm, P/\J) we see that PI\- PT1, Trd;rnclncn 

novr PC. 

PP ;;, ·~ :::~ .. n.r'l t'L.' "-.1·.r. r~ .. ·.r". OrP. :F'A == f.11-.', = JT',. rr'L f' '["' • .! 1 r "- • _ 11er(~: O't:'P. . · JJ) 1;1o r~En1-

B anr:l r~. 

rn moy 11ot n1eet in Hyporl)()l:i.c Geometry, Ir1 Hyperbolic r,<~ometr~v 

t'h ir:: theorem lS iTYiral:i.d beca.uEle we ha,.re the foll.ov.Jino; ~d.milar 

tr1.e orem: 

pn.F>S inr:r thr011[~h th:reo gi von IlOn-co11ineR:r. T'lOintr;, 

e 
E 

f 

0 f n. t 1' i ~-Ill • · "I ! • 

(' i. i"C lr• I 



of 8. tr:i.8.:nr').e two of whone sider=J arr~ b:i.r::octe(J at r:t{·:ht <Ulf')r'~-~ 

by a ])8.:i.r of parallel lines for no circlr:) can par:ro thro1~,r~h 

three such points, I,et e, m br:l two non-inter~38ctir 1J.1V~~; 

\'.Jitl! c:ommon }"~ .. e:r'n .. eT1d.1' 0.1.11 .• 8.1~ 1'1, rr..,ke anv 110' r'·t y--· t 0 "" ... _ . . _ . , . . .. c,. . c .. .J o:- •. L , , .:· no . n. _,., 

m or n. Draw from P })erpendicularr:; to the l i.T1es :C, m, Let 

-A, D be the pointr:;; of conta.ct, r~xtm1d PA to C Go that fi\ -- AC 

~ .... nc". T ... •:~ i·.,o T) ,r.-_.,· o ·t;,r·l!:_.l.·t·. l_:•T' .. • ;; B.l .. l. ·1· tro ~ C'D '-1 o ""Cl1.l't'"' ·1·' C . , . " .. n .... ou.c e ... , "~· 1 .. 1' ... ·, "' . ·, " , 

D cl o not lie on r~l line bec8 .. use :i.n this cr;1r::.e th:i:::; l:Lne VT0111d 

::<.re non-colliner:u' pointE> a.re there is :no circle on P, C 81''HJ 

n lJPCf-lllr·:r: in thif~ co.se, s.s we said in the bor~:i:m·d..ng of t11e 

·i:>:t'oof t the nerpendicnla.r bi:::r:ctors f, m muF,t pass th:r.~ou["h the 

rcr:c:)lYtc' :interr.er:tinD: in the interior of 8. circle if:: hAlf the 



1!-l 

cirr~J.e C' ( Pivure 19), T ·n tr o c1 u c e jj(; • m J.. l = m '- 3 -1· m .L. 2 

(nJL1 cxt0rior r.q~c~J.e o:f the AHCD), By th(~Or8m 1.!--J,lE 

,.,, L 1 
....... 

= ~mnc. Consequently m L 1. = ~-( mATHmP.'C) • 

In Hyperbolic Geometry this proof is invnl:if1 

·!,oc2t1:::;r-~ 1/IC 1.med thr; formlJlD. mLl = m'-3 + m.L2 which is n 

'jll•r,cnY,rri h-l P,H, 'l'l1n mr)~lnure of nn nr1r>·le i'n:rmPrl 'h? tsm 
' ....... --·----· .... -·--·· .. -·.!t·--· 



:i_t r>.t rio·,Jlt i:1.1l~·ln, t'·1n ·:Jn•··].n 1'c:• h 1 f l'l f' ~-] .. ._ . - d... c. ;~,. co .•. ) . fL.:. -~ 'H' f'~ \lln o·~ G "! P 1.\1PP.C lli'C 

( l \ ''i" • ~ • . l i . n(~Yl OYIG 810.8 lS d:i.ametor, tli f 1.11 

(c) \''herJ n<d.ther fd.c3e is cl:i.8 .. meter anrl the anc;Ie ccrntcd .. JlS 

-!~he cr:n tPr 8.nrl is rlivir1_ec1 into -Qno anp)es which a.rr: rwt ob-

8.11.'YJ..e i.s J.ef3S .. th.8.n the J.18 .. l f o~f the i.ntrE~rce~pi~ed a.:r:·c. 

ohtt1sc, 1\'r the line joininc:: the vertex to the Gonte:r., then 

I 'J:· o o .f. : 
( p) \f1lP.'!''l the vertex of the m1gle lies on the centeJ:' o:f 

tl!r' r:drclP o:c vrhen one J.5.ne is di8.meter 8 .. nr1 the other irt8:r-

measures of the intercepted arc. 



1].1 

( ~ ) 

- -rn LAC:C: = .1f\C, mLflOD = mDD. Prom this a.nd becaur~e mi.AOC = 

m L l',CTl 

...... --. 
( '"~:!J~tic81 an~les) it follows tha.t m J.. AOC :::: ·Hmfi.C+mHD), 

C~J.fi_fj_J}. \'!hen the vP.rtex of tl1e a.ngle is not at th(~ em-·-

ter nf ·t:l1c~ circle (Fi(';lJre 20b). Ho.cause AT'· is pe:r.pend:icul8r 
..... ,.,.. """'""""" ~ ,.._.. 

-!J) tl1r:' r:J·1orrl Cll it follown th::J.t mnn = mHC and mAC =mAl) rc:.nd 

- -r:onsr~ml('l'"~"t:ly 1w\C + mnD ~"mAn + mnC = ? :r.ic:J,·l; ~rnc~l~r;. :~h1r:P 
..... .-. 

LAI-;;C ·ir: ::::1 r:i.o .. ht nnr~le :it folJ .. ovrr: th8.t mLA.I•:C ::co ~(mAC+mnn). 

the anp:le, is lr~ss than or :"Teater than the half of tlH:! rHml 

of the intercepted arcs acoordin~ as it is acute or ohtuse. 



Le-t d-. l1e an:1r 2.cuto 8.nn.;le vritll one r3ide 8 rHamr:)ter B.nrl 

..g 8.11~' olrb1::>e anr:le witll onP. side a dia.meter, rprv~n LAF:n o:r:--

:::;i_ncP L Al:.-:n == L nr~c and L nrm == L AP:C asslJme eA = L AED r:tnd 

-€ = L /1 i'T~, Construct at the cent8r of the circle a. diam0tr::!r 

·p-'_, ·_rr h 1 h '-s 11 r. . -~ ::1. -~. LPOl~ :; LAED, Draw perpenil icu1ar to the diameter 

FiT "'·t ·!-."h0 ~;enter. of tl1e circle, :Let K t11e po:l.nt that t11in 

-II the r•()i·n·J-. o·f' in·l-.r·rr::r!ct·irw' urit'h (1\1, Comj1Hrinr·· thn firr11rP!'! 

r ;1'1. H ~ - ,...., 
it fnllrwrr-: thn"i-.Hll) l•'l~, 



....., "'"' 1vr:c· know th2.t m LFOf\ :::: ~-(rnli'Jl + mAH), 
....., ....., 

l~ecause mi\H + mfi'l\ - ,...... ......, ........ 
mf\. D + mer. i. t follows tr12.t rn LA. ED \~-(mAn -1· mnc), 

is S1.1]Jl'1~m.--. 1ltr.J:r"i nf t1'1P LA.Tm :lt follows thAt m L,,AF;c: 

·H m.(PC + mBD) , 
> 

v0rtf'!x of thP 8YJ':':lP Rrr:; not ol1tuse, by the line joining the 

vertex to the center then the angle is less than the half of 

the intercepted arc. 

' t C F~ L(H~n '"'rr: 'JontP or ri.r~ht, ,Toin po111 .• G J, ,, 

"f i ]1P, 1 .. 1 P, l\ tiP.- tl1e n, oint:::: i:n which i:t cuts the circ10, 
,p·~ . 

1( 1nnl ·I· '11r';l';') (llllt nnt [1nt1>1 0f'111rl1 nin(}O 

hr' r·j ,,-'h·IJ r:nr,;:Pfl110·,·d~l·.v m LFI•:A + m LKir;n 



(d) Vvhen thP. two n:lrles ar.e "" 1 -!!' t ~ 1, o ~ u .lPJJnA ;8r ano t}11" ~W' ·~l~~ 

r. onta ir1s 

vrhidt is 

the center 811Cl is divided i.11to two a .. n;~l~~n 01''8 n:f 

oll"\~1)80, h~r the lh1.e ,ioirdnr tlv'l VRrtr!X to t11"' cPntnr, 

then the angle's relation to the arc is undetermined. 

·r,et 1j':,, 1] l!e th8 two JJ.nes and L KED) a. ri~ht Bn{~le - ....... 
(T;'j_rr11re 03). From par-1~ ll m L KF:n > !(mKD + mC::Ji') which meam: 

..-,. ...... 
tl18 .. t rnLr:r;~n -· -~(mf\'0 +mCF) +'E. wherE"~ E.) 0, Anrl 

m L .g <;l(rn~ 

m /... -8 ) 0, 

,......, - -+ mli'H) which ms.y he written a.s ~(mli.K + mFP.) 

;)nrlpDf-31? that the points '' ie. moving tov1~1rds 1·:. 
..... ""'"' 

l)ecomer~ rnnaller and smr:tllA:r and ~(mi\K + mFB)-
·~ .-., 

rn L-€ ~ o, n
11

t t1,erA ex:i.nt;s r:1 ~ ;:- rmr::h thnt i(mAl<+ml''l\) -

l:l L. .g ~·- - c " -- c.. 
- ,..... 

;" nrl 111 L ~ ~:- "" ~1:·( m.A 1<. ·hnli'll) - t 
,....... ,..., 

- 1 111 L ·r: I ,•, I ·1 ·'· lt'l L. 4 -::- ·· .
1.••• ( ·r,·l'l'. f) + r·1·1r: i•' ), + f. I 

~lTI''"l ,, +;Cl L ]·,,:1 I 'i'0 !f.'.V(: I "Q 

....... ......... 
1.. 

~ .. :1 ( ' r' l'l I I'' I \1 1 ) (, ll·l '<,r 'I !'.,'11 .. 1, .'' •. 1 ,1,1 I_ ·{'' ~·· n 'r. 1 I ' 
1:1 L [\:.:II .i ·I; rnll ()1'.1~'\ m n.i>:IJ ~ ::Tlill'. ', . m'' ' • ' 

.......... 
·I mr:l•'l\) nnd '1f nn,~ln 



t~".YI':':Pnt.F: rlrnrrn from 8.n external point to a circle :i.s half tli.G 

r1 i ffprencn of tl,e mear::1.1res of the intnrcepteci. arcs, 

p 

T,et ·r'A_, ~. tanfeents to the circle 0 from a point 

Introd1Jce AT~. Take any 

m Lr::J.. --mLP+m.L.-€ By suh-

....... -thPnrr:rn h-]. 1T~ mLd.::: ~·m~Fn and m .J... ~ = ~mA.B. Hence m J... P :::: 

1 ~. . :---,\ 
-:(til·~ - ,,u\ I J, 

l11 ff;rpn:rl,ol:i.c Geometry th:i.::: proof ir1 i .. nvs.l:i.d 

! • i · ,, i 1 ~·· I"'' ll1' · nr·r nJ ~ 



~1'\r'\('"1 
·...,..,,._ ,,-1';. r 

vr 8 n c,, I? r1 to pr0VC that m L p \ ·~ ( rn.0ri'. - lnt'r\) 

D;r Co:r.ollA.ry J-?, J m LoA. ) m L P + m J.. ~ • Tt 

r1 L P \ m Ld... - m .J..~ ;:j_nco fo:t:· ttioP 

A•f' p ..J ~ ,,_. .. ' '"""' I ()On o.nd ~ \ 90° b;r theorf~m L!·-3, 

C.Ll:l.d ;t; L .( ) :ir:.equalit5.J:n 

.. , c .r:o· _., LP 1.( AFT· ~r·) < < 
......... -

to m L !' m L.~ - m "'- ~ vre .L J.nu m .. ;z m J\.• - m,. > • 



~ ~ 
J,r,d-. 1'(~ be tanc;ent to the' circJe 0 ::ott D and PT;: 

Introduce DJ\. • 

m L P -1 m 1.. -6 ( nxtrq··i<.:rt~ 8.n[r,le of A T1PA). Tly r-::uhtracti.on 

By theorem 

m L el.- -... ~-mnf\. and l:.t~r theorem lJ.-3, lE m J... -« 

,.... ,.... 
f ' ·1 L ·1- ) •. ( D ~ ·r· ·r:) ) v1e · 1nr. m .-' - .: , m .. 11. - rn l ' • 

her.8nr:c: vr,'0 usrrl thY formnla m i_d.. :::: m L'P + mI... ..g vih ich is a 

r:rmtrac! i.ctinn of' r.orollar;r J-7, 3, 'Jlhe theorem is also invFtl:Ld 

ll0C:?.l .. 1i:J"' in H~nx:rbolic Gt::omf;try W(~ h<:tve tl10 :fo1lowinc.: similar 

th2.n ·\-ltr: l12l f of the cli:ffr-;rr.:.:nce of the measurer:; of the inter-

8'"T'"1prl :::>rr~r:: vrtH:~n the center of the circle lies in the interior 

c,:r thr: ~:,,r~l '2' or on tr1e secF.l.nt, 

p p 

E 



~ 

r.r::.-t; PC 110 t::oJ:IIt_r,r:nt to tll(~ r:drcJ (' 0 n 
-'frr[:;J'C)(111C:C nr1 • 

.., -? 1 ''i1 L o1.. ) . . ~ . mLP + mJ...~ 

-~<nA.n 8Y!fl ll8C8.11GC) 

'r-) , 5E m L .( ) 

1.''he11 thn center of tho circle lie;:; the· 

r ., l · -•,-,,-, ·1·,111'.' ·.", .-.·,-.,·.···,1·.,,11 .. (.1,. (\,, • ? 1t r: i nl1 :t' 
•. (" j 1"'1'' I l_! \ ,.,. t; 1

, ( \ r· .-1 r;;: I 

'"' r' 
"!· l" 'I •+ + ' ·;.;v 

) a 

' ) 
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1 r:) 
-··· ? 1T r + ?. TT ( r·· + r· + 

-1.·.f ~ ~·" . . . ) 
.-, c:; 

(' + ? 1f ( :r.), + + ... ., 
·r,~ r·· 

3 ! _)! 
. . ) 

H; follovrn th8.t ·l;]lr• d.rcmnferAnce i'n H~rpArholic Geometry of 

circle to the di8.metPr (a) is 110t cor,f':lt:ZU'lt, (b) exceeds '\1 

(c) :"' l:Yt~~:r·o1::i .. chrr: 11 v1llCm the diameter 8.pproaches 0. 

·r'i l '(: 

l'rno-r: \·rr:: conr:dder the caRe irl v1hich the standard tmit 
-.....:;.;....,,.·~-:._ ..... 

·he a circle with ra.cHus r and cir-

the ratio of the c:trcmnferencA to 

S11br~ti tn te the folloV<.rinc· series to our 

r:inh + l + c; 
+ r _,., r r r-

01-
I • Sf 

" ~ 0 11 (r + r··' + + ) (l ) -r~ .... r·-- • . ' 
?.r ';)T 5! ) . 

i\ (r + l + 
r:; 

+ ) U~) -- r·" r~ 

' • 
r ·;;-T 7.JT ) . 

:·· .~.·: __ !\' ~·i~lill ... t1J .. '1 '17);:" 
. l 

I'·') 
t, 

( '1 ) .. ........ ''-"''''"" 1n,o1n n 



. ) . 
TJcCD.ll.BC~ -\;lH:~ CX}lrr:;:r.~f-lion jJI the parenthefd.G il3 alWEI.yS positive 

it follovn:; thnt tl1o nl.tio exceeds Tt , p ) n , 

Ore'. in.·~: tlH-: e~;prcss1.on of tl1e rs.tio of the last paragraph 

vre h8'18 

T,iJn T,jm { 1'( + 1'( [ ? + 
l.J. + J1 p -·· r r 

r~Q r~o J! _5! 

T,irn i\ + T. L ? + 
L!- + ·1 -· .. .~J.m lT 3r r.' ' • 

r~o r-'11-() 5! 

-· 1T 

1~he!~efon-: thr:: r2.tio n 8.pproA.c1H::JS 1t when the diameter ap-

'I'll r:: oro:~r,, lr-- -:;. llH, V!h en the s tanrl8 rd nni t of lene;th is 
...-... ~-···-··-· ........ ~ ..... ,.,.,._, ""' .. J ........ ~-· 

l}f~ e rl ( :-~ e r=~ ;,c;pc tion l-9) the arE~ a of 8. circle o:f O"iven ra.dillB 
1_ .... 

~t f~ ~.l v.r~:: r;.: c·rcC~.tr-::r thn.n i-t;s area 8.El determined :i.n Euclidc~an 

·''.:.f.: e confii.c1o.r -1~11e C8Be in which the standard u:nit 

r __ ,·r l_ f'·.·ll.r~·l,-,;1 ··J,c·•, 11,'-.:,•'":'rl., 'j"p·l- (J M cJ"rc]P ''! .. 1"1"1'1 r::orl1"1 1 ~ r arlC~ A A . •·: . '·:. ' .. ,-,, ·' -·- • ... ·:. v' -·· • . -. •. • A>-, " .. . .. li-; J . J! 

r->'II(J ~. !]' -- /1. 1T rd.nh? 1: 
2 



follovd.ne; sc-):r:i.r~r: ir·, tlv~ fcn'mul~:l fnr AH 

f::tT•1'1 r = r + l,) + r·S + ' . ' 
~)! 5! 

. ? I ? r:JJ.rJh · r.? = TT r'· 
{ r/?)90 . . 

= 1l 
?. 

\ 
+ r £ 

?. 

. . . + ) ? 

= AE ( 1. + Jri. . .?J.?: + ill.11I~ + • • ' ) ? 
. ' )! 5! 

·t1l8J' 1 it ·Poll 0117f?i thr1t AH) A1-;; which meanr~ tha.t the a:r.:·E";e. of 

a C ire Jp of rrj V8i'l :r'8(~ ins it: (';rea tAr th8 .. 11 trl8..t fmmd in 



-
1C1 FF\ Sf?''Tment intersecting the circle at A and B then Pfl.• PH == 

T 

fi' irrure 2 7 

......,. ......, 
1' -~. 1 · n1 L AJ'.'I' = J!i\~.'1', fr'rcnn theorem 4-1. 9;; m LATP = ·!:mArP. 

_::2:5.:.!2J: Tntro(Ju~e thP. chordFJ A.rr, 'l'J3. ·rcrom theorem 

I + fnl'l c"'r~: L 1 1\'1' ;: L A'T'l', 'l'hP tr:i.nnc,·ler~ TYI'P, IVPP r~u·e simi-

~r=ll' ( L:·;;: L1, ,t...ll'\'1-;:. LAWP, l-1\'1'11
::::; LPf/P) therefore 

- ? 
I ·A • I '1'. ~-, ( 1''1') , 
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f L 1\ -, - l.- A7\ • II ber.a,,s,~ 'W': ,,F:Pcl the:' · o:rmnlR. m .n hT - ·,.mt\.J. wh1c.h :ts a contra-

rl ict:i.cm of theo-rem L~-'1. HI, 

PythA.:~ore::JYl tlworem which is invalid in Hyperbolic Geometry 

(see sectioD J-A). Tret 11s see an exa.mple, Consider the cRse 

f'or which thP Ro.Pment P!~ passes throu.B:h the center of the 

F'ii'TW''e 28 

C) 

j "l I •• ... I ) ~ • f>T! 

-· T!\ ( .I' A, + An) 

_,., I'll ( ., '~ + ?J\(l) 

? 
f'l\ /\0 .. I'/\ + ') • 

+ ..., 
? ? 

f'l\ • f\ n - /\ n + A cY · 



(Pi\ 
',) 

A 0?. :::: + 1\0) /, 

-· Pc? (Y[l2 

? 
nnrl F>CI ·- P112 + o~r 2 

the product o:E' tllP i:0c:rmrmt:-:~ of nne chord equals the product 

D B 

n r -1.1 ,, r• ·i "'r' l t• ?11) ,,_, •• 1'1 

( ~ I ' • i ' I I I 

....... -
p,~nrrl m L rJ ·- -~rmAC, m L H :::: ~mi\ C! 

r I i lj 'j ('. r l }"'(",in Lfl;; Ln • 
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.... 
n.YH'l .A F • 'I'Ti ~- C P • P'D , 

~lQ~'.'O.r::r::tr:~. Tn Hy,'"~errwl·i ~ 0e0JMt,":u thin proof i.r~ ·invD 1-i.tl 
...... 

b0C81.1f~P \;'1(\ 1,1P,prl tllr.:> fo:rmn]8, mL n :::~mAG whtch if~ 8. COYd;r::1-

diction o:f ·t}lnorom '-1·-3, lH, 

Pythar':orean thnorem which is invalid in Hyperbolic 11eomAt:r~·.r 

(see sAction l-1~). Let 1JS see an example, Co\'lsir'le:r the C8Se 

for which otlP chorr'l n~l.88es thr01l:';h the CP.nter of the circle 

and t1lP othnr interf:lects 5 .. t at ricr,ht 81'1f~le in the hn.lf (Hr,-

A 

B 

~- Y' jr, ( ~~ /? + 1") 
1 ' . I 

'l 

. 'l, /lr. r' 



?. ') 

-- l1./lr. :r Y'. /h 
? ? 

-· f)(t' - Ji'(i'• 

,., ? rc? 8.nrl no-'•· -- Fn'· + 

fJ1l')q l .. '"',,.c,_~-1-, ("_\T.f"_ ... -_t,'). :i.r::,· "'nt'l1'~] ]v tl-.e C0r1Cl1 1 S;On of tho Pvth" . _r:; <:J. . r:t .•. , ••• .:: •••.• ,, !J., ·J' .. ·'·--"'··1. •. ' ....... '"-

gore~ul theorem in the rich t triangle DFO, rrherefor<"! the 8.'bove 

theorem in :i_rpra]J_rl 1 n Hyper1)olic Geometry. 

a strl"lJ_r,·ht JiT!c l1e drn.wn ]}erpendicular to the base, the pro-

duct of ·1~11 ·?: s irl0r·; of the ·vertex angle is equal to the product 

of the rH;Y.'TI,c;ndic11lar rmfl ·tho diameter of the circle descri1Jed 

s.l101.1t the t:d ~n~c,le, 
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-\'IP nnr'd tr""~ llr'IIVP th::~.t t\C • A IJ, .... A.T':' AD, liecause ABD is a 

theOJ:'Ofil li--l' 11•: VIP 1\now that L ADn ;, L A(:B. rehe:refore the 

tTian::~:l cr:: {\ i:r ·:, ! nr; arE-) r~ imi la:r. ( I. Al1n ; L AJ~C, 1. ADB :; i. ACB) 

f!r~ .. 1\ r: 
A .. ·r) 7\T\ or Ar. • AJ3 = AJ;; • AD, 

Cor-1mcnt.s. In Ey:perlJolic Geometry this proof is invalid 

becr:1.ll.f'lP we ccy;·,:::ddererl AJJ.'Ii' as a right B.rlgle which is a con-

F;rth8 c:·ort?~l! t.h0 orem 1•rhich is inv8.lid in Hyperbolic Geometry, 

T,r.;t nc r:ee sn <"::-:am}Jle, Conside:r the case for vJhich the tri-

;:uy~lr.; ic:: j~.: ocr:::leF1 r.u1r'1 one Fd.rle Jl8.sses through the center of 



h0 

lfr~ i n· tl10 fOl:'li1.1lJ.t1. of the 8.l10VO theorem We :find: 

AC•J\1" ···· AO•I\.n 

? An 2 (AO) 11 T\- ·-~·· • 

..... 2(AO)? 

"J ? ') 

;.11') c1 f, n · -· Ao·~ +· (I'P, f-

rPho J0.r::t sto')"l ir~ A.ctnally the conclurd.on of the Pythagorean 

theo:r.r:m :i.n th0 J:'jo·ht t:r.ial!Cle A OB. '~rhere:fore the above theorem 



CHA. :prf'l"Tl V 

C ONCUJST ON 

5. 1. ' 

the evolvt"ion 0:f' knowledp:e of the properties of the circle 81'1d 

to rlEd;PrminP ~nhich ~~~ncl:irle8.n thr.oroms for circles are valid in 

Tn CrvJptel" T, rlefinerl 8.nrl unc'lef5.ned tHrmR whjch wer<C! to 

Chr1nter. TT c)"nvr-: 8 hrief' history of the circln from a.n-

' r 1. 1 ., 1'()'''"~]1\ln ·'·.1'\ ,·····.l·.u~ '.~!l.rt·l'1.1',,1,·.r· .J.:}]r•n'Y'-
r.nr\1)1(1-!-T·•r .,,,.,-'r. ··'nr •·r:1·!~l 1·; 1/ta~·: !' '" . L '' 

1
• · 

• · 1 • ., ,, ,., ·r.r-, r·r'r' ·r·J·, n 1 -"1 ~. 1··, r·., ()r.rl."'. 1-,·.r.·~.r ·1 111. -1". r rYr~ wh td' ~·-~ i m i -
•• ~ 1--~ -, , ... ~ }, ~-1 l' .. (' l "}"i 'V~:~ "! I I- I"C 

(1 



fl? •f .• 

;·;,,;·n·e~·:tr:rl. f:r;r::r.:8.1::'C1l • 
~"·-"J'~"'"-·-----···""" "-~----"-"''-~""' 

tho orcmR 8Xe :i.nve.lid in I-!yperlwJJ.c Geometry. Ii'ot' the ntnr.JE!·nt 

int.Arc;:: teo in }IUY'Sldncr, the SA ide2.r: in more clete .. il, it m~ay 

Drove :f'r,d_tfnl tn try to disc OVE)r theorem::~ r:; :i.milar to the 

folJ ovrin:r;: 

:::.::e::;ment interscctinr: the circle n.t A 8.nc1 n thon 

,..,.. ( ·.·.l·m ) :? • PA • PD -· .L 

nToduct of t11 e s e;<:r,mEmt of the other. 

r:) Tf :from the vr~rtex anr;le of a tr:i.8.n(:;J.e 8. strr-Ji~:ht 

l:i.ne ce.-n he dravm :perpmldicnlar to the 'bar:;e, the 

rn~oc1.t1ct of th8 ::d.der: of t:he vertex 8ngle is eqll8.1 

to thP. J)rodnct o:f:' the :perpendiclJlar ~mel the dia-

rneter of the ci:r.~cJe d~3r:;cril)(}d e.b011t the triangle. 

(n:) Ar.·wt110r '\n.estion vrhich mic;ht he con:-::idered in: 

T~. th0 .PoJlovr:i.112: thr:orem vDJ :iJl in H;_rperl)o.J.:i..r~ 
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