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IlltROOOOflON 

The paet d&•ade ha.e witnessed a revival of interest in the geo:m.&t:ry 

t)t the triugle. In the United States int•rest i:n thi1 field has spre&.d 

phanomecnally I opeially since the app,earanoe or the pioneering f!Ol~e'e G&om• 

~ttzl by lia.tluul Altah111•r•Oourt in 19!5. and at the pres$n,t tble oours$8 in 

<lOllegs geometry are generally av•ile.bl• in our eolleges and u:niversitier::h 

Now the w:rker in this field M.s at ~d a oonsi.d&!'able body of iaports.nt 

materia~ in such books aa Johnaon t s Modern. Geomttt.!l:! or Horaly• e Inversive 

G~tQJnetrx and in our math--.tieal jo~ls .• 3 

Thfl· potsibili ties for •chievs~t in this field of geometry t~eem t& 

be limitless. Few 'branohee of me.thcatiea ~rd. •~ radily and bountifUlly 

the sM.rchsr after nmJr truth•· It is th• ~pose of this thesis to pr·ovid$ 

a •-.na for ma.ldn$ more aecHe1ble sorae of the· material whioh gives prma1euee 

. ot n• ·and. interNting relationa. 

fh.e methods ot mo·dem pur• g~·try are b.-.utiful in th~elves .. and 

it i$ with a h.ei'ba.nt hand th&.t the writer darts profan.e them with analytical 

dev4(te>m;, But it must be r.eog:nit.d t:btl.t wen lih;ttJ; the g$Qiiteter has pert"$0ted 

hia t•chniq;u$1 and built up a unified struotu.r•" which includes suoh oonfig...,. 

1 lfathan .A.l:tshiller•Court .- Ooll•&~ Geomet,~;£ (Riemond t Johnson Pub· 
lishin.g Omn~y. 1915)-

2 RE>&er J... Johnson .. Jriiodem Geomet!:l (Bostons ttoughton JU..ftlin Com
pa.ny ~ l91HJ) .. 

3 Of •sp~ial value in this o·onn•~ti·G't& i1 .. rie·M l!a.thematioal 
Monthly$ whieh otf.era rich suggestions no~ DDly in apeeial e.rtiGles dealing 
with pu:re g·eometl")"' but in the department ot Pf'o'bl_, and Solutions.· 



un.tioaa u th~,ae Gt L_.btre4 &tW Bro~_..i -. eailitive an<l coaplete grasp 

ot ~etrie t.ols tuld u aet!T• haag:bta'tion give na a.11s~oe that simple 

prop•rt1H ot eouurr•••· and. ooll.inari ty or pa.rallel1$tn. Will not be me sed. 

It is ~e ~t ot thi$ thnis to pr-eaent an an&l::rtieal foundatitnl 

to:r tae ~tw17 ot ~ s;._.tl'J o.t ilbt tri.agl•, It .isr hoped that thG~ ealyt

ioal fraa:naFk ~ie4 •••• Pi er~r~a!EK\ h th• final ohapte~" ·will prove 

valuable in :rro'bing utua:plerefil r•gione or in extending those r•giorna whioh 

have betJm. explored. 

ideas are etm!Ulat1ve: that is, the g~etrio atrueture is built up or in.ter

lO·t:lki:ng and int•rr•lated pi•oes, and the geomet:ric tool beoemea progreasiTel,

aore intr!eat$.- fhis ia lets true in alg~raie .gecaetey... Wh.n thG $quation 

o!' a line hat befl«l found, the •t•pa leadiq to its derivati® can generally 

b$ ignored without apairing th41 et£eotivenes:S of its Ul&• One o~ immeeliatoly . 

and autamati~lly •eleet th• point ot .nioh a given line is the trilinear 

polar.s or po'ltibly indiqte a numb•:r of pointe 'Whioh lie upon the line. 

Iso,o:r.ull17 or iaotaf4ie8 conjugates ·can be paired without provious recognition 

ot their rEJlaticnship. When a point ia: dfi!tfined by ita ooord!na.tes it ia 

frequently a si•ple matter to idftntify othel"' po~nts with 'Whioh it ia collinear, 

4 er. - ~~ P• 

5 !'bid.~ p., -
6 Ibid.~:~ P• 
1 Ibid., - P~t 

8 Ibid-.,. - P• 



..-e th"Ough the ,._..trie eorm•tion be l!l!Ot rwea.led. Indeed, it has be•n 

a t•pte:bion to SG b$JObd the soope of thil th•sis e.x.t. algeb.raie forme have 

~~~·s~tMl idt.eas Which ee,..O. a.. 

lt i& 'tho.pt that tl\e $1~ebftiC rGpr$8Ct&tions of' pointe and lin~UJ 

~ eirel•• given 1a thi• thuie will :provi<le a useful and -.doquattt founda• 

'tie ttJr O.OJJidera.bl• further s'iudy ot the geaetey ot th& tria:ncle. 



In an a.lgebt'&1o treatmet Ql geomS'trio properties the ohoioe of a suit

able coor4ina.te qetem. 11 ot the ut..oet btportane.e. 'then p·roj•tive prop• 

··riies only are ~lT$d, as in ~eatiGna. haV'ing to do with the oollinearity 

ot JOin-be •il" 'bhe oooeu.rra.ee of liDM, g.meru pJ"O j··•tive eoordi:aa teel would 

be most auitable. In thia study, ~.r, l'fbere many mtltri~ relation~J ·are 

giv·en prQminent attention 1 it I!He8:s that a more :r$str-ict~ s~ste WQuld be 

'the li:Get uteful. The vit•r .ha$ et,oaen trilinear ooordinates! as th• 

aim..plest a.-.ns ot provid~ng an alge'bt"aic. t.r~-.~$tlt ot the geom.etry of the 

triantl•• Th$ •••en.ti.e.l teatu:res ot this •y•tem ar• presen:t6d :here in order 

to avoid a 0~i.n et te~ <i>r ot iapli•tiona. 

Let ..a1 .. A2 ., As be the points ttlt interse$ti.on e.f t,h~ee nonconeur-rent 

refer•nce lin•ih !he triugle A1A.~1 1 .. # HJ.le& th:e 1'\tn-aental triangle-

The leng~hs •t the aides A:gA3, .AaJ.l• A1A:e are denoted by a1 ~ a~,. a3 r•ll!lp&c ... 

ti vely. Let the di:t-Mte4 :;o:rpen41e•lar 4lc&'Wme•t of aD.Y point X from tlu~ 

aidee A.~i, As-Al• A1A2 'b6 • 1 , lllg 1 SS respectively, then x1 , x!,. :x3 , or 

:n:um.ber.s p,roportional to them;~ ar• oallee the trilinear ooordinat$s of the 

point :X ref•rred to the tria:ngl,e J..1A~3 ~ T'h••• eoordinat~EJ; xl x2$ x3 ., e.re 

· oousider·ed posi tiv~ when th• perp-.dioule.rs are in the S&m$ direot1on as ·th$ 

psrpandioulara from the sides to th• oppoaite angular points of the triangle 

1 R. Winge:r, Projactiv• GeQlaet;ti: (Boston: D. c. R•th s.nd 001npany1 

1923) p p. 79. 

2 Charles Smith, Conic Sections (Londont Macmillan and Company, 1927} 1 

p .. 341!1 



... 

The three distanees x1, x2, %5 are conn.e<lted by the relati.on 

al:xt + a2x2 + '4 3Xs · ~ 28 • 

5 

11ID•re 8 is the ar• of th• triengl$ .!1""". It k ia a. common wltipli•:r of 

the o(;)ordinatos, x1., x2* x3 , suoh that a 1 , a 2, kxs~ aro the actual dis

tances of the point X frea the sidn ot i;;;b& triangle ot ~etf$rence, tbe:o. 

k(a1x1 + a2x2 + a3x3 ) : 261 or k • . · .. · .... · ~~ . • 
. , al~l + a~xa + asxs 

Th• •·oerciinatea ot the verlie••~ A1, At, A.5, are t~rviden:tly (1, o, o), 

(o., 1, 0) and (o., 0,. 1). Ths equations ot ths &ides, A2.A5 , A3A1 ,. A1A2 are 

Xl :: 0, x2 :: 0, X3 • 0. fhe equation m.:J..Xl .of- :tneX2 ..P m.zxz : 0 :represents 8. 

straight line. It& in1;eree()tions with the sides of the tria.ngl• are 

(0, :m3 , .... :n12), (~3 , o, m1 ), (mz• -m1, 0), and.the equation of the line a:b 

infinity, or ideal line, ia a1x1 + a2x~ + a5X3 • O. 

The equation e£ a atraigJ!'l.t line 111hioh paauJfi!IS through 't'wo given points, 

Xt, l.' • 
' 

is 

xl Xg xs = o .. 

xl' x2' :xa.' 

lll t t xa'' t xs•' 



line ia 

xlt xa• x3~ # o. 

xl' t 22 t , xz' 1 

Xl t t t xet 'f xzs' J' 

The ~i tion that thr•u~ srtr1.d .. ght li1uu~,. l, m~ :m... m•et in a poiut is 

tba:t th• ••tenunant o:t their &lsoeiated e.Ge:ft1eients 1$ equal to z.erch 'fhe 

equatione ot th• lines are~ 

· 1: 11x1 + 12x2 • 15~1 • o,. 

DU ~Xl + nt2Xa + ntz}lts # 0$ 

nt nl2:l + n!x2 + naxa # o. 

Th• O(ltwii tioa :for th$1r eoneur:roney is 

11 12 ls • 0~ 
.1 m2 -~ 
nl :ne- ns 

