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CHAPTER I
IHTRODUCTION

The past deoade has witnessed & revival of interest in the geometry

of the triangle. In the United States interest in this field has spresd

phenomenally, especially sinee the agﬁwmw of ’che' pionesring College Geom-
ml by Nethan Altshiller-Court in 1926, and at the present time courses in
éallega geometry are generally svaileble in our colleges end universities.
How the worker in this field has et hend s considerable body of important

materiel in such books as Johnson's Modern Geometry? or Morely's Inversive

Geometry and in our mathematisal journals.S
| The possibilities for achievement in this field of gmétry soem 18

| - be 1limitless: Few branches of mathematics rewsrd so resdily end bountifully
the searcher after new truths., It is the purpoge of this thesis to provide
& means few» wmaking more asccessible some of the material which gives promise
. of new and interesting relations.

| The methods of modern pure geomstry sre beautiful in themselves, and
it is with & heslbtent hend thet the writer dares profene them with analytical
devdven, Bub 1t must be recognited thet even when the geometer has perfected

his techniques and built up & unified structure, which ineludes such confige

! NWathen Altshiller-Court, College Geomstry (Richmend: Johnson Pube
lighing Company, 1985). o

2 Roger A. Johnson, Modern Geometry (Boston: Houghton MAf£flin Com-
pany, 1929). ‘
8 0f especial value in this sonnection is The American Methematicel

Hionthly, which offers rich suggeations not only in speclal articles dealing
with pure geometry but in the department of Problems end Solutions.




uretions as those of Lemoine* end Brocard,® s sensitive and complete gmxapv
of geemetrie tools and an mctive imegination give no assurance that simple
properties of comourrence and collinearity or parallelism will not be missed.
It is the purpese of this thesis to present an snalytical foundation
for the study of the geom

otry of the triangle, It is hoped that the analyt~
ieal fremework provided here, and summarized in the final chapter, will prove
valuable in probing unezplored regions or in m@ding those repiong which
heve been explored. |

Tt is obvious, of scurse, that algebraic methods ere not always
guperior to the methods of Euclidean gamﬁry; Eut at least one very importent
advantage of algebra over gwma*‘cr& eannot be overlooked. In pure geomstry,
 ideas are cumulative; that is, the geometric structure is built wp of inter-
losking and interrelated @iaéw s Bnd ’éhé peometris bool bLeoomes progressively
more intricate. This ia less true in algebraic geometry. When the equation
of & line has been fmmzd the steps lmiimg to ite derivetion can generally
be ignored without impairing the effsotiveness of its use. One cam immediately
end sutomatically seleoct the point of which a given line is the trilinear
polar,® or possibly indisete s number of ;m:lﬁ*m which lie upon the line.
Isogonal? or igotamie® conjugates can be psired without previous recognition
of their relationship. When & point is defined by its coordinetes it is

freguently a simple matter to ldentify other points with whioch it is ccllinesr,

4 of. post, p.
§ Tvid, p-
6 mid., p.
7 Ibid., p.
8“}2193__@., Do



even though the geometric conneetion be not revealed. Indém_i, it hes been
e temptation to go beyond the seaagm of this thesis when slgebraic forms have
suggested ideas which geemed new.

It is thought thet the slgebralc representations of points end lines
amét olroles given in this thesis will provide & useful and adequate i‘mmda—-
‘Bi% for @mi&embls further study of the geometry of the trﬁ.wgla.



CHAPTER 11
TRILINEAR COORDINATES

In an algebrale treatment of geometric properties the choice of & suit-
able coordinate system is of the utmost importance. Where projective prop-
erbies only are involved, as in mtim having to do with the cellinearity
of points or the concurrence of lines, general projective coordinatest would
be most sultable. In this stuﬂg ; however, where many mebtric relatlions ere
given prominent attention, it seems that & more r@a@riata& gystem would be
the wmost uéeml. The writer haes chosen trilinear coordinetes® as the
simplest means of providing an elgebraic treatment of the geometry of the
| triangle. The essentiel f@aﬁurw of this system are presented here in order

to avoid a eonfusion of terms or of implieationa. |

Let Al’ ﬁz, Aﬁbe the points of iuvtersestion of three nonconsurrent

reference lines. The trieangle A,4pA4 i= ‘m}‘a& the fundemental trisngls.
The lengths of the sides Aghg, Aghy, AjAp are denoted by sy, eg, ag respec-
tively. Let the directed perpendiovlar distences of amy point X from the
sldes Aoghns hghyy Aydp be :y, g, Xg reaspectively; then x,, %y, Xz, or
nurbers proportiomsal to them, are oelled the trilinear coordinates of the
point X referred to the triangle A AjAqe There mérm&:@s,’ %Xy, Xp, Xg, are
"comnsidered positlve when the pervendiculers are in the same direction es the
perpendioulars from the sides to the opposite angular points of the triangle

of reference. Two of these three mctual distences, or merely the ratics of

1 R. ¥. Winger, Projective Geometry (Boston: D. C. Heath and Company,
1928), p. 79.

2 oharles Smith, Conic Yections (London: Macmillan end Compamny, 1927),
p. 341. ,



“he three distences, are suffmimt to determine the position of & point.

FIGURE 1

The three distances Xy #2, Ez araA connected by the relation
a1% + agxp + azxz = 2/\, |
where /\ is the area of the tringle AjAghg. If k is & common multiplier of
the coordinates, Xy, Xg, Xz, such that kxy, kxg, k:xs s, are the actual dis-
tances of the point X from the sides of the triengle of reference, then

Elgyxq # fioXo ¢ BxXz) = 2 oY K 2 o ﬁ",
(a1% + apxp + agxg) ,Af ByF ¥ agxp ¥ agxy

The coordinates of the vertices, 4y, Ap, Az, are evidently (1, 0, 0),

%

(0, 1, 9) snd (0, O, 1). The equations of the sides, AsAz, Aghy, Ayhg are
® =0, xp = 0, x5 5 0. The equation myxy + mpXp + mgxg = 0 represents a
gtraight line. Its intersections with the sides of the triangle are
(0, mg, ~mp), {~mg, 0, my), (mg, -my, 0), and the equation of the line at
infinity, or ideal line, is aX; + 8pXp + AgXz = D

The equation of a straight line which pesses through two ggiﬁran points,
Xr, X't, is
xl xg x3 2 0.

Xl ¥ .'Kg ' xa'

x ' oEptt xg'!



The condition that three givem peints X', Xt', X''!, be 8 shraight
line ig
x' %' x| =zo.
X3ttt mp''  xg'? |
HPUET mptrt ggree
The condition that three straight lines, 1, m, n, meet in a point is
thet the determinant of their mssocisted soefficients is equal to zero. The
eqmﬁi@ns of the lines ares
jl: llxl +* 12*2 + lﬁxﬁ z Q,
My WyEy + MpXg + HeXg 0,
;ns nyXy + DgXg + ngxs = 0.
The condition for thelr sconcurrency is
L, 1 1z| = 0.
s} »m@» g
By Dnp. Bz
Two lines, m, B, are parallel if their point of intersection is &
point at infinity; that is, the lines m, n m‘bermafz on the ideal line. The
eondition for this is
8, apg ex| =0
1 T2 Mg
B e B S
The ideal point ou & line is the point whose coordinates satisfy the
equation of that line and the ideal line. Let the equation of the given line
be myx; + mpXy + mgxg = O. '
‘The idesl point on this line is
| 8y &g
s | T TR

fg 8g 8z 81

Ho Bzl , (Bg my



The genersl equation of e oircled is eyxpxg + apxzxy + azxyxp +
(a1%1 + agxz + agxg)(m%) + mpxp + mgxz) = 0. The equation of the ciroun-
sirele ig ajxpXxg + 8pxgwy + azxyxs = 0f the equation of the ideal line is
B1x] + agXg + AzXy = %“Og and the equation of the redicel axis of the circum-~
eirele snd eny sircle is myx; + mpxp + mgxy = O. |
The center of the genersl eircle is found by solving the equations
FlaFazﬁs = |y i8piay, where
F1 = Saymxy + (mymp - agny + ag)xp + (aymg + ag + agmy )xg,
Fp = (mimp + agm + ag)xy + 2agmpxp + (ay + agmg + agup)xg,
Ty = (agmg + ap + agm)xy + (ay + agng + agmp)xp + 2agmzxs.
These eguationg are justified in a later parmgraph.
A1l eireles pmss through the twe eircular points at infinity, J, J'.
These may be found by solving simultenecusly the equations of the idesl line
and any circle. Eliminating xy, -
apazxp? + (~812 + 892 + ag®)xpug + sgugust = O,
or xzz + 2 cos AyXgxg + Xgf =z O. |
Then XgiXg .:.:'.»v’(uas 4y +1 sin A‘l} 1 1.
Similarly, eliminating Ep s
*) 1xz ==(008 ot 1 sin Ag) 3 1. ‘ ‘
In order that the equations of the ideal line be satisfied it is necessary
to use opposite signe with the coefficients of 1. The coordinetes of the
circular points at infinity are then | |
J 1+ {eos Ay + i sin Ap, 008 Ay~ 1 sin 4y, ~1),

J': {com Ap =~ i sin Ap, cos Ayt 1 sin &y, =1).

3 Charlette Aingas Scott, Modern Anslytical Geometry (Wew York: G. EH.
Stechert and Co., 1924), p. 116. ’



These mey alsc be written
J i (elAz , "3l . 1),

J'r (e~idz, Bi81 , . 1),



CHAPTEER III
POINTS AND LINFES ASSOCIATED WITH A GIVEN POINT

In the study of the properties of a triangle certain point and line
configuretions present themselves in such en elementel manmer that e separate
enelytieal treatment is advisable., The necessity of a consistent and con-
venient get of notations ig ilmmediately apperent.

Let ?(p1; P2, P3) be any point. Denote the projestions of P upon
the sides of the triangle from the opposite vertices by Py, Po, Pz. Their
coordinates are evidently (0, pg, ps), (P1s O, P3)s (P1s Pgs O)e

"Tha equations of the rays through P snd the vertices are

A3P: pzmp - ppxg = O,
AgP: pyxs - Py = O,
AgP: ppxuy - p1xg = 0.

The line PyPg meets the side ApAs in the point Py'(0,pg,-ps), which
is the harmonic conjugate ol 7 relative to the vertices Ag and Ag. Simi-
larly, the line PgP; meets the side AgAy in the point P! (-py,0.ps), the
harmonie conjugate of Pp rala%ive te the vertices Ag an&:A1;~aﬁd P1Pg meets
the side AjAp in the éﬂint Pg''1(py,~pg.0). the harmnnid”ﬁéﬂf&gaka of Py
relative to Ay and Ag.

The three points Py',Py'',Pg''' are collinmesr. The line of these
pointes ie called the trilinear polarlof P. Its eguation is

PpPgXy * PgPiXp *+ P1PpXz = 0.
The lines AjP1',AnPa'',AzPg'!’ are regpectively the hermonic econjugates

! yathen Altshiller-Court, College Geometry (Richmond; Johnson Pub-
1ishing Compeny, 1925}, p. 220. ‘




FIGURE 2 : ]

POINTS ASSUCIATED WITH A GIVEN POIN?




11

~ of the rays Ay P, ApP, AsP relative to the ineluding sides. Their equations
are '

4P 's pgEg ¢ paxg = 0,

AoPp''s  pyxy + pgmy % O,

AgPg'''s Dpoxy + pyxp = O.

The lines AyP, AgP’', AgPg''’ are soncurrent in a point
?'(f?i,?g{ﬁﬁ), wkiégwis the hermonie sonjugate of P relative.to Ay end Py.
Similarly 4;P', AgP, AgPg''' ere comcurrent in a point P*'(pl,~p3,y5), the
haymonic conjugete of P relative to Ay and Pgs and AyPyt, AgPp'', AgP are
eoncurrent in & point P*''(py,py,~pg), the barmonic conjugate of P relative
to Ag and Pg.

The four peints P, PY, P**, P11, gare the vertives of 8 complete
quadrangle having the vertices Ay, Ap, Ag of the reference triamglé_au
diagonal paintmg ' |

In the summary of the resulte of this thesis, several of the impor-
tant points are sccompenied by the three mssocisted points of the quad-
ranguler groups as I, T7, I'*, I*'7, and M, Mr, Mtv, Mree,

the use of subsoripts end primes indiomted here will be used gen-
erally throughout this study with only & few exceptions. The primcipal
exceptions are the use of Ay,Ag,Az for the vertices of the fundememtal tri-
angles El,Bg,ﬁﬁ,ﬂl’,Bg',ﬁg’ as the vertices of two triangles to be intro-
duced later; J, J' for the ciroular peoints at infinity; snd possibly
occasionel exceptions mede advisable by circumstences.

Pg,Pp:Fe Will be used to designate the feet of the perpendiculars

from P upon the sides of the triangle. Thelr ccordinates are

Pat (0, pp +'Py 008 Az, P3 + P 008 Ag),

2 R, ¥ Vinger, Projective Geometry (Boston: D. C. Heath and
Compeny, 1923) p. 74. _
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Py: (py + pp cos A3, O, py + pp cos A1),
Pgt {1 + pg cos 43, pp + pg cos Ay, O).
The pedal triangle and eirele. It was pointed out in an earlier part

of this ehapter thet the pedsl points P1:Pg,Pz were the projections of the
point P(py,pz.p5) upon the sides Aphg, Aghy, Ajhg of the triangle of ref-
erence. The pedal trisngle of P isg here defined as the triengle having the

points Py,Pg,P3 as vertices. The egquations of PpPs,PgPy,P1Pp are

“PgPg¥y + PgPy%g + PiPp¥y = O,
PoPgXy ~ PgPy¥%p + PyPp¥g = O,
= Q.

PePs¥y * PaPy¥p = PyPp¥y
The pedsl circle 1s the cirele whioh pssses through Py,Pp,Pz. Sub-
stituting the coerdinsbes of 7y,Pp,Py in the general equation of a cirele

the following relatioms sre obteined

. 21P2Ps
Pgmg + pgmg - i T i

B2PgP1
81P1 *+ 23Pg
83P1P2
S1P] * 8Pz ,

P1®] + PpmugE= )
PIW] + Pgugs-

The velues of m;.mp,mg whioh determine the pedal circle ares

wy gz __ ®1PpPg o 22PgPy _ BsPiPp
D1lagpg + f3Pz) DglégPs + 81D1)  PgiBPy * Bpbg) °

] = - " + | " - " | 2

o S 2 - w - % o+ ” ‘ -

Trilineer polaer. Barlier in this chapter the trilinear polar of éM\”“W»~~~

was defined to be the line Py'Pg''Pg'f'. Its equation is

PaPg*; + PgP1Xp + PyPpxz = O
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or f@. Xp  Eg

It may also be derived from the famulaém% %Y - 2 £ xg ..(..d_,.. xg = O,
ax‘y ax,P ' ax‘P

In this case the curve f{x,l,zz,x&} = 0 is the degenerate one x;Xyx, & 0, and

0f) - /af) . '
63:9? ~ PpPys (g"‘—ﬁ;? = Pzl @;g % pyPg. leading to the equetion obtained in

the paregraph above, w4 me 4= = 00

Pola;' with respect ke qir_emirul@.' The equation of the elrcumelrcle

is 81%pXg + 8oXeXq + BgXyXg 3 3. Iun this case

fioid
i

Fg = 8gP; + 8,0y
= 8qPg ¥ 8ol

&
1

and the equation of the polar of P is

(agpg + 8gDa)x; + (Bghy + 810g)xy + (aypy + 8gpy )%y = O.
Poler with respect to the _gmem'l girgle. The genersl equation of &

eircle is
ayxpxg + agxgxi+ agxixg + (81x) + egxg + egxg)(myxy + mpxp + mgxz) = O.
Denote by ¥1,Fp,Fz the values of the partial derivatives of the left member
with respect to x3,x2.x3 abt the point P(p,,Pp,Pg)-

Fi = 2aympy + (aymp + epmy « eg)pp + (aymg + &g + 2gny )ps,

Fp = (agmp + agmy + aglpy + Zagmgpp * (8) + sgmg + aghg)vg,

Fz = (aqmg + 8y + agmy)py + {8y « spmg + aghglpy + 2egmgpPs.
The equation of the polar of P is

Fyaxy « Faxp + Fzxg = O.

The center of a circle is the point whose polar ls the ldeal line.
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Identifying the equation of the polar of P with the equation
81X + @gxp + agxg = 0, it ie found thet P is the center of the cirele if
the equations
FisFgiFg = aysepsag
gre satigfied.

Isogonal conjugates. If tr0 reys through the vertex of an snpgle make
equal mgl@m with its sides they are said to be ”ia@@ml“br "igogonal con~
Jugetes."® 1t is evident that two isogomally senjugate rays are symmetriocal
mth regard to the biseotor of the angle. -

| The equations of the lines through the vertices 4;,Ap,Ag of the tri~

engle of reference and any point F(pl,plg,%} are

Pz - Pp%g = O,
Pgiy = plxg = O,
Poky = pixg = O

Then the equationsg of the lsogonal vonjugeates of the rays AyP, AP,

AgP are

Py%p = P = O
Pg¥g ~ P17 = O,
Py¥y = Pyiy = 0o /

It iz apparent that these Vthrw isagonﬁl‘ly conjugate rays are concur=
rvent in a point Q(fg{, 3%2-, gg’g), This point Q is balled the isoponal con-
Jugate of P (Pig. 3). Occasionally P(p1,yg,p3) and Q(fg”;. -51%5, %‘g) are

referred to ag inverse points with respeet to the triangle.
R

3 Roger A. Johnson, Modern Geometry (Boston: Houghton Mifflin Com=
pany, 1929), p. 153, o |

[
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FIOURE

Every podst mot on a side of the given triangle has en motusl son-
mgmmw The only self mﬂjuﬁaw w&nﬁa are the four equisenters. If P ig
on the ﬁwmimlm the &a@ﬂg;mﬁlw,mﬁ' AP wnd AgP willl be MM,M;. It then
followe that the isogonal conjugate of any point P o the olrowselrcle is
at infinity. ;

lsctomie eonjugetos. Lot P(py,pp.py) be any peint end leb ﬁ%,%,%m
the prajectiong of P upon the sides of the triengle fm the oppopite |

vertices, Lot Qy,Qp0y (Figs 4) be poimts on the respective sides of the

trisngle wesh that,

FIGURE 4
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eongidering directed segments on the sides, ApPy = ng&s. Asl:fz = Qalq,
4yPg = Qghg. Then Q) divi@as the dirscted slde Aghy in the seme ratio in
which P, divides Ashzs or the ratios iun whieh Py and Qg divide the side
Aghg are reciprocels. The coordinates of Py am‘ (0, pe, P3)» Therefors
é@?}!?}_ﬁﬁ = P3 08¢ Ag:ipp osc Az = zﬁsﬁﬁ = azpz:agpys and AsQy aQiAgk
agygzagpﬁ. The eoordinates of Q3 afa ;

| (p, 8gPy ®in Ay, aypy sin 4,),
ox (D, E3Pgs 85205).
Similarly the coordinates of Qg and Qg are
C (aspz O, ay%m)
end  (eg2pp, 212p, 0).

| It ig evident that the reys 43Q;, Aplp, Azl are concurrent in the

point
. ( T 1 1 )
Plaoges o “-g-*-- u
L \B Py a@, Pz 23°P3
The point Q is celled the isotomic conjugate of P.%
The only isotomicelly self-conjugate points are the four points

M, B, ¥'Y, M*'', namely the medimn point end the three exmedisn points.

4 1v3d., p. 157.



CHAPTER IV
SPECIAL GROUPS OF POINTS LINES AND CIRCLES

This seotion deals with severel points, lines, and oirocles of especial
interest in commeotion with the study of the triangle. Geometric properties
involving these points are well known, end sre generally aithaf derived or
suggested in one or more of the better kmown works in this field. As wase
suggested in the introduction, the analytic methed is not always superior to
the purely geometric method in effectiveness, but it is thought thet even in
the waa'éf those points whose goordinetes are not expressihle with all the
ecmp@a‘kmaa wighed for, the forms of these expressions may still suggest
further propertles.

The ingenter and excenters. (AsCem671Je=182)el Binoe the incenter is

squidistant from the sides of the reference triangle its coordinetes ere

(1, 1, 1)» The excemters I', I'', I''" are likewise equidistent from the sides

of the reference trisngle, end bave coordinetes (=1, 1, 1),(1,-1,1),(1,1,=1).
Median point and exmedien pointa, (A.Ce=B8; Ju«@)s Let M denote the

modian point of the triangle. Then %1 s the midpoint of AsAye The co-

ordinetes of My are (e,as. ag). The median issued .from Ay, thet is, the

line & M, has the equa*kim BgXy = 35"5‘3- Oe ©Bimilarly, the equabtions of

the medians lssued from A, and hg are azXz = 6yxy $ 0 snd ayx) = agxy = 04

It is evident thet the coordinates of M, the point of intersection of the

mdinna,ure 3‘—», 3--, 3—-.
ﬁl 32 ’ 33

1 ACu=87, refers to Altshiller-Court's College Gecmetry, page 67
sand J.=182, refers to Johnson's Modern qua%l. page 182, This system of
oross references is used throughout Chapter 1Ve
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The lines through the vertices of a triangle parallel to the epposite
sides are called exmedisns (Fig. 5). They are the harmonie conjugates of
the medians with respeet to the including sidea. The point of conourremcy of
& median snd two exwedians is salled an exmedien point.

The squations of the three exmedians are obviously

agxz i Bg¥y 3 0,
ByXy 8y%y = 0,
By Ry + BgXy Q.

The coordinates of the exmedian points are W' (ﬂ ~3‘~, J‘-, i»-),
&1 ag ﬁ-ﬁ ;

AN ,i‘_, ;}._J __1,_,} s WA @,, ..3:.‘_., :—!‘-).
&, 8y ag 81 8z 83

Syrmediens and exsyumedians {A.C.~222; J.~218), The symmedlen point,

K, of a triangle ig the isogonal somjugate of the median point. A4 line
through a vertex and the symmedisn point is called s symmedian (Pig. 6).
Since the coordinetes of the median point are -%{, E%’ ;%g s the point K hes
soordinates sy, &g, 8z. The squations of the syrwmﬁim are therefore
agXy = Go¥g = 0, ay%g - 8gHy = 0, apxy ~ 83%g = O,

The harmonis conjugate of the syrmmediens with respect to the ineluding
sides iz called an exsymmedian (Figs 6). The exsyrmedians are antipmrallels
of the sides opposite relative to the other twe sides. They are slsc the
tangents to the oirouwmcirole at the vertices. Their equations are

egXp + fgxg & 0, ayxg + agxy = 0, apxy + a1%p = 0.

A syrmedian end two exsymmedlans are oconourremt in a p:ainﬁ enlled an
ea:aéymm&i&n points The three exeymnedisn points are K' {-ay,ap,ag),
kry (ay,-eg.mg), XK' (ny,8p,~83).

The orthosenter (A.0.-82; J.»161). The altitudes of & triangle are

sonourrent in e point ocalled the orthocenter (Fig, 12). Its eoordinates are



K‘”

'
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obtained by solving simulteneously the equations of the altitudes. The
equations of AyHy, AgHp, AgHyg, are xp cos Ag - mg eos Ag 3 0,

%y 008 Ay = Xz 008 ,&5 z O, xy 008 A1 = %p 008 Ap = 03 and the cvordinates
of 1 are (sec Ay, sec Ay, sec Ag)e

The oircumcenter (A.0.«87; J.=161). The perpendicular bisectors of

the sides of the triangle of reference are concurrent in e point called the
circumoenter (Fig. lﬂ}.}wita coordinetes are obtained by solving eimultaneous-
ly the equations of the perpesndisular bisectors of the sides.
The line M;0 is & line through M; parallel to A;Hy. 8inece the ldeal
point on AjHy is (~1, cos Ag, oo Ap), the aquat':icm of 410 is
xy Xy *g| 20
0 oy Bg
-1l cos Ay cos Ap
or  {8s® = ag?)x; + aysgxp - 81hgxg = O,
The equations of MO and MgO are found by oyclical permutation to be
ai0g%; + (892 = 858)my ~ ngegxg = 0,
and  gq8gE; - agagio {8y 2 ~ agllug = 0.
The coordinates of the point 0, ocoumon to these three lines are

(Cos 4y, Cos Ag, Cos Ag).

The verbieenter (A.C.-130; J.~148), If 1y is a point “halfws

the triangle” from Ay, so that

Aqhg + Ag’hl & L]'Aa + hghy,
and if Lgp and Ly are similerly loomted, then AjLy, Aglg, Aglg are concurrent
in @ point L. This point is cometimes called the verbicemter? (Fig. 7).
The ooordinates of the verbleenter are obtained by solving simulbane-

2 phe neme verbisenbter appears in en srticle on page 88 of the
Vetional Methematics Megssine, November 1985.



obtained by solving simulteneously the equations of the altitudese The
equations of M), AgHg, AgHy, are xp oos Ap = xg cos Ag = 0,

Xy 008 Ay = Xy 008 ‘9‘3 7 ', Xy 008 A‘l = Xg 008 Ap =m 03 and the coordinates
of T are (sec Ay, sec Ay, sec Ag).

The sireumeenter (A.C.«67; J.~161). The perpendicular bisectors of

the sides of the triangle of reference are conocurrent im o point called the

a3
eircumcenter (Pig. :m).f Its ocoordinates are obtained by solving simullaneou

1y *bhas equations of the perpendicular bisectors of the sides.
The 1ine ¥;0 is a line through My parallel to A;jH;. 8ince the ideal
point on AjHy is (-1, cos Ag, cos Ag), the ﬁquwim of M0 iz
%y Xg Kl %0,
0 ag 8o
~1 cos Ay cos Ap
or (a4 - ag?)xy + ayayzg - ajbgwg = O.
The equations of MgO end Mx0 ere found by eyelical permutation to be
ai0p% + (812 ~ 852)xy - agagxg = 0, |
and  8j8gx; =~ BgagXpHaq? - apl)ng 2 0.
The coordinates of the point O, common to these three lines are

(Cos Ay, Cos Ag, Cos Ag).

The verbicenter (A.C.~180; J.-149). If 1) is @ point "halfway sround

the triangle” from Ay, s0 thab

ﬁlﬁg + AQL}‘ ® LIAa + ,ﬁ&&l,
and if Lp and Ly are similarly located, then A31q, Aglg, Aglg are oconcurrent

in & point L. This point is sometimes oslled the verbioenter? (Pig. 7).
The coordinates of the verblcemter are obtained by solving slmulbane-

2 he neme verbicenter sppears in an erticle on page 65 of the
Wetional ¥ethematics Megasine, Hovember 1955.
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ously the equations of ALy, Aplg, #nd Aglg. The coordinates of 1y are
({3, (s = 8g) &in Ag, (& =~ ag) sin 'Ag), 8o the equation of Ayl is
xp(d = ag) vin Ay = xyls - 8g) sin Ay = O.
Similarly, the equations of hglg and “‘51'3 are
xy{s =~ ag) sin Ay - xg{s = ay) 8in Ag = O,
end  ~xy(s ~ ag) sln Ay + xp(s - &) ein Ap = 0.
Solving these equations simultaneously, the cocordinates of the verbloenter

are found to be m 882, 8~ 8% .
81 2 b8

The Nagel point (A'cmmm. The perpendiculars dropped from the
excenters of & triangle upon the corresponding sides of this triangle are
conourrent. This point of sonourrency is hm as the Fagel point (Fig. 9).

The equation of the line through I' perpemndiouler to Aghg is
X xg | =0+
-1 1 1

g - &2 g = aﬁ
&g Bg

0

" which mey be written
e(sg - ag)x) + ag(s - ag)xp = %ga - ag)xg = O,
gimilerly, the equations of the lines through I’ and I'*! perpendicular to
the corresponding sides of the fundemental triangle are
oy (8 ~ ng)xy + s(ag = 83)xg + agle - ay)zg = 0,
and  ey(s - sg)uy ~ sglu = 8y)xg + 8(sy ~ ag)xg = O
The Nagel point, which is the point of intersection of these three lines, is

88 ag + 8 ' g + 8y
(alngag (-ay + 8p + 8g) - ”ﬁal " Gyeghy (1 = 8g ¥ ag) oy




24

2 iy - &
8 Y %J
WI&E&E (egl + fp - &5)* Wﬁs ,

which mey be written

252 8g + B3 242 ay + 8]
g g~ B [ s - - - - ]
(gl&ﬁ&ﬁ (o = 21) & Byagey T %)t T

352 ( ) a1+ &2>
Biegfy 8 T TEg /T

The coordinstes of the Nagel point mey &lso be exhibited in a variety of
other forms, of whieh several are given in the swmmary in Chapter VI,

From these forms the Negel point is seen to be collinesr with the

incenter, cirgumsenter, and the point LSNP SRR S TR (T also
8 =8y 8 ~8y 8~ 8z

collinear with (s = 8y, 8 ~ ag, 8 ~ 8g) and the Spieker center

ep + B3 Bz + 8], al-t-aa)*
&1 9;3 &5

The Steiner point (J.~281). If lines sre drawn through the vertices

of a trisngle perallel to the corresponding sides of the first Brocard tri-
sngle, they meet st & point on the cirewmoirele. This pcigi: is ecslled the
gteiner point (Fig. 8).

The Steiner point cen be found by solving simulteneously the aquﬁtiane
of 4,8, AgS, end AgS. Since these lines ere parallel to the sides of the
first Brocard triangle, any one of their equations mey be found by finding
the equation of the line through a vertex aend the point at infinity on the

sorresponding side of the first Brocard triengle.






The equation of Bgybs is

xl xg ﬁg a2 0,
a5 Segey  my?
&23 &15 &1&%&3

ich may be written
812(et - eg2ag?)x) + ajag(agh - a)%ap2)xg + age)(agh - agla;?)zg = O.
Th'a coordinetes of the poind at infipity of BgBy are
@zﬁs(ﬂaé - a1289%) ~ agaglegh - aglay?),
| aye) (agh - ag2eyB) = 8y aple)é ~ ay2e,2),
walag(%% - alaaga) + alag(ulé - %%2)) .

The equation of 8,8 is

(&1&2(&14‘ - agag?) - ayeplagh - 0)2002)) xg = (age (agh = 2y2a2) -
age1 (o4 - sgfag?) ) x5 = 0.

Similarly the equations of Agf and Agh are

(&1&2(&3‘@ - &13&33) - ﬁlﬁa(ﬁng@ - %2&12)> Xl el (&3&3(&14 e &3%33) -
ﬂz&s(&]_& e ag%gz)) 35’15 ] 0, ”

(&3&1(&3‘% - oy%a52) = agay (ot - agleg?)) =, - (aa%(%‘* - o;%8p2) -
&2&5(&34 e alz&zz)) xm = (.
The Steiner point, whieh iz the point of concurremey of these three

lines, is found to be

1 . 1 1 .
al(agﬁ - &3ﬂ &g(%ﬂ - &12‘)” &3(&13 - ugm

The Gergonne point (A.0.=129; Je=184). The lines from the vertices

to the points of contact of the inseribed cirole meet in e point, G, ealled
the Gergonne point (¥ig. 9). The peints Gy, Gy, Og, are, obviously, the
points of contmot of the ineircle with the sides of the triangle. They are



a2

FIGURE 9
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the feet of the porpendioulers from the incenter. The coordinates of the
1deal point on Ag¥y &w (=1, Cos Ag, Gos Ag)s Therefore, the equation of
the line through 1 perpendioular to Aghg is
Xy Xy xg | 20,
1 1 1
-1 Gos Ay Cos Ay
or % (Cos &g = Cos Ag) = xp(l + Cos Ap) + xg(1l + Cos AE) = 0.
The ooordinates of G, are
(0, 1 + Cos Ag, 1 + Com Ag)
ginilarly, the coordingtes of Cy and Gy are
(1 + Cos &g, 0, 1 + Cos 4),
and (1 # Cos kg, 1 + Cos Ay, 0).
The equationsg of Aq1Gq, Aplgy hgly are
xz(l * 0os bg) = xg(l + Cos Ag) 5 0y
%;(1 » Cos Ay) = xg{(1 + Cos Ag) = O,
% (1 + Cos by) = xp(1 + Cos Ag) = O.
These lines obviously meet in the peint ¢ whose coordinates are

o e A, 1 §
1+ Tos Ay 1 # Cos Ag T * Cos Ag

-

or 1 1 . 1 >
&l(ﬁ .- 11)' ’«g(ﬂ - ag) &%(a - &5)

Points spalogous to the Gergoune polnt (4.0+~189). The lines joining

the vertices of a triangle to the peints of contest of en eseribed eirele
with the opposite sldes are concurrent. The three esoribed ciroles are then
amomiatwdﬂ;ﬁryiﬁh three points snalogous to the Gergonne point. These pointe
are here ’éemmwtsw by D, B, ¥ (Fig. 9).

The pedal pointe of D, which are by gefinition the points of contaoct
of the exoirale (I) with Aphg, Aghy, Ajhg are Dy = Vy, Dg, Dy. Thelr co~



ordinntes are
Dyt (0, & (8 = ap), np(s »~ ag))
| Dgt (ag(s = ag), 0, =ays)
Dyt (agls » ag), »aq#, 0)
The equations of 44Dy s ApDy, AaDs are;

- x2 - Xy . x - xg ¥] - - xg .
Bgls = ay) agls -~ ag) agia «ag) -ay8 ag(s - ag)] ~a16

The coordinates of D are

818" aple = ag) agls = ag)/ ’

( (s - 8)(s = 83) s -np 8- aa) .
alﬂ &g Ra

Similarly the coordinates of the points B emd F are
(ﬁ_ -8y . fs~8z)(n~-81) 8-~ %) ’

&1 aaﬂ ’ &%

and (s «‘&1 s -~ap (s n;‘al){& - ‘a&)*)“

By Y ’  | ags

Lines through vertices parallel to altitudes, The coordinates of
the ideal point of AyHy are (=1, G.éa Ags Cos A}, The equation of the line
through Ap parellel to AyHy is them, xy Cos Ag + x5 a 0. 8imilarly, the
equation of the line through Ag parellel to AHy is x) Cos Ag + x5 = 0. The
equations of the lines through A; and Ay parallel to Agl, are
xp Cos 8y + xg 2z 0 and x + xp Cos Ag 3 0j the equations of the lines
through Ay snd Ag perallel to Aglly are xp + xg Cos Ay = 0 and
¥y + xg Cog Ap = 0.

| Lines thmu@ vertices parsllel o mdimm The idesl polnt on the

211 , , ,
median 4 M, ia wiw Oy gg), The equation of the line through A, perallel

to Ajky is ayxy + Zegxy @ 0 wnd the equation of the line through Agparallsel



to Ayly s eymy %%m@ = 0. The ideal points on the lines Agllp and Agilg

; “"‘a 1 -
are (ﬁ;: wmy we) B -w w % « Bimilarly the equations of the lines

82 o3
through 4y and Ag wmllwa m Aghlp are agxg + Bagxg = O end 2ay%y + 8pxy = O3
snd the equation of the lines through Ay snd Ay parallel bo Agliy are

2agxg + agxg z O end Bayx; + agxg = O.

The Buler line (A«0.»86; J.»168). The orthosenter H, the nine point

senter N, the centreidl Waml the eirown

senber 0, of a triengle lie on a
straight line. This line is the Buler line of the triangle (Fig.12). The
polints are in the ard’er BN MO, with § the midpoint of H 0 and M & trisection
point. |

. The equation of the Euler line is

* *2 g %0,
Seo A, Beo Ay Seo Ay

L L 1
&y as &5

whioh may be written
Cos Ay (&gs - agﬁ)x]_ + Cos Ag(&gg - ‘n]_z}mg + Qos Ag(ﬁlz e aga)mg 20
The line LY I. The verbicenter 1, the Wedian point ¥, end the in-
scenter I ere collinear, ss iz evident by inepection of their coordinates,
(smal 8 ~ ag s-r—%)
L ] " £ 3 E ]
&y 2o By

by

111
H(ﬁll ,EE, ‘a’g’) mé I (l;}.,l)n

The equation of this line ls

x) Xg Xz 20,
I T
a1 bp ag
101 1




a1

which may be writben
ay(eg = ag)xy + ag(eg « ny)xp + aglay ~ ag)xg = 0.

this line also cenbains the Spieker center 8 (Fige 7). These four
points are in the order L § ¥ I with § the midpoint of the segment L I,
¥ & trisection poink.

The line OK (A0.-245; J.-278). The equation of the line O, were
0(Cos Ay, Cos Ap, Cos Ag) is the eirow
symmedien point is

% %p Xy = 0,
Cos Ay Cos A, Cos &g

swenter and Klay, ag, ag) the

ﬁl RE as

which may be written
(ag Cos Ag = ag Cos Ag)xy + (ay Gos Ag ~ ag Oos Ay)xp +
(mp Cos Ay = &y Com Ag)xy = O,

or ap? =~ %3 ag2 - 8,2 8% - %ﬁk
- o+ + xe u 0.

The segment OK is the Broeard dismeter (Fig. 10).
The lines Mghg, Mghy, MyMp. The coordinates of My, Mg, Mg, which are

the pedal points of M, are (0, ag, ag), (ag, O, 81), (ag, 8y, 0} It follows

that the egquation of Mg Mgls

Lo 0 aq
eg 8y O
or wByXy 4 Ggig + Bgig B O

The equations of Mgl, and MMy are,
81X =~ Rpkp + Agky 20

and 81Xy + BgXy » BgXy = 0.
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The Simgon line (A.C.~115; J.=157). The fact of the perpendioulars

to the sldes of a triangle from & point P are collinear, if and enly if the
point ig on the elrsumoircle of the trisngle. The line through the feet of
the perpendioulars to the sidee of a triangle from a point on its eiroum-
sirecle is ocalled the pedsl line, or Simson line, of the point with regard te
the triangle (Fig. 11). .
Let the feet of the perpendioulars on the sides of the trisngle be ¥,,
‘P, P+ Sinee the polnt P is on the oireumeirole, -k + 22 + 28 20, PP is

P Pg Py
the line through P and ’c@g.e idesl point of Ay Ite equation is

91 3?2 p@
-} Qos A3 Cos Ap

or (pg Oos Ag = pg Oes Ag)xy = {pg + py Cos Ag)xg + (pp + py Oos Aglxg = 0.
o Solving this equetion with x) = 0, the soordinetes of the point Py &re
found to be
(0, pg + py Cos Ag, pg + Dy Cos Ag).
By eyelial permutation éf subseripts the ooordinaetes of Py and P, are
sean to be
(py + g Cos Ag, O, Pg + Pz Oos 4y)
and {py *+ pg Cos Ag, Pp + pg Cos 4y, 0).

The equation of the Simson line is theu

! %, xXg %y \ = 0,
g 0 Pp 4 pp Cos Ag Py *+ P Cos Ag \
! \ |
L -
Py + Pp Cos Ag 0 pg * Pg Gos 4y \

which may bm#wrimm
(g *+ py Cos Ag)(pg + pp Cos Ay)xy + (pg + Py Cos Ag)(py + py Cow Ag)xy -

{pg + vy Cos Ag)(py + pg Com Aglxy = O,



G
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with the condition that

¥ By 0

By T Pg Ds Ot

The cireumcircle (A«0.-B2; J.-~161). The oiroumoirele is the oirele

whioch passes -‘b&rough é’hw vortices of the fundemental triangle (Fig. 12).
From the ccordinates of Ay, Ay, Ay 1t 18 evident that m =0, ng 3 o, Ry = 0
and the equation of the olroumeirole ie

ayRgkg + BpXgXy + agXyxs = 0.

Inseribed cirele; esoribed eircles (Fig, 9) (A.C.«88; J.~182). The

coordinates of the incenter I ure obvicusly (1,1,1). The point of conbact
of the inoirele with the side Aghg of the triangle of referemce is the
intersection of that side with a line through I parallel to the altitude
AqFq . The ideal point on this altitude is («1, Com Ag, Cos 4p), and the
equation of the line through I perpendioular to Aghg 1s

xq(Cos Ay = Cos Ag) = %p{l + Cos Ag) + xg(l + Cos Ag) = 0.
The coordinates of the polmt of combast of the inoircle with Agh, are there-

fore

@ 1 | 1
I ’EM% T iy '
which may also be written

C U : og) | B8 }"‘37) ’
or, if prai‘wmi,
0, agls ~ ag), agls - &g))
gimilarly, the coordinates of the other points of contect with the sides
of the triengle are
@g(ﬁ - ag), 0, ay(s = a.l))
and (ag(u -~ 8g), 8(8 = 8y), C') .



It is evident thet these three points are the pedal points of the
point

. ; 1 . 1 .
al(u - &1) aﬁ(a - %) asw - %}

This point e »the Gergoune point G. Ascordingly, the three points of

conteest are here denoted by Gl » Gg, Gg, according to the convention uged.
Substituting the soordinatea of Gy, Og, g in the general equation of

& virele, the values of By, T, My are found to be
2 . 2 8
& - &Y, 8 = 3 -
mlﬁ ( ""Mzﬂ"‘ ab'tmau'l‘m:
85 289

The equation of the inseribed oirele may then be wrltten
8’1’-’*2%(&13“2% ¥ BpXgdy + Bp¥yXy) = |
(ay%) + BgXpeagxy) (al(a = 8)%%; + ag(s = ag)2xy + 0g(s ~ &g)sxs) s O.
The equationg of the essribed oircles may be derived in a similar
menner. The points of contast of the excirele (I') with the sides of the
triangle of reference are Dl = Ll,; 33, Dg where Dl # Ly is the pedal point
of the verblcenter on Aghs, and Dy, Dy 8re the pedal points of D on Agh) end
and AIAE’ le.’ eoordinates of Ll’ Doy D;s are
,-(g, aa(é - 89), 8g(s ~ 9'.3)):
(as(s - mg), 0, mlu),
(ag(s - Bg), -84, 0).
Substitubing the coordinates of these points in the general equation
of & ocirole asnd solving for my, mg, g, the equation of the exeirele (1') is
818085 (a1 %pXg + BgXgE) + 8gX)Xp) = |
(ayxy + BpXp + Agxg) (alaﬂxl v ag(s = ag)lxy + agls - %73%9 w 0.
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The equationa of the exeiroles (I'') amd I''') are
B18pf (e Ty + ay¥gm + agrzy)
(alxl t agxy + 8yxg) <s&1(§ - ag)ﬁxl » ngaﬁx,-o» ag(s - ml)gtsg)z 0.
end ejogng (A Xoxg + agXgxy + fgityxg) =
(a3 + npxy * g% ) @1(% - ﬂg)gxl + ap(s « &1)23:3 + Ags Eg)‘ 0.
%Em nine poiny sirele and center (A.0.»05; J.~186). The midpoints of

the aides of a triangle, the feet of the altitudes, erd the midpoints of the
segnents jolning the orthovemter to the vertices of the triangle, lie on o
airele. This eirele is eelled the nine point cirele (Fig. 12).

Substiluting the ccordinates of the points ¥, (0, ag, 8p), Mpleg, 0, &),
Mzlag, 8y, 0) in the general equation of & sirele, the followlng conditions
must be satiefied,

) a
ﬁ,gﬂa * &2‘%3 b ngﬁ-,

4

; a
agny + apmg T - o,

&
o+ g = -
Cos dy

a2 2 2 :
=81 4 gof 4 pgh VOB
e

E2

or my

The eguation of the nine point oirecle is therefore
2(nyxpxy + GpXaX;) * BgXyXp) ~

(a3 + agxg + axxg)(0om Ayxy + Cos Agxg + Uos Agxg) = 0,
or &y Cos Az 2 + ap Cos Agxgd + Ag Cos Agxg? -

w {Bympxy + BpXs¥) + Agxyxg)® O.
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The oenker N(ny, ng, ng) of the nine-point cirele mey be easily
found from the fact that it divides the segment M 0 in the ratio «1:8. The
digtence of ¥ from the side Aghy is Aghy/BR, and the distance of 0 from the
side ApAs 18 R Cos Ay. Therefore

0y & (aghg/2R « R Cos Al)/&

R B.; ﬂgﬁg
z sty Ll ¢ Con »
2&1 3&3 1 Ai

Reealling that 8, Cos Al By cw Ag 8y Cos A% = alagaa/mﬁ,
m = R(ap Cos Ay + ay Cos Ag)/2e,,
and the coordinates of ¥ are

ap Cos A ;: 83 Cos Ag g Cos Ag ;;1 Cos Ay &) Cos Ay ; ap Cos A |
1 , e

It is easily verified that 2 Cos (Ag = Ag) = (ag Cos Ag - ag COos Ag)/aj,

so that the cocordinates of ¥ may be written
N: Cos (Ag - Ag), Cos (Ag = &y), Cos (43 = Ag)

The Polar circle (A.C.«149; J.~176). The polar sircle is defined to

be the cirele with respect to which the fundemental triengle is self~polar
(Fig., 13). That is, the line x; = O is the polar of Ay, %y = O is the polar
of Ay, snd xg = O is the polar of Ag. The squablion of this eircle may be
readily found from its defining property.

The polars of the vertices, Ay, Ag, Ag, with respect to the general
cirole, | |
ayxpxg + Bpugxy + agxyxg + (a1x) + agxg + agxg) (nyx + mpxg + ngxg) = O,
are
y)mg = 0,
(agmy + agmy + By)x; + Bagngxy + (8 + agng + sgug)xg = 0,
(aymg + ag + agmy)xy + (8) + ageg + agnglxg + 2agegxg = O.

Rapmx; + (aymg + sgmyieg)xg + (aymg + ag + 8
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These lines mugt ooincide with X 20, xp 20, xg %0, po that
81 4+ agng + agny =z 0,
Byng + Bg 4 agmy = 0,
ayiig + Agmy + &g a O,

This system is satisfied by

18 w pol 1.
= 8L 020 B 2 008 A
A &Wl 2!

ng = - &L *g.%, 28 2z ~gos Ag;

2

end the equation of the poler oirele is
By Xgke + SpXzXy 4 SgXiXg ~
{ayx) + epxp + agxz)(Cos A1x; + Coe Agxp + Cos Agxg) = 0,
or &y Com AymP+ ap Cos Agxg?+ ag Gos Agxg? 3 0.
The first of these two forms shows that it is cocaxal with the eiroum-
eircle and the nine-point cirsle; and the second form shows thet the polar
circle is real only if one of the angles of the trieangle is cbtuse.

The Apollonian vireles of a triangle (A.0.-284) J.-894). The

interior and exterior bisections of the ungles Ay, Ag, Ag of the triangle
AyAphz meet the opposite sides Aphg, Aphi, Ajhp in the pointe I3,I3%s Ip,Ip'"s
| Ig,Ig'"? respectively. The oireles on I3Iy', Iplg'!, Iglg''! as diemeters
are oalled the Apollonian cireles or the circles ofﬁggllmiua of the
triangle AjAsAg(Pig. 14). ’

The Apollonian eirele with diemeber I;Iy' passes through the vertex
Ay. Substituting the coordinabes of Ay, Iy and Iy’ in the general equation

of a cirele, it is found that

=05 F o " e o
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FPIGURE 14
THE APOLLOVIAM OIRCLES
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Aecordingly, the equation of the Apolloms

an eirole (A,I,1,') is
xga - xsg « & Cos hgxgxy + 2 Cos Agxyxg = O.
Similarly the equations of the Apollonian sireles (Rglgle't) end (Aglgle’'!)
are
xg% = 32 « 2 Com Agx;xg + 2 Cos Ayxpxg 2 0
snd 32 - ;2 « 2 Cos Ayxgmy + 2 Cos Agxgx; z O.
The three Apollonian circles are evidently coexal, since the zum of
thelr left members is identicslly sero.
‘ The equation of their radical axis is

a1

¢y h Mg ol 3@ + 2 -8l 2 - I“"am@ﬂfﬁ”
' ez ‘ &g ‘

which is the equation of the line 0 kK (Broeard dimmeter).

The common points, U, ¥, of the three Apollonisn sireles are called
the Hessgien points, or 15@&3:@1@ pointe. Their ococordinstes are

us (sin (4 - 4), sin (4 « F), sin (43 =~ ). ,

ve (sin (&) = %), sin (4 - F), sin (A5 - &) .

Circles through twe vamigw and two equicenters. The cirele on I I!

as dlsmeter (Fig. 15) passes through the points £,(0, 1, 0), 1(1, 1, 1),
Ag(0, 0, 1) 1*{(~1, 1, 1). Substituting the eoordinates of three of these
points in the general equation of a cirele, it is found that my = «1, my = O,
wg ¥ 0. The equation of the cirele (AgIAgl') may be written

B)XpXg + BpxgX] + aguyxp - Xy (ayxy + egxg + agxy) = 0.
8imilarly, the cirocles (AglAjI'') snd (A3IAgI''!) have the equatioms

ajXpxy + agxgxy + agxyxp ~ xp(eyxy + egxg + agxz) = 0.
and  ajxpxy + epxgxy + egx1xg ~ xglayxy + agxg 4 agxg) = O.

Tn & like manner the equaticns of the eirelem through two exsenters

snd the two vertices not sollinesr with them wre,



: PIGURE 16
CIRCLES THROUGH TW0 VERTICES AND TWO EQUIOENTERS




(hgIt''I''Ag): alx@xﬁ v “&“ﬁ“l ivﬁia&atj‘xg -t»hxl(&iﬁl + agXp & dgig) 8 0,
A R I N BgigXy + BgXyxg + Xp(0y%y ¥ BgXg + GyXe) 5 0,
(AT77I% Bp)e  myEpuy + epxemy + agx Xy 4 xg(ayx) ¢ agRy + Agxy) & O

~ The Lemoine Gircle (A.0.~883; Je=273). The Lemoine (irole is defined
kby the following theorem.

Theorem. Let lines be drawn through the symedian point, parallel bo
the sides of the trimngle. They meet the adjesent sides in six poimbs lying
on & cirele whose venter ¢ is the midpoint of X0 (Pig. 18).

The equation of the Lemoine Clrele mey be found by finding the equation
of 8 cirele through ahy three of these polvts sinee three points determine a
sircle. ‘

The idesl point on 41Ap is (~ap; 87, 0). They the equation of KYp is

X; =g Xg| 3 0,
a1 ap &g
ag By O

or BzRyXy + a3&$xg+(alz * ‘&ga)xg z 0.

Solving this equebion with z; = 0 and xg = 0, the coordinates of Yy
and Z1 are found to be {0, a32 + ap?, agaz) and (a2 + 2p%, O, ajag). The
soordinates of *bhé other points are found to be by oyclical premubtation
Tz(ayag, 0, ag? + agd); T1(az? + 812, ayap, 0); Zg(ajup, 8% + 24, 0) and
23(0, apag, agt + ai?).

| Substituting the ooordinstes of Yy and Zg in the genersl equation of

& circle,

o (as? + 812) m 810y ng 2 - ag? ¢+ aq? ‘
aingey n1agey 8% = ag? - ag®

end o ga(ugﬁ k+ aaﬂ)
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~ PIRST LEMOINE CIRCLE
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The values of ny snd my deternined by these equations ere

“&aﬂﬁg&?‘g * &ﬁ - e (n a* Y 2
612 + e? %332 @12 + ag? + ag?)”

818p(81° & agly
(a1Z + ag2 » agd)

1 ond the value of oy is

by the oyolical permuatation of subsoripts.

The equation of the Lemoine cirele is therefore:
(812 + ag® + 0522 (ayzgxy + mpugmy + aguymy) =
~(a3 + agxg + aguy) (agaglag? + aglxg = agay(ag? + s1%)mp =
| ayeg(ay? + ag )g) -
Lmoina axis. The intersections of the three exsymmedians with the

agasvciasted sides are

Ky (0, -ap, 8g), Kg'*(e1, O, =ag), Kz'''(-81, ag, 0).
These are obviously collinear, the equation of their line being

This line is called the Lemoine axis (Fig. 6). It is obviously the trilinear
polar of K.
Second Lemodng Oircle (Qqaina Qirale) (A.0.~23%; J.=271). The external

symnedisns are antiparallels to the opposite sides. Thelr equations are
agxy -~ agxg = 0, ayxg = agxy = 0, agxy -~ ajxy = 0. Lines through the
symmedisn point K and parallel to these exsymmedians are
-g0g%) + 83% cos Agxy + agl cos Agxg = 0,

ag? 008 Am; = aghiXp + 8% 008 Agxy 3 O,

852 cos Ajxy + 8% 008 Agxp = aymgxg = O.

These three lines meet the sides of the fundsmemtel triangle in polnte
which are here denoted by Uy,Ug,Uss Vi.Vg,Vas Wy, Wg,Wg. &lx of these points,
Up,Us,V5,V1,W] ,Wg, ere condyelie having the coordinates
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Ugr (og eos Ag, 0, ag), Ugs (ag 0on Ag, 8y, 0),

Vst (a1, 23 cos A1, 0), Tyt (0, 8y eos Ag, 8g),

w11 (0, mp, 8y cos Ag), Wgr (81, 0, 8g vos A7),
The oirele through the six points meutioned above iz called the Second
Lemoize cirele (Figs 17). It is sometimes oalled the Gosine oirole because
the three segments determined W these points om the sides of the triangle
are proporticaal to the cosines of the cerresponding mngles of the triangle.
That m; ‘

VW1 sWoUgelUgly = vom Ajecos Agioos Ag.

Te find the equatious of the Second Lemoine ocirele assume its eguation
in the gensral form, end it is then found thet

o teglas® cos iy
- " * ) ™ s
1 (812 + 82 4 %3)?

*

n é;&,a;%lﬁ cos by
2" (812 + 8g® + ag®)°

toy%a® 008 4y

2)§

-

(aflz + agz + ag

¥

ng

The squetion of the Second Lmim& cirele is
(812 + 822 + 8g%) (ayxgxg + spxgEy + agryig) =
4{ajxy + agxp + &3&5)(&328;33 cos Ayay + ag®a® oos Apxp +
81%09% con Agxg).
The coordinates of Up,Vg,Wg are
Uye (0, =ag? sec Ag, a3l seo Ag),
Tp: (8,2 so0 &y, O, -ag® se0 Ag),

Wy: (~a12 sec 41, ngl seo Ag, 0).
Tt is obvious thet these points ere sollinear, the equation of thelr line



being
vos Ay - co8 Ag cos Ay
““'”"‘%“"““ Xy 4 “""""‘g“"“"‘ .
-»;;2»“ 1 L] 2 ma 8 = 0
Spleker circle and Spleler center (J.-227). The Spieker circle, or
P girele, is the incircle of the medial triangle MyMghz(Pig. 18). Let 8

denote the center of this eirele. Then 8 may be eagily fousd, sinee the
iines W18, Mp8, Mgl are pevallel to the sngle blseotors AyIy, Aglg, Aslge
The ideal polnt om Ay1;, and therefore on M8, is
{ag ~ ag, =&y, =a1). The equation of IS is
ay(ag = az)xy » ap(ag + ag)xp « uzlag » ag)xg = O.
Similarly the equations of Mz8 and Ngs ere
~ay(ag + a1)x + &é(&g ~ &1 )xp + aglag + ;.1)3:3 g 0,
ay{ay + ag)x ¥ ag(e) + aglxg + agla; = aglxg = 0.

The point of inmbersection of the three lines, which is the Spieker cemter,
“has the cvordinates

ag + ag o5 + 8] &) +apg
o T T e

8y
Let UV, denote the points of contest of the Spleker oircle with the

gides of the triangle Hilgls. Binee the 1deal point of AWy, and therefore
of 8U, is (~1, Cos ag, cos Ag), the equation of 8U is

8% agig egxg | = O

-83 By 808 by By 808 Ap

ag * 83  ag + &) a1 + 82

This is intersected by the line Mghigy ~-ayxX) + 6gXp + 83Xy % 0, in the

polint
g =83 &~ 83
g ' &g

s 1,

73249
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FIGURE 18
THE SPIEKER CIRCLE AND CENTER
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$imilarly, ¥t is found

Ve B *kﬂ.;_; 1, 8 ~a5
Ml' ’ by

We & - &1, 5 - 8g, 1 o

ing the squation of the Spleker oirole is the form

myxgxy ¢ spRgx] ¢ Sgxixp + (a1m 4 agup v agxg)lminy + mpxp + mgxg) = O,
the condition that the cirele puss through the points U, V, W lesds to the

relations

Bagegiy « ‘Bagaymg = (a) - wp)(ay + 8y - ag),
Zagamp « Zsjegmy =(ag - ag)(-ay + g + 8g),
“Bugagmy + Zajmgng = (ag « a1)(ay - ag'+ ag).
which yield =~ o |
degagm 3 4(8 ~ ap)(s - ug) = 82,
dagamg = 4(s ~ ag)(a -~ 8) = 88,
4njepmg = 4(s - ay) (2 - 8p) - 2.
The equation of the Spleker cirele is then
ajageg(ayxexy + agigm + agxxp) - %2; (a1 + sgxg + agxg)? -
(8 ~ 81)(s = ag) (s « ag)(eyxy + eapxp + azxg) ;% % * ;«fﬁgg xg +

a3

The equation of the redicsl axis with the oireumeirele is

81 B2 o
4(s = ay)(e ~ a2)(s = a3} (g=igy ML ¥ §70 o R * T ag xg) =

ag€&1x1 + Bgxg + -ng;xg)..

Thie radical mxis is obviously parallel %o the line

8, B Y &
. “1 - 2 + 8 )

«ﬁ"ﬁ.ﬁxz*ﬂ"&&% y

the trilinesr poley of the verbiocemter.
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The Brosard poinks (A.C.-248; J.-263).

Theorens In any triangle AjAghy there is one and only one point such
thet
L Qhghy = 20hohy L0 heh 2 0,
and one peint() sush that
LQAgAy = Lﬂf%s.g 5 LQhAg =W,
These two polnts ere salled the Brooard pointe of the trisngle
{rig. 19).
Let (AIAQAE) &emm;@ the eircle whioh passes through the vertices
Ay, Ag end which is tangent to Aghy st Ag. Similerly, let (Aghghg) denote
the circle wrnich passes through the vertices As,Ag, snd is tangent to Aghy
et Ags and (AzA;A,) demote the sircle which passes through the verbices Az.Aj
end is tangent Lo Ajhs ab Ay 'fh@n (2ig the point common to these three
oireles. These circles ars called bﬁha,‘ direst group of adjoint olrcles
{Fig. 18). | '
Since the oircle (A;Aghp) passes through the vertex (1,0,0) and is
tengent to x; = O at (0, 1, 0) its equation is ”",‘::w_,n o
agayxs? + xzslar? - ag?) - agegmmp 0. M
The equetions of (Aghghs) end (Agh1h) are
ayagxy? + mxp(ag? - us%) « agarngxs = O
and  apagxp® + 323‘3{&32 - 812) = myegugx = 0
The point (2 common to these thres cireles is
9.5 3.1 &2)
eg 83’ 21/
tn & like manner ()' is the intersestion of threo cireles, (bphyhy),
(AphyAy) is the cirole which passes through

(8g8phn), and (A3Aghy), Whers

. ® reat group of
47,45 and is tangent to Ajhg at hy. These are galled the indireet group
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FIGURE 19

THE BROGARD POINTS AND RAYS



’ﬁﬁj@iﬂ'ﬁ sireles. Pt
The @qmtimé of (AgAlAl), (azAghz), (MAghz) are found to be
ageyx® :fﬁxl(% - %3) - nlagxaxg = 0,

eaagxg® - mzgleg? - o) - agagnsx =

| agagxgﬁ - zgmg(al - aga) - agayxyxg = O.

: %a mimﬁ -ﬂ' ;3 mnon 40 timm three circles is 22, 28, bt A
: a.3 &1 by
The Bmmm pmm:a, N, _O.' pre obviously isogonsl sonjugates.

The EI‘OW@ ‘:,:jig {(A+Con2453 J.wa%). The mglﬁ.nﬁlkg «.(2_' Aihg is

_-’~fo‘5‘bm referred to &s the Brooard sngle of the trisngle, sund is usumlly denoted
hy&) (Fig. 19). '

. Theorem. cwt W 2 cot A; * ao‘t Az + MWAF
- aa

Theorem. ok 6-) =z ..,L' - “‘ﬁ

The Brocard raye (J.+266). The lines A0, Ag(, Ag(d, MO, AN,
and Ag()! mre salled the Brocard rays (Fig. 19).
The aqmmmnf the reys 43.0), Az, Ag(Qare
agegwg = 8%y 3 O,
aglx) - agayxg = 0,
ajagx; ~ #gxg 3 0
The equations of the reys A1.0', Ap()', Ag(2' ere
a1%xg - agagxs = O,
agalx) - 8plug x O
ag,le - ayagxg = Q.

the Broocsrd Gircle (A.C.-84By J.-276). The oiroles (OK) desoribed on

the segment O K as dismeter is known as the Brooard cirele of Ajhghy (Fig. 20).
The Broeard cirele passes through the points O, B,L2 , (1. Its

equation may be found by finding the eguatlon of the olrcle through eny three

of these pmim‘bﬁ .
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e T ] " ety

~ Substituting the values of K(ah ag, ‘3),. Q Bp Ay 8 and
LE] 2y &g !

00 (23,2 22 ) 40 e '
5y 23 81 general squation of & oirsle the resulting relations

_are

ap ag &}
E'Em}“ + Efmﬁ + ’i{é‘mﬁ z -1,
a3 a1 a3

 vsmes o] = =l
wm;&g asmg + &1313 1

- These give

_ aof Brfig Y
ml*'*"-z'm—mzs .:mzﬁvWI?’ :ms::- 27&1&5 A
21" * 8p° ¢ 8z 815 + 8% + ag” ~ a1® * ap* *+ ag’

The equation of the Brocard cirgle is
(842 + 8% + 85)(ayxpxg + Bpmgmy + agxyxg) =
(a1x; + spxp + agsg){agegxy + agajxp + ejapxg).
The Brocard trisngles (A.C.~24B; J.-277), Let the point of Inter-

section of Ao () and Agfl' be By. The intersections of Ag() with 410" and
A2 with Ap D' are Bp end By respectively, The triangle ByBgBg is the so-
called First Brocard Trisngle (Fig. 20). The coordinates of By Bg,Ds, are
found to be {ajmpaz, az®, ag%), (ag®, ayages, 815), (egh, 215, eyeze3).

The triangle ®y'Ba'By’ naving for its vertices the pointe of inter-
section of (0K) with the symmediens 5K, ApK, AgK of the fundemental
triangle is known es the Seoend Brocard Trisngle (Fig. 20). The oordinates
of 7y7, Bgt, Ba' are (-2 + agf + agl ajsz, ege1)s
(e182, 812 - 8p? + 832, ageg), (age), 8283, 812 + 8g? - ag?).

The two Brocard triané;laa, ByBgBz and By'Bp'Hy', are in porspective

at (2.



FIGURE 20

THE BROCARD TRIANGLES AND THE HROCARD CIROLE
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CHAPTER ¥
FPORMULAS USED IN SIMPLIPICATION

In the reduction of algebraic expressions encowntered in this work it
ig desirable to have available a 1ist of relations comnecting the elements
of the triengle of referemce. With the aid of these relations it is fre-
quently possible to effect a simplification of rether formidable expressions
ariging in work involving the actual distences of points from the sides of
the trisngle of referemce, or in the determination of collinearity of points,
or the concurrence of lines, or in finding the equation of s eirele when
three of its points are givenm.

The socompanying list is not intended to be exhaustive. MNany of the
simpler well known relations are intentlonally omitted, and only e few are
ineluded which have not been used expliecitly in this work. This list lu-
¢ludes several formulms not reedily found in the literature, but which are
peculiarly important in a study of this kind.

The notations employed in this list ere as follows:

1. ay: The length of the side Aphy of the triengle of reference
ap: The length of the side Aghy of the triangle of reference
ag: The length of the side Ajhp of the trisngle of reference

2. ays Altitude from 4y
aof; Altitude from Ap
agh Altitude from Ag

3. Ay: The apgle Aghy Ao
hgr The angle byhohg
Az: The angle Aphzhy

4. S: One half the perimeter



5.

7o

8.

R

]

The circumradins

r: The inradius

r*s The exradius associated with &
r': The exradius assosciated with Ay
r*™: The exradius assoeinted Qihh Ag

/\  The area of the tr'langia AjAghg

Yormulas:

15

2.

e

t

s = {a; +ag+ a3)/2

3]

S*ﬁ&l

(s-gl + 8y + 8g)/2
(B'l - 89 + &5)/2

2]

8 - 8p

]

8 - ag 2 (8 + 8y = 8g)/2

e ]

= /(s - 21)(s - ap)(s - a5)/s

c._® __ 8 &
Y T Zsin 4, 2 ein Ay~ 2 win by

A\ = ‘ﬁ&gﬁﬁ sin 4= %"3&‘1 sin A® %alag ain Ag
VAL

A = ri(s ~8y) =ri(s - ap) = e - 8g)
AR alﬁ.zag/éﬁ |

A 7sls - a)s - ag)le - 8g)

4Hrs = ay8p8g

i, b1 - (s - ap)(s ~ 85)
siﬁ—z- [ 8583

sin A2 = /(8 - ag)(s = a1)
Z 8381

g _[(s = 8))(s - %)
Slﬁ—z - &1&2
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13.

80

2 Bols

008 %é%: a(s - 82)
&.3&1 .

cos 23, 1/3(s - 23)

2 ﬁl&z

2 8 -8y
tan ﬁ_@_ = r

B - &2

14.
15.

18.

17.

18.

19,

20.

21.

mfﬁ:...fm
2 3‘&5

rrite? tTptrt = AE

rt 4 rtt it 4R~

1 1 1 1
r? + rit rlﬂ b r

AL
rtipttt 4 ptitpt 4 opirt? ::A..

e
1 1 1 1
ay’ * ag' +a_3’ 7
ey sin Ag = sy §in Ay

ez sin Ay = &y sin Ag

8y sin Ay z 8p sin By

8q cos Ay + ag 008 4g = 87

8y OB Ay + 8y 008 by = B9

a, cos Ag + ap CO8 4 = 8g

a, cos Ag = By 008 Agm (19.,3"3 - aga)/al
ag cos Ay - &1 008 43 :(asa - ng)/ﬁz

8.1 e 2] ﬁ.z i &2 oo -A-l ;’.’(llz - 9'22)/&5



22.

24‘. 5

25.

28.

27,

2{3"

@-E 3032 .ﬁg

3.32 m‘mg —A-g ® ﬂza - 2

&g coa? by - alg cos® Ag = &ga - &13

28y cos? Ay

1+aca1&1a

]

3«23 @%% 4&1 m&zlﬁ “ ﬁza

o5l = m1)
agas

l+ccaﬁzszm

1 + cos Ag

§

pob
t

et
§

ap(l +
ag(l +
al(l +
cos Ay
cos Ag

cos A5

2s sin

gin %-L—

cos }.1

cos Ag

coB .ﬁg

&3&1
8(s = a )
- mpag
_ 2(s = ap)(s - )
Bo83
_2(s - ag){e = ‘a}_)
T am
_2e - %y)(e - 3g)
o amp

u

|

cos Ag) + ag{l + cos Ag) = 28
cos Ay) + 8y(1 + oos Ay) = 28
cos Ap) + ag(l + cos k) =2
+ cos Ag 008 Ag = sin Ap 8in Ag
+ cos hg cos by = gin Ay sin Ay

+ cog Ay 008 by = gin Al sin Ay

%}— gin ﬁ_% gln ﬁ:i. = Rsin Ay sin Ag sin Ag
2 2

A r
sin%%siné’-:ﬁ
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é2

e

Bin 'ﬁl' em 2 gin i % iﬁ;ﬁf‘ﬁ

&0, gin &y 4+ Bin Ay + 8in Ay = *E“
, 1 2 8 by w2

5. “sin 4&1 + sin Ag + sin Ag = 27 @;

sm ﬁl ~ gin Ag + sin Ay = 222 R*‘?

' ﬁiﬂ.&l* pin ﬁg - 8in A = o ;aa

82, cos ﬁl*ﬁ%&gfﬁ@ﬁ&snl*%

v 8 1= obg A
85, ~008 Ay + 008 Ap + 008 Ag 5 v o = 1 & 28 L
v ; R g -8 8y
r B 1 = cog A
: B &8 ~ap ag
: r s 1*@03&5
c08 Ay + 008 Ag - ama}%#ﬁa*% = o

34. @y €08 Ay * By 005 Ap + Bg 008 Ag = LAY - w""l“a;ﬁ

5. mgeg 008 Ay + BgRy 008 Ap + ajap 008 Ag 3 (872 + 8p2 + 8g2)/2
38. vos Ag cos Aa + G808 A3 oos Al + 008 Al 008 Ay #

&3&5 L &.5&1 + ﬁlﬁg ”;1: .12
¢r® R

D 1,111,
R 8y 8y 83 R
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37, ay o8 Ay cos &y + By 00a AS eof Ay + Bg Q08 Ay 008 Ap = % ®

ajfghs
452
8“&3,3””‘34, svaas'swalt"%mw&l‘n'*%a

X
a 2 G.E "R ,&5 &1 ﬂ‘i a2

-1

8. 8y

sg. L .Y 1 L MRy, fem
s -2 s8-8 s-ag A slr

as 8 "
20, 2t 422,03 aﬂ%*l)
s = 8 g =ay B «fg r



CHAPTER VI

TABLES OF RESUL?S

TABLE I
SURMARY OF POINTS

Ko, Polnt : Coerdinetes

oo et T A Ao e/ B et s R i e oS - —

2 Ap 0, 1, 0O
3 Ag 0, 0, 1
4 B 61885, ﬂ-gga &33 -
B By agls syopag 8’ |
6 B, aaag a133 8,88,
7 By eay® ¢ 052 + 8.2, ajup, gy
8 Bal SUE alg - a32w+ mga, By
@ B! agale sgeys 81° # 8 = ag?
0 o e-sa)ecag) sosp s -ag
a1s 8n ag
1 DyELy 0 ap(s = ag), ag(s = ag)
12 Dy .-,%(a - 58), 0, w8y8
18 Dg ~ag(s = ag), eys, O
14 B sos, -(e-egde-m), s-ag
1 . BgB - ag

15 By 0, Ama(ﬂ - n1), age



Multiplier (k)

Vertices of fundamental
triangle (Fige 1)

Vertices of First
Brosard triengle (#ig,20)

Vertices of Secomnd
Brooard trisngle (Fig.20)

Cenfer of' G—-c_a;-J C. rrefa
Points analogous to
Gergonne point (Fig, §)

2 A/&l

2 A/&g

2 A/Ra

2 A fageg(a1® + ag? + ag?)
2 A/alas(alg 4+ aaz + a52)
2 A/ax.ag(ala 4 agg A ag‘g)
2 A/&l("'nlz + 2&32."0- 2&52)
2 0/ag(28;2 + 2,2 = ay?)
24 a/@z - ngag)

1/2R

1/2r

1/2R

2 A"Z(na » ﬂ‘aﬁl)

1/2R

€5
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TABLE T (oontinued)
ﬁwGQY QF POINTS

No. Point | Coordinates

17 Eg ape, ~8y{s = ﬂs)ﬁ 0
18 P s-t, s8-8y _(s-2)(s - ey
b | ag 88

19 Fy 0, sags, -agls = ey)

20 Fy agss; 0, =ay(s = 8g)

21 Fg8Llyg ag(s = 8y oy(s = ay), ©

22 ¢ %ﬁx%fﬁ“WEV‘ :

23 6y 0, ag(s = ag), na,(s =« aﬁ)
‘24 oy ag(s = ag)s 0, ayls = u,)
25 Gy ag(s = 85)s 0, 8y(s = 8y)

28 R  sec A3, =mes Ap, sec Ag

’27 Hy 0, ocos Ag, cos Az

2 Hp oo Ay, 0, oom Ay

29 Ea o08 Ay, @08 Ay, O

30 I 1, 1, 1

31 Iy 0, 1, 1

32 Ia 1, 0, 1

33 Iy 1, 1, 0

34 o “, 1, 1

35 1+ 1, <1, 1
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wwb Desoription Hultiplier (k)
1/eR

By 1/2r
P 25/(s2 = aynp)
Py 1/2R
Fy . I/EH
Failg 1/28
¢! Gergomne point (Figs 9) 202/(4R + r)
By 1/28
Gy 1/28
Gy o ym
H Orthosenter (Pigs 12) 2R c08 Ay cos Ay co8 Ay
By | | 2/

B 28 /ag
By 24 fuy
I Incenter (Figs 15) r
Iy | 20 /lag + ag)
Ip 24 flag + 8y)
Ig 25/(ay + ay)
11 Excenters (Figs 9) B

11l !



&8

TABLE I {conbinued)

- BIMMARY OF POINTS

ﬁaWﬂimtw

86 pilt 1, 1, «1

37 ot 0, -1, 1

LI A 1, 0, =1

39 1,111 2, 1, ©

40 J 008 Ay + 1 8in A,y @08 &) =~ 1 sin Ay, o1
41 J 0“‘2, a*'ml,, o

42 g1 cos Ap = 1 sln Ay, 008 Ay + 1 sim Ay, =1
43 P R NS T

44 X o1 8g &

48 Ky - 0, 85, 84

46 Ky a1, 0y ag

47 Ky 812 By, 0

2’ ®y

49 K1l 81, =g, By

48 1 “ay, &

50 g3l By, aa, , ,ma
82 Ky B 05 woy

53 K12 ), 85, O

B4 L H*&l‘ S*lg’ ﬂ"f&i
'“1 “‘3 ﬁs

BB Iy




Hultiplier (k)

- 69

A P M R L0 A IR0 At s

i

pild il

:tll | 24/(~ag + ag)
I‘,éi: 2a/(«ag + 8,)
151-11 20 f(=ay + 8y)
J Cireoular points et infinity

s

Pt

Ji

e Syrmedisn point (Figs 8) 24 /(832 + ag? 4 8g?)
Xy 2 A/(agz + aaz)
Kg 20/(83% + 85%)
Kg 28/(ey® + ag?)
¥l ;. tan Ay

gl 3 ten 4,

glil % tan &5

le 2 A/(-aﬂg + sgz)
Kmn 2 A/(-*az_z + alz)
PR 20 /ieay? + 8,2)
L Verbicenter (Fige 7) 2r

Iy 2a /al
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TABLE I (continmued)
SUMMARY OF POINTS

59 by 05 85, 8y
80 Ng ag, é, 8,
61 My 8gs 8y O
63 wil | %f’ ‘u%&-, %-g
” i 1 1 1

E{ ¥ ;E‘v ‘g;

65 uy 0, -ag, By

88 TR a5 O =8y

&7 %3111 By, By, O

a8 w 8g cos Ap + As cos 53‘ Bz co8 Ag + a3 cos Ay .

“1 &2 |

8, oos A.1 ] a& nqa Ag
| %3

69 " cos (Ag = Ag)y com (Ag = Ay), cos (4 = 4g)

70 0 vos Ay, oo8 Ag, cos Ag

71 p P1» Pgs Pz

78 q Qs G20 9



7

Deseription

yill

s 111
ifﬁs

1
#

Medien point (Figs 6)

Nine point center (Figs 12)

Ciroumeenter (Fige 12)
Given point (Fig 2)

Given point

24

24

/2

=2

R
R
20 /(agpy + agpg + 8gPs)
20 /(nyqy + aglpt qg)



T2

76

78

79

PABLE I (conbinued)
SUMMARY OF POINTS

. |

Coordinaten

ag L 8ge g + 81y B3 + 82
‘ 5 + 8 1 4+ @&
&%*ﬁs’ w*aﬁ;ﬂ az‘ 2

ey : - .ﬁa . kg

1 4 008 Ay = 008 Ap ~ co8 Ag ,
1~ cos Ay 4 co8 Ay = 008 Ay,
1 = cos Ay - cos Ay + cOB A,&

Ag
“g F

aing,;%_w afinz_g;%-i. sngﬁ’

in? Bl o a1n2 A2 2 Ag
#in' 4+ 8in® _2 ~ gin® 3
; T 7T )

«ainai‘}_#n&na%g + sin®

-uai : ‘ 9“2 .l 9‘3

- + AL U
ﬂ‘ﬂl &n&a ﬁuaa

8y i e, 8

3"“1 ﬁ“ﬂg*ﬁua‘a

2

i S T
a8 m ﬂl 8 =« aa 8 = aa

R L e



Point Desoription Multiplier
R 8 /(agag + agsy + nysg)
5 Speiker center (Figs 18)  ¥/3
T Negel point (Figs 9) 2R
vy R
‘l' pA
T /2
o “b

8



4

TABLE I (oontinuwed)




2

o8N

Isogomal conjugate of X

Tsotomlo conjugate of X o

Brocard points (m,' 19)

2 A/(“lxi * aﬁxx * ‘8‘%)

18

8y
2A/(-—--+--«i--§;)

2

grnn?/ (o.agaza + aaaala + “‘XR .ﬂﬂ)

8r 0 2/(sptag" + agPe)® + 8Pt



&

10
11
12
13

14

18

16

17

18

, alzmz - BgagEL3 O

8g¥p = agxg 3 0

tpxp 4 Agxg = 0

Bgxp « agxg ¥ 0

agXg + RgXg B ¢

ap(s = aglxy = ag(s = ag)x, = 0
Xy GOB Ay = Xy 008 Aa =0

gg(s = ag)xp ~ ag(s -~ ag)xz 2 0

az(s - ﬂz)*ﬁa - a38xy3 2 0

B 8%, + ug(fs - aﬁ)xg =0

BgBaXg = algxg.: 4]

(@‘fg& - ﬂga)ﬁil + ayagx, - By8gX,y =0

(&a b &a)(a ] &1)."&1 X 2 32<5 - ﬂg)xa - &‘3(8 - as)xaﬂﬂ

~xy (L+oos Ay) + xp(l+oos Ap) + xz{l4aos Ag) S O



.ﬁ..l.n

{ }%?1

16y

Gl

Broonrd rays
(Fig; 1@)

0y Bgy why

'%"—;‘fu‘%# wly, el

5«5 - By 1, a

WQ

bk
o g Oy
nzﬁ§¢$

By » Bgy By
m ¢ Bgy Hg
b L, St

wl, oos Ag, ovB iy

ﬁ%ﬁa' “3(‘d . %}’ %{‘ - ‘3}

aghg(s = 8g)y ~agey(eg + 81) 8y8g8
agngls = Bigls 8y8580 eayngley + og)
O L

a,aaﬁ + syfag, 8yngty ”‘13

»1, ooB by, o008 Ag

wly 008 Agy 008 hy
~By + 8

“l g 1s -l



22

23

24
28

- 26

27
28

78

Halig
PoPy

1, 11p 111
Py"Py Py

PoPyPe

"'31 ¢os

TABLE IT (eontimued)

SUMMARY OF LINES

T S e 1 <4 = oo

AI ““‘g aoB Ag +x3 aam{;&z & 0
axi-rxa‘bxaa@

x
n}.q-f.*i.+ﬁ 20
a] &g 83

~a&a3x1 + a:ﬁﬁlxﬁ 4 alazxa -3¢

wey(8 = 8p)(8 = nglm + eg(e = az)(s = ny)xy
+ag(s - 8y)(e = aa)xﬁ =0
“ﬂlﬁl + ﬂaxa oo &sxﬁ = 0

PgPgXy + PgPy¥p + PyPp¥y ¥ 0

(agpg + agpg)xy + (8gpy + aypglxy +{aypg + 8Py 5% 0

(pg + py 008 Ag)(pg + py 008 By )zy
+ (g5 + py oo8 A,)(py + py cos Ag)x,

- {pg + py oos %)(Fl + Py 008 Aa)xs z0




Line ' Desoription Tdoa) Point

aol © By
Hply b S B e o %
a3 | “Ry + Rge By + 8y 0 " Cg
5y lxgtlnglll  Lemoine axis oy (ag? » 0p2), agleng® + 892),
' {Pige 8) '
sy(sg?  0?)
Kgky | aylng? = 4P oyleg” + ')
fy = @ ™
ﬁaﬁﬁ 0, ﬁg"lﬂ *"1"3
PaPy 80,0y " 8gPyPye “0gPyPgt 11yl

SPPg™ 8 PPy

1, 11 111 Trilinesr pole (oupe = 6ab)s PylsPy = 810y
Py Pp ¥ Trilinear poler P Pyle PglBsPy 8,9
178 78 of P» (??i.g- ﬁ) L .ﬁ?ﬁ &3

pyleypy = ogp)

Poler of P with raspee’
#0 olreumeirele

P opP Simpon line of P

a'be {¥ige 11)

e
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eARLE II (ocombinued)

SULMARY OF LINES

iV AR ST o s a R a R

29 aos Al(agg - %2);:1 - 008 Az(aa? - alg)xg
4+ 008 Ag(ay? = 8,7 )xy 3 0
ﬂ. 2 gg.ga ﬁg"‘ﬂa r
80 KO 8" = 8g 8 T ™ 1 "2 |
e o xg + - %y 8 0
3 | 107 xl(cem A.g - 008 Aa} + xz(aas Ag = cos a.l)
+ xg(@oa Ay « cos ﬁ;g) 20

8%  RIX xl(az - ﬁa) + ngaﬁ - “1) + xs(al - az} 0



81

Line '

Desoription Idea) Point
HNMO Euler line (Figs 12) aﬁ + 333 008 Ay + %5 oos Ag ,
‘ uf’ cos Aa - %5 + “33 cos "1 »
813 cos Ay + 8,5 con Ay « 8P
¥CO Brooard &iammar ‘5‘(“1 a08 A5 = By 008 51) =8y
(rige 10) )
(8g cos Ay = 8y oos Az,
wag(ag cos Ag = ag 008 Ag + 8
(ag cos Ay = 8y cos Agy
ag(ag ooz 4y = 8y 08 Ag) = &y
(ay cos Ag = ag 008 Ay)
107
LSMI (Fige 7) (26/a7) = 1, (28/mg) = 1, 28/ag) = 1
RIX

-nglag = 8y) + aglag = 8p)s
sag(-ap + ag) ~81(a; = &)y
ug(-sy +ng) + 21(ag = o))



10

8%

Any oirele

Girewncirele (Fig, 12)

Inseribed airele (Fige 9)

Brsirele (11) (Pige 9)

Exoirele (111) (Fig. 9)

Bxoirele (131)  (Pig. 9)

Ninespoint oirele (Fige 12)

Polar oirele (Pige 13)
Giroles of Apolienius (Fige 14)

: 11
(ag1,1y )



10

8)%gXy + BgXgxy 4 agmyxg + (8yX) + Bpxg + agxy)
(myxy + mgxg + ngxg) 2 0

8)XoXg + BaXgXy + 8gXyXp % 0

nlazaa(nlxg;g + Bpxgxy + agxyxd @ (ayx) + sgxp + agxg)
(al(a - “1)3"1 + %(a - &3)2:&3 + ‘a(“ - aa)axQ 20

ayaghg(ayTyR + 8,5 + agxyxy) = (2% + 8gxy + ag%y)
(alule + 8,(s = ns)zzz +ug(n ~ uz)axs) 0

ajageg(syxgxy + agxgry + 8yxy%g) = (a1%) + 8g%y + ag¥y)
(al(a - 33)3‘1 + 8y82x, + ag(s = "1”"‘5) z0

"1"2“5(“1"215 + ByXgXy + ‘5"1"8) - (Byxy + apxp + naxa)

(al(s - ag)axl + 8p(s = al)gxg + ny%) 20

a] cos Aj xlz 4 ug cos Ap xgg + Bg 008 Ag ﬁgﬂ
- (ayxpxg + 85%g%; *+ 8ghy¥y) = O

8y 008 Ay xla + 8, 008 Ay xzz + 8y 008 Ag xﬁ 20

xga - xaz - 2 008 Ay Xgxy + 2 008 Ag X1Xp 20

zga - xlz » 2 cos Ag Xy%p + 2 oon Ay Xgxg T 0



64

1

13

14

1%
18
ir7

18

19

i

Cireles through twoe vertices and two equicsuters

(rige 18)
(agtagr?)
(agiay 13
(ay1851110)
Gireles through two execenters snd the twe wvertioces
not eollner with them (Pigs 15)
egaxx11111@§) .
(ag3ln1llyy)
(ay3211lay)
Pired lLemoine oivele {Fig. 16)

Second lemeime eirele (Cesine cirele) (Pige 17)




iz

13

14

18

is

17

18

19

X% » 2p% o 2 008 Ay 3puz 4 2 008 Ay xgxy T O

B XyXy + BgXeXy 4+ ByXiXp = Xy (8)%) + ByXy + ayxg) 3 O
83XgXg + BpXyX) + BeXyXp = Xp(ayxy + apxy + agxg) 2 0

ﬂiﬁsﬂs + Bgﬁzﬁﬁl . aaﬁlxz o ks(alxl 4 ﬁﬁxg"‘f‘ B;gxs) 2 0

8yXpXg + BpXgXy + BgXyXg + zq(myxy + agxy + ‘5’33 20
‘ay¥pXy + Bpxzx) + ByxyNy + XpleyXy + BaXy + GgXy) = O
myxpXy + Byxg%y + 8g¥yp * Xplay¥) + ap¥p b ay¥y) 20
(1% + mg? 4 0g®)® (ayxgng + myxgmy + mgxyxp) 3
~(ay%; + agxy + Byxy) (mgag(uaz + agz)xl
- agny(as2 + 82)xy » 8y8p(eg® + @23)::5‘)
(% + 8g% + 052)% (ay3gxy + mgxgmy + agryxp) =
Alayx; + ag=y + agrg)leg eg? oos &) wy¥

ag%e12 com Ay xp + ag®ag® cos Ag xg)

86



és

PABLE 111 (combinued)
SUMMARY OF CIRCLES

20 Spieker cirele (Pig. 18)

21 Brosard eirele (Pig. 20)



0 nl'ﬁas(‘l"ﬁ‘a +oyxgm 0 T) " Hagey + g%  ogxg)?

& w - ”‘1)“’ - ua)(a - “5”‘"1‘1 + g%y 4+ “5”‘3)
ey 4 )-v 0
" uual 1+n-m3 snaazﬁ
B (e e eg? 4 agD)(anngs + egxym ¥ agn) 3

(ay%y + 8y%p + ag%y) (agagxy + 8geyxy + dyagxg)

u?



BIBLIOGRAPHY

A14shiller-Court, Nathan, College Geometry., Richmond: Johnson Pub=
1ishing Company, 1925 264 ppe

A seeond oourse in planme geometry on the college level with specisl
emphasis on the geometry of the triangle.

" grensbein, Williem C., Introduction o Higher Gsomebry. Tew Yorks
The Maemillan Company, 1950, 486 pp%'a‘ﬁ"‘" SemenXs
An enalyticel treetment of projective geometrys.

Johnson, Roger A., Modern Geometry. DBostons Houghton Mirflin Compeny,
1929, 312 ppe
An exoellent trestment of plene geometry with speoial
the geometry of the triangle.

Scott, Charlotte A., Modern Analytioal Geometry. New York: G.
and Coey 1924, 288 ppe

emphasis on

Ee Stechers

An malyhiml goometry with some attention given to trilinear ao=~

ordinates. ‘
Smith, Charles, Conic Sections. Londons Macmillen and Co., 1927.

trestment of the geometry of conics with

An excellent amalytical
trilinear coordinstes.

\ some attention given %o

Winger, Re 'm.., Projective Gaametrys Bostont De Os

1023. 445 Ppe ,

]
A treatment of projective
projective soordinates.

Heath snd Compeny,

geametry with special attention given %o

1% 247