Two lixuts, •~ n, are pa.nllel it thsir point of intersecti-on is a 

point at infinity, that is 41 the lin&s m, n intersect on th$ id$:al line<~ The 

eondition tor this it 

al az 8.3 

:ml m2 
I 
m,; 

nl na n;; 

Th• ideal point eu a line is the point 'liih.osl$ eoord.ine.ttJiis satisfy the 

equation or that line and tho ideal line. Let th• equation of the given line 

be m1x1 + ~x2 + m3~3 : o. 
The i4ee.l point on this line i.s 

,,.,· 



7 

teneml ..-id:.tlitn. of a circle$ is a1x~rx3 + a2xsx1 + azx1x2 + 

{a1x1 + azx2 + aa:xz)(mt:tl + •2x2 + BJXI) ::: O. Thet equation of the eiroum.

oirale 1a al:lt~JX3 + l.f!X$Xl + a3x1x2 a OJ' the equatiott of the ideal line is 

a1x1 + aa:x2 + a3x5 = 10J and the ttqua.tion of the radical axil of the oiroum

ci:rcle and any .oircle l$ lnlXJ. + m.gxz: + :ra~x~ • 0 .. 

The ocm.ter et th• geent.l oirole ia fo~d by solving thi$ equations 

• ..1 •• 2 ••51 ··~ 

F1 = 2arm1x1 * (a1m2 • ap1 + •s)x2 • (afms +: a2 + '"Pt)x3, 

72 = (8.1!12 + aa•l + as)xl * 2Aamz:xz + (al .. ·~~3 + aam2 )xs ~ 

Fs • (alms + 4 2 + apl)xl • <•1 + ~s + ap2)~2 + 2a~:sxs· 

!hese equations are jW!;titied in a later paragraph. 

All eireles pass throuth the t-wo eiroular point1 .at intinityjl Jw J'. 

fheee -..y b• teund by &olv1ng eimultaneoutly th$ eqllatiou of the ideal line 

od tany cirele. n~ting l£1, 

a!'-3:x22 + (...,12 + a1z ., a.3&).xg!l:s + a2a~x1i ;: 0 1 

or x.22 + 2 oo~ A1~x3 * ~32 = 0 .. 
. ' I 

Then x2 ~ x1 = ... '(oos .&1 ± i sin At) t l It 

S i111ila.rl;,y, el indnati:ng x2 , 

x1 :x5 :•(goa Az± 1 sin Aa) t 1. 

In order that the equa:t;ionJ ef th• ideal line be tatisfie.d it is neeeeeary 

to tuse opposite signa with th• eo•ffici.ents ot i. the coordinates of the 

eireular pointa & t infinity are then 

J • {eoa A2 + i sin A2, 001 A1- :i sin .!1, •1),~~ 

J' 1 (oo.s A2 .. i sin A2, oos A1 + 1 sin A1 , -1). 

3 Charlotte Angaa Soott, :Modern J;nali::!?ioa~ Geom.et;,y; (New York; G .. E. 
steeh6rt and co. • 1924), P• 116.. · 



!b:•s• -.y aleO< be '11r1 t'heu 

J t (eUa , e•U.l, .... 1), 

( iA ... iA ) J t t .- • 2 R ft l - .... 1 ~ 



OlfAPTEli I I I 

POD~TS AND LINES A.SSO.QIATED WITH A GIVEN POINT 

In th& •tudy ot th• properties of a triangle oertain point and line 

oontiburationa preaent thantu.tlv~.;ae in auoh an eleental mann$r that e. Bepe.n.te 

ana.lytieal trea.tlnent is advisable. The nececud:ty of a ooneiatent and oon• 

veni$nt s•t ot :notations is imm.ed.iately app&r&:n't .. 

P2, P3) be u.y PQint. Denote the pro jeationa ot 1? upon 

the aid•• ot tho triangle t:-ont the opposite v•rtiu•• by P1 s P2, P3 ~ Their 

coordinates are evid~tly (o, P2~ Ps)J! (p1 , 0" P3), (pl, Pa, O)~ 

The :equation$ of th$ raya through. P 5»4 the T$rtioes are 

A1P; ~2 • P2XS : O, 

AzP~ PlX,! • P3~~ : o. 

AaPa P!lL1 • PlX2 :: 0 .. 

fhe line P2P3 •••ts th• 

harmonic conjugate 

lar ly _. the line PsPJ. uu,eta the sid• A$!1 in the point P2 t ' ( -.pl, 0, P3) , the 

hamonie eonjugate of P2 l"'$lative to th• vert1ees A3 an.d .A1J a:nd P1:?2 meets 
! 

aide A1Aa in tho point Ps' • 1 (p1 *-PJ;tO), the harm."lnio oanjugate o£ P3 

relative to A1 and A2· 

The three poi:nts P1' ,P2'' ,P3*'' are collil:H~tar. Th& line of th$S8 

poi.nts is aalled the trilinear polaxlor P. Its equation is 

P2P3X1 • P3P1Xz + P1PaX3 : 0 • 

The lines A1P1 • ,A2P2 • t ,A3P3t t' are r•speotiv·ely the hamonio conjuga:ttus 

1 l\!athan Altl!fhillflr•Court, Colleie Geomet!J{ (Richmondr Jolu1son Pub
lishing Oorapany, 1925), p, 220. 
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FIGURE 2 

.POINTS J..SSOCUT.ED WITH A G !VEN' POII'T 



ll 

are 

.. , PPm+ pzas = o,. 

AaP2l'; PJ.X$ + Pssl * o. 

A~Pz •', • PJXl + Pl.XJ = o .. 

The lieu A1 P, A.aPz • ~ ~ As!s • • t are· oonwnent in a point · 
• I' ' 

( ~Pl • PI)~ 'Wili•b. i; the ~ni• $(1)Ujup.te of P r•lative. to 1t1 and P1" 

Similarly 

b&rmonio oonjupt• of P r\tl&tive to Aa and P2& .and A1P1 ' 11 A2P1'', A3P arE~~ 

concurrent in a ~int P•' t (P]. ,p2 t•p1 )., the harmonic eonjugate of P relative 

to A3 and P8 • 

t~le :U.vb.g the vertio•s Al.11 A2, Aa ot the refer•et trian,gle as 

diagonal point a. 2 

In the ~~ of the resultt ot this thesis. several of the impor""" 

tant pointa are aec01apanied by the thrE:le aeurooiated points of th$ q;Wfil!d• 

The use ot s:ubaor1pta and pran indicated h•r• will be ua$d gen

erally throupout this study with only a ffl'll e:;Jtoept:tona. The principal 

exception• are the use .of A1,A.2,A3 for the vertiees ot the fundamental tri

angleJ Bl.-!2~~'1$,11' ,B2' ,.Bs'· u the vertioes of' two trie.nglEts to be intro-. 

d.ueed laterJ J ~~ J' for the circular points a.t inf*in1:tyJ and po.ssibly 

P._,~~P0 will be used to designate th~J~t feet of the perpendioulars 

from P upon the sides of the triangle. Th•ir coord:i:1l.ates e.r" 

Pat (Op pz +·'pl eos A3 , p3 + P]. oos J..a) ~ 



(pt • P2 oos J.~s.. o_. PS + P:e eoa Al), 

(pl + I's oos .ll.r: ift .P Pa cos Al• O)~ 

12 

!he ~1 trgle ~ o.irele., It •• pointed out in an earli•r part 

tha-t thtt pedal points P1.,P1;, P3 -..re th• p:r,ojeotions of the 

P(pt.pz,p3} upon the sides Az.A~~~ Asll> .&1.A2 ot the tr-iangle of rer. 

•~''•••• fhe p-.u triangle et P is heF'fl d•finM as th,. tlriaugle havtng the 

•PaPJ~l ~ PsP1-a + P1P2~ = o, 

P2P~~ .... P3P1, + P1Pr3 =: Oil 

P2P3X1 + PsP1%2 • P1P2X3 = Ow 

!he p&tal oircle is thfti ci:role 'Which p&a&aUhS through P1~P2,P~· Sub-. 

stituting the eoordina:hes of P1 ,P2,P3 in the gm:utral equation ot a oirele 

tellowing r•lati~ are obtained 

PFI ·~ PPs ;:~ •tPI · .. ·asPs ' 

aatiPl. 
PI•l • P~s=•._lPl ···aspz* 

azPtP2 

# . . a1P2P1 e.aPaPl as'PJ.Pa . 
pt(aapa + "IPz) • Par'-31?3 + 611Pl' - Ps(alpl • 112P!} 1! 

+ 

Trilinear polar. .Es.rlie:r in thia eb.apter the trilinear polar ot P 

wa.s defined to be i;#he line .P1'P2' 1 P,s• ''.. J:ts equa.tion is 
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Pol~ l'd'tb. rt;~~RJ?H)t E oiroumo1rol-.. . Th• equation of the eirou.me1role 

is a 1x1x,s + a2x3x1 + a 3xfx2 ;: o. In this ease 

Fl =:: &2P3 + ~Pa 

Ft = a3pl + alp$ 

11 = alp! • a2pl 

and the eqU&tion ot th• pcla.r at P · if 

{aaPa + aip!)xl • {aSpl + a.lpS)~a + (alp! + *2pt)x3 = 0• 

Polar with retJ!!Ot ~ ~ 1ene~l oirole. The· general equation ot a. 

circle i3 

AlX2X5 -t aax3Xl"'* ai~!X2 + {alxl """ l.ftlt2 + AIX.J)(mlXl .. li2X2 + maxs) :. o. 

D•:not* by F11 F2,F3 the -nduaa et th• panial derivatiV9$ of' the left xnember 

with re&Il•et ~o Xl;X~$:qJ at th,e point P{Pl•P2,p3) • 
' 

F1 ;; 2&l•1Pl • <•1~ • •a-1 ·~ a,)Pa ""' <•1ms ... ae ... ·~l)Pz-

Fs • (a.1m2 + a~::. + t.t)Pl ..,. kaa,aP! ,.. (al + aps + asll12)P!.t 

F3 llll (a1m3 + a.2 + a~1)p1 .,. (al - a2m~ ... asmaJ}P2 • 2a3m3P3• 

r1x1 ~ F2x2 ~ Fax3 ~ o~ 
!he oenter ot a oirole ia the point wh.ose polar ie the ideal line. 



I4•n.tifying the $Q:ut.tion of the pol•r of p with the equation 

a1x1 + a2:x2 + a.3x3 = 0# it ta found that P it the ceater ot the td.rel• it 

the $quations 

F1~Fgd~'3 : a1 u .. ,2.a3 

ar,e satie,fid., 

With regard -to the bia,~ttlr ot the ~l•., 

14 

The equation• ot the lines through the v•rticf'JJs A1 ,At,As of th• tri• 

angle of rU'$r"tltiQ$ L"1d any point P(pl ,p2~p~) &:te 

P$Xz pgx;$ :: 0 i 

PsXl • Pl"3 :: 0, 

,.,· Pl~2 = o. 

Then th.G equs.tiont ot the iaogonal eon.jusatea of the rays A1P,.. A!P, 

PI~ • Psx3 :: 0$ 

p1x3 .. p1~ ';: o. 

P1X1 - P2X2 = 0• I 
! 

It is appare1t that tht1:se three isogon~lly conjupt.te rays are concur• 

rent in a point Q(..l.... -L, .l..). !his po.int Q is ~lled the is~ogonal oon ... 
P1 Pa Ps , 

jugate of P (Fig. 3). OCoall:l.01!14lly P(pt,Pa,Ps) im.d Q(i;, /;• j;> are 

referred to u :lnv•rue point.s with r-espnt to the trianglth 

I Roger A. JohnaHln. Mod.•rn ~·om~&. (Bottoru ftou.,&}tton com-
pany,. 1929) 1 p~ 153. 

l ... 



,IN'I!Yii:~ not a. t~11l• ot a att\ll.l otJft• 

oonjupte polnt$t are 11 

a tbe .~.~···~~r..u .. l•.i th• a« Aa' w111 

the laoc••l 4UW • 
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eMeidering directed se~ts on the •idea, AEPl = Q1A3- A3P2 = QaAl, 

·A1Pz = Q*., Then divides the direct-a. side A$~ in the same ratio in 

whioh divides A~aJ or tho ratios in wb.lah P1 •nd Q1 4ivide the side 

AzAs :reaiprooalih 'fhe coo:rd:L"I'l&tes ot P1 are (0, P!.~ p3).. Th•ref'ore 

;: pz oso Aa: P2 osc A3 :: !!:~ c 0.SP3 Ult!P2 ~ and A2't1 'QlAS e.z a, 
.. The .oordinate:s of Ql are 

or (p, flaP.!~ a12p2) .-

the ooo:rdi:aat•• ot Q2 and Q.s are 

(as2p3~ o~ al2Pl) 

;1J;Dd (a!!P2~ al!Pl., 0) .. 

It ia evident that th• rays A1Q1$ At·Q!, A,JQs ar$ eoneurrent in the 

!he Q is oe.lled the isot-.il) O·Onjug.ate of p,. 4 

The only iaot®l1cally ael£-ocnjUgilte points are th• f()ur points 

4 Ibid •• P• 157. -



CBAPTE:a IT 

SPECIAL GROUPS OF POIN!! tiDS AID CIRCUS 

ft!1a 1Utet1n deals wS:hh stV&:tal po!.n'ta; lhl•u•• and cd.rolee ot especial 

!nisttr$8't in eomteatioll wl'th the IW4)" ot tbt trlan.gle. Gemlil&tr1o propertiea 

involviac these points are well knnn, end are cen,erally ei'bhe:r derived or 

•\\111•••4 u •• or m0re ~t th• bet1tex- blown werk• 1a this field. As was 

I!UllliEitfbed it"t the Uttref.htotion,t the ta.nalytia method it DOt always superior to 

the purely gtoaetrie method 111 efteat1 wn~SHte • 'b\lt 1 t is 'bhou&ht that even in 

tlut •••• et theaup points whoa.e eo<u'd:l.••t•• aYe not e~easihle with all the 

eom.pa<ttneaa withad rcr, the teras Qt thea,• expreasienf -.y still augt;est 

filrther properties. 

fb.e 1aeentejr ~ exaentQrs. (.&.C.•8ftJ••l8t ).l Si:noe the incerrber is · 

•quidistant from the sides of the retere»te t~tiuglt lts ooo:rdinate• are 

{1. 1; 1). !he el!Qdti8Jt• I', .I • •, :1 1 
• •· aJ!'• llknis• •qu.idiatant f'r• the sides 

ot th• t'tt«rt'euoe tr1a:acl•• .-n4 have ooo:t-d1aat.ee ( ... 1,. 1, 1}.(1,•1.1).(1;1*·1). 

Me.(i.tll· eeta't $- •m•(la~ I~!!'•· (A.O.•i9J ;~ ••. g). Let X denote the 

median p<ttint er the tr1Utgl•. ~rhen M1 . 1a tb:e midpoint tf AaAs• !he co

o:rduates ot M1 are (e,a3, a
2 
). '!'he me·d.1an iee-ae4 .from. A1• that 1a. the 

lia• J. M., haa 'lte equati•l'l •tx2 • a~x3 : o. 8:1m11•rlJ; the equ•tiona ot 

the mediana 1ane4 r:rom "J aDd .t..1 are a3x1 • e 1x1 : 0 and. a 1x1 • •aXa • G/ 

It is $T.1.dent tl\lt tbt O·O<tlrdilllttl ot M, thAt point t>f iDt$.raeotion ot the 

1 A.o.-e?, rttere to Altahiller-.Oourt's Coll•i•.G~dtlei$H" pagt~ 67 
ant J.•lSI, pef'era to Jebnao••• Kritnt Geometx-~~ page lSI. fh• s:rstem ot 
oro1s reterenoes is ueed throughout Chapter ft. 





a2xl + z o, 
a3x5 + • o, 

The coordinates of the exm~i~ pointe are 

of s. triangle i1 the ito.;ont.l cuJlL1U~m'lf~t ot 

through a v•rtu and the IY.lit~att41ti.n 

ooo:rdinates e1 , a.1, a3• The eqwa.tionc of the m~mtdlMUUII &re 

a3x2 .... a2x3 * o. a.lxS ... e.lxl • o, a!xl • a.lxz a: o. 

The harmonie ~Ui&'te ot the aymmedi.ana with reapeot to 

• o, + • o. 





ot R ara (ael3 A1, ••• ••• 

.'£!!! eir~ctv (J.. C. •IS 'I 1 J,. -161). 

cirat'DO~nteJ> (fig. 1.1) • Ite co~ori:Uiat•• are •btAin$4 by 

ly the equations ot the perpdieular bisector• ~t the aides. 

The lint~ • 

tquation ot 

xl %a ao. 

0 ... ·~ 
•l ooa As &ltt A2 

or (t.22 ... azl )xl + &];&~;.(· - &'t&,l!lii';Jfi;QI! • 0" 

al~l~l • (all " a3!)za • *lltxa • o, 

and a1a3x1 - ~~:cart<a12 .,.., a22)x1 • o. 

The eoord;i.nates ot the point o.~~ o~ to th••• three are 

(Cos A111 Cos' .11, Oos Az). 

The v•rbieente:r (A..C.•l30J J.•l4~). -
thfl triangle" ~ J.1, ao 

A.1A1 + A1L1 a L1A1 + 



obtaintKi by aolv:LDg 1 

eque.tio:us or A1n1, Aalll,. 

x1 ooe A1 • oaa • 001 

fJt H ar• (seo A1,. aeo .11, ••• 

the _o_1r_~o_~_ .. _c_t_e_r (J..o ... s7, J,. .... lEJl) ~ th• HZ"D~~Jkt1t~ul:IU 

the sid.,s ot the t:rt••.Rlfl of r:eflllrfA'lco ar• conourl"ent 0:alled ---(( 
oiroumoent•:r (fig.. ll) .'t). Ita ooordi•t•• ue obtained 

ly th• •quationa ot the perpcd~(Jular 'biaeoto:ra f!t aid••· 

The line 

0 

•l 001 Aa cos .A~ 

or (•22 ,.. a.si)xl • t.1t.2:t1 • *lASXJ 8 O~e 

!lte equationa (jf laO ud i:zO &l'e 

a1a2x1 • (~;11 .. a~;f~)x2 • ~-·~!( • o,. 

The eoord~natea ot the point OJ o~ t~ 

(Ooe A1, Cos'A2~ Oos A:s)• 

thlllt verbieenter (A .. C.•liO; J.•l-i9). If t.~l is a -
th• triangle" :t~ A1, eo 

AlAI + AJLl • Ll.lz + 

L. This 

The GOOrdi:o&tes 





ously th• •quat1ona A1L1, 

{o, ( e ~ !It) tin .13, (a • 

"2(* • •a) 
Simila:rly, the eq•ttene ot .A1t 8 are 

xl (a • aa) tin A1 • ~~(• • al) • 

and •:=.1(1 .- *f) aln A1 • xa(• ... a1) ain At s o. 

Solving th.ae eq•t!ae aialtU$0:1.usly, th• ooordinates 

are found to be ' . ~· ll, • • ,a:z~ ' • Y • 
al •a a,s 

!!! l&f~l l!i~~. (A.C.•l04). Tb.e J'ctrpndloulua Ato,... 

exoe-ntert of a triualt lilptn the ~e.n••pewlia& ;i(ea of this lfrJ~UJIJ.tt are 

concurrent. Tni• pout of o<mauJ!'rEmlif it kou a1 the 

Tht> &quation ot the line through I• perpedioular to AtAz 

• ... ·~ ' .... •s 
0 &a '-s 

· -which may be 'Written 

a(a.a • a.~)x1 + aa(s • •;>•s * 

similarly• th<' equat1ena ot the lit'lt~t throuch I'' and IH' t pe:rpctlieular to 

the eon:*&spond1n& sid$• ot the tu.ll4P.ctal t.rilllg.le a.re 

-a1(.s- •s)x1 + t(a1 ... a.l):£a + •t<• • al)&a • o, 

and •t<• • aa)sl ... &J{• • al)~a + •(al • aa)xa • 

fhe Nagel po1nt1 wbioh ia 



w:·itten 

•s + a.1 
• 1« l AI t9 :i It._, 

a a 

The coordinates ot th• N•gel point ay ttlso be $Xhibited in a Tariety of 

other for.ms, ot w.bieh sav•ral are given in th• summary in Chapter VI. 

:rr-. these toms the Nagel point is seen to be oollinMr with the 

ineentE~>r _ tlif'C'U!'ttt:um.t•r 11 and the point (. 1 ' 1 , 1 . )' !t is also s • a1 s - a2 1 • a8 

oollinear With (s " *'l 11 s " a1, • • a$) and the Spiekor oenter 

faa + aa, aa ": '1-l~ Ill + aa)' • 
,- al az •s 

!!!! stein$:r E!!iJlt (J.-281). It li:o.es are dra.-. throu,h the verti.Q:•s 

of a triangl$ pe.rAlle.l to the oorr~uponding 1ides of the first Broaard tri• 

angle, they me•t at a point on the ei~eum.oirole. !his point is ealled th$ 

Steiner point (Fig. 8). 

The steiner point ean b& found by sol"f"ing sinl.Ultaneously the equ.ations 

of A
1
s, A2s~ and A3~·;. Sinoe the1e lin$8 are pe.n.ll•l te th& sidet of the 

first Broo:ard tr1a:ngl"* any on• ot th.,ir equations may be found by findin& 

the equation ot th4\ii l1ne through & T•rt•x and the poi1:tt -.t ~nfinity on the 

corresponding aide of the first Brooud trian&le .. 





xl •a ., •t•a•s 
a25 a13 

whJch may be written 

al!($14- •s2a$2)xl + ale.a(a$4 • •12aal)xa • alal (a~r' .... 

The coordinates ot the point at intb1i ty ot a.r• 

(-.aa$<as4. al2a.a2) .. aaas<aa4 .. t.ala12), 

a.3a1 (~4 • a5Z,'ll) -. a'l Ag (&fi • &z:J,a11) 1 

-alat<•s' • all!a21) + alaa<•l' .. a,las2)) • 

Tht equation of A1s is 

(a.la2(e.14 • "a2•311 ) ~ "1•z<•z4 .. •t1•z1)) X-a • (a,-.1 <•r.4 "' alllal:t) • 

e.aal (al4 _. *ts .. ,a) ) x:a • o. 

Similarly t~e eq~tioaa ot A18 J»d AJI are 

rl .. ll ( &s4 - al &azll) - Ill tilt (aa4 - •a!at1)) :11 .. ( ....,, <•t' • azlla.zll) -

•s•s(t.l4 • •a1•z1)) ~~ • o, 
(a 3e.1 • a121L!2) • tlztAt ( lllt4 • alllat 11 )) lit • ( ¥1 ( &114 - •t ~~~) • 

aae-3 (as' ... alla28J) xa = 0. 

The steine,r point, wbioh is the point ot cn)ntturreq ot tl:'u.tae three 

lines, is found to be 

to the points 

point a 





-the ten $l 'ihet pw-pa4ieulua 

id~~J.l point on AiHl a.fle (•1, Gee 

the line throu;h 1 )"WteMt"O\\W to AJ!a i; 

l 

-1 Ooa A1 Oos -'1 
or X].(Coa .13 • ooa As) .. :~:1 (1 + Cot AJ) + x1(1 + Cos &1) • o .. 

The ooordi~tea of o1 are 

(o. 1 + O•• -'1• 1 ... tJ•• At) 
SWlarly t the o~rdinatee ot a1 an4 ~oro 

(1 + Oos A~, 0, 1 • Ooa Al), 

~ (1 + Co. Aa, l + 001 .A1, 0). 

The equationa ot .1101 ~ Aftla- Ut 

x1(l + Oct As) ... x1(l • Ooa AI) s O, 

x1 (1 .P Cos A1) • Xa(l ·"It Ooa A1) • OJ 

:I'J.(l • 0o1 .!1) ... ~(1 +Cos A1) • o. 
The1t lin•• eb'viou1ly •••t in the point G who•• ooordinatea ar• 

( l l l ) 
\I + . doa li.. t + Col It I . r • eo. Is * 

(alt• : .. lr ~<· : aa'' ~(· : azl) . 

the Terticu ot a vluale w ~ po:l•'b• r~t &01'1-.t ot an eirolo 

with th• oppo1ite s:ld.e1 an oone'tll"rent. 

t.IU10·tiated.)tdtll tbl'lff po1nt,l ~ •. .,.v~~n.v~ to 
_.l 



D1 a (0 1 a (e • &a); 'f(l • a.a)) 

Dt• (1.1.(1 • &a) • o, -.la) 

:o,t (aa<• ,. •sL~ .... 1,, o) 

the •q'Wltidne of A1n1, .1zn1, A1D1 c&.rfrt 

~ .• •a . *1 •a x1 
a3t8 • Clz) aa(• ,.. •a)* •a(• .... , • =iii. •a(• - aa) 

The coordinates ot D are 

f .. ~.• ap,{al• •a)• al(s : •a' ~ , 
or (- <• • a1 H • - az) • • - 11-a, • ,- .. , ) • 

~~ az •a 

Sinrl.larly the oeol!l41nat•t ot tbe points I aad F a:re 

f :tl· .. ~ .. ·-~~ , .. ·1~, • ·:,"')' 

and /e ~ a1 • • aa ... (e - "1H• .. •a) \. 
l• al , 42 &sl j 

Lintts t:R:r<ru.;h vvtio•~a i!;nlll,l.!!, alt1tudt4h The oo•rdi•t•• ot 

the idEJal point of A1li1 are (•11 0.1 AI• Ooa At}• !he etut.tlott ot the liDe 

through As parallel to A1n1 is the, x1 C•• At • s1 • o. IWlarl7, t.he 

equation ot the lin.e th:rough A1 :f?$.N.llel tc .AtRl is xl Cos Aa + X, 11 0. The 

equations ot th• linet throuch A1 and Az parallel to A1R2 are 

x2 Cos A1 + :x3 * 0 ad ~ + x1 Oct A1 a 0; the equation• of th• 11nu 

through A1 and .11 pa.n.lltl to AaRa are x1 + : 8 Goa .11 • o 

x1 + x3 Ooa A2 • o. 

Linea throuf: Ter1d.o•• 1!-rallel ,!!. the 
·I l l 

med.ian A1lllt
1 

ia e. iJ ii). '11~1 eq'\M.tie ot the 

to .A111~1 is a1x1 + t.a1x1 • 0 and. tho equation ot 



etationt of 

• 0 kl~1 + ~ • o, 

!a.2x2 + AJJ't 1 ·() ·•'- la1x1 +.asxa • o. 
The klfr li•t U..~t~h•IS# 1••1&1).. !he ctnhoe•tw ~· tM pela~ - .·-

Olll\lter 11, tbe ~ttat::fft!l@ut"" ~~ &, et & t~• U.• • & 

at~ght lin•• ftia line is th• Julv line of the tr1qle (ria.ll).. !he 

points are in th• trier 1 1 li o, with N thtt Dlidpoint or H o and 1t a triseetion 

xl xz xa 
$te ~ .SH A.a soc "• 

l 1 1 - - -*'l •t •s 

whioh llAJ. he 11t.ri ttea 

co• .11 (a11 • a.11)x1 + OcHt .&1(-.11 • -.11)xa + eoa Aa(a11 • a81)•1 1 o. 

Th• lin• t M I. !he verbieaw" t. the D'l1!iii'VI· ... ~ point 
~~ ................... 

The equation of' thit line i1 

%1 xa • 
1 l - -al am 

1 1 1 



whieh 

4 l(aa ""' *'I) + aa(a., • e.l)xa + •:s<•1 • • o. 

pointe are ill the trcler L 

B! a. t:r:taeotiOI\ point. 

etlra"l~Len o,t the. liae 

O(Cot .Al r~ Ooa .AJ, croa Aa) ie ~1\e oin,...ter 

~itm J»l)int 11 

= o, 

'Which :may b• written 

(a3 Cos At • &J Cos Aa):~:l + (a1 Col A$ • 

(e.! aoe A1 • a.1 Oo• .Az)x$ • 0~ 

I(al, aa., 

or a11 .. a1a a.31 .. a11 a11 w a,S 
•1 '\ + az lLI.... "'I xa • o. 

The ••on•:ct 01 is th• Jro,ttar4 dtaet.r (Pil• 10). 

The linea M&i'J 1 MsKl• llH!• !ht e&ord1:oat&l of - ----

)tl xa xa • 0, 

., 0 al 

... •1 0 

• o .. 

+ I 0 

follOWI 





!h.! Sime~. li:~:~t (A.O.•lliJ J • .-117). ot 

to the •14t-l ot a tria.asl• fpa & are ww.r..r...u~..~. 

point i.s •n the oirf)mmirclet of the 

circle ie oalle4 the peal line, •r S5alen 11n.e, ot the point 

the tr-iangle (11&. 11) .. 

Let the t~ ot i;;h.e ,.,_,ioulara • the s14M of the b,t 

· Pb t P 0 • Sinee the point P it ·Gn th• •t.O-.iifole. !i + ~ + !I. • it 
P1 'a Pa 

the linlftl throup P and ~· 1d.MU point ot ~ H1• Itt etuation i1 

Jtl =a XI • 011 

pl 'a Ps 

"""l 001 A s O<lll A a 

SolTiq thit •••tion with x1 • o,. the ••ortU.ut~n of tAe 

f'oun.d to be 

(p1 + P! Cos .A3, 0" Pz + P3 Oo• A1) 

and (P]. + P$ C08 At~ PI + J1 0~ .!1, 0) • 

The equation ot the Slmecm line 11 1m.tlf! 

xl x1 

O Pa + Pl Oc.t 

Pl + Pa Ooa A3 

b~~t written 

0 

+ Pl + Pa Ool A1)x1 + (Ja • Pl 

{:p2 • 91 coa A1 )(p1 + ao1 Az)x1 • o, 
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From the (.u,ordinat•• ot A1, .&.1 , .a1 it 1a tT14.nt thjLt ·~ • o. 

and tl:l.e eque.tion ~t the ciroae1rcle ia 

AlXJ•S + &JXI¥1 + a1x1•1 : 0. 

• 0 

Inser1bo4 cirel•• ••~lla•d einl• (11,, 9) (A,·O·•'*' J,•lil}. The 
. .. .. . '. . Jj ·;", 11 

ooordinat~a of the incenter I &r·e ob?i9usly (l,l,l}. The point of oontaet 

of th$ incircl• 1dth the aide AJ!I at the triaxt~l• of r·eter-..e is the 

inter3&etion of that aide with a line throu.p I pa:rallel to th• altitude 

A1n1 • The idMl poini& em this altitude ia (•1, oos .&1 , aoa Aa), th<t 

equation of the lint throtagh ! perpdiou.lar to AJA; i~t 

xl (Col At .. Cos Aa) .. xl(:t + Oos .A.a) + xa(l + Ooa A;) :r: 0 .. 

:the "o~rdi:nate1 of the poillt of &onta.tt of th• 1••1r~l• 'With AeAa are 'there• 

fore 

or., it prei-erre4, 

~· .. ,,, .. •a>· aa<•- -a>) • 
Similarly• the toordiu.ttl et tht Qth•r pointa 

ot the triangle art 

(az<• .. a,) • 0• •1 <• .. •1>) 
and ( -.11 { s .. all) , a1 ( • " •1) , 0 ) 



point 

(al <• ~ -i' ' •af• .: •a' • •aC• ~ · ... ,) · 
Tld.1 }?oint 111 tb.fJ G~lt"fOtm.e i!int .2.. Aooonlin&lJ, 

conta.'t are here der .. ote~ by a1, a.2, , ae:oerd.ing to 

The •qua.tion of the inserib•d ti:rcle a, th• b,, 

ala2a3(afxzx·s + a2xax1 + *'sxlxa) • 

(alxl .. aaxa.asxs) ( .. l (a • a.l)llxl + ... (• - aa)lxa "' - ... >•:a:s) • 0• 

The eqat:lou ot the eatrib.t <1'1r'cle.e •1 be derived a ...... :~J>.u~u· 

:ro.armer. The pointt ot t:®taot ot the tJmirole (I•) with et 

triangle ot rtf'·•~•ut:e· art n1 = t 1 , »1• »a eore 11. • t 1 11 tho pedal 

f);f the verbioen.ttl" on AtAs~ and D1, D1 are the pe4al peintt ot n Oft y 1 

and A1A.2• fhe'; ooord:i.na~•• <>t L1, n8,. n1 ar• 

:(o, a~(• "" •a) • •z<• .. a,)), 

~~(8 • :foa) I 0, .-alf) # 

(.a<• ... •a>" ... 1,.' o). 
subati tuting the eo•rd.int.t•• of thtae -<111. .. 1>. .... 

a1a2aa <•'l xaxs + •a•ssl • a.axl"') • 

<•1 x1 + *a"ll + •a:a:sl ( *11118x1 "' a.a ( • " + • aa>t~. o 



Th• equa.tiona ot (I") 

•1~! .. ~ ( a1x2xs + 112xa;. + -.s; Xa) Ml 

(alxl + a2x2 + •:s~) ( •1 (a • 

and ala2aa(alxzxa + amxa;~l + aaxlxl) ,.., 

(alxl + aaxa ~ aaxa) ~l(a - •a)lxl + 

~~· ,l.:,ine RQ~t ctr:Gle and tMm'b!!, (A.O.nlllSJ .J ••191) 

th.e sides ot a tria.:ttgle, the r-.t ot the altitudee, the; -.&.'!i~·· ... -IA .... 
S«!lt.gm..mte joinin& the onho~\fm.t.•r to th$ "f'e.rt1e•,•. ot the trl8l\&le, em a 

~ir()l•· This eirole is •llei th• nine ~:tnt oinlo (Fie· 1!). 

Substituting th• ceord1l'l!Lt•a ot u1 (01 a1). O, al}, 

l&;(a!#· a 1 ;> 0) in th• gel1$ftl e~ution •t a einle, 1?h:e te:llowiq oditions 

must be ,.a.tia.fied. 

e.zma • &pa = .. ;t.. .. 

or 

Th1t equat1~ o.t the nine point oirole it ther•toP• 

2(a.1x2x3 + e.1x3x1 • a3s1xal '!<II· 

(a1 x1 + a2xa + '-3~il(<\f01 A1x1 + Goa 

a1 eoe A1x11 + ~~ ee. At=a' • 001 





Th• o~;,w l(n1, m-1, a1) e:t the ai~iat 

found from the. taot that 1 t 41v14t,e the et-~:.-r~ 

diJtanoe of :trOll the aiel• AJAz ia A2A 
' 

aide AJA3 ia R C()t A1 • !he:ratw• 

nl a (a.~z/21 • I Ooa Al )/1 

I ~··~•• . =~ .. ~ .. al ooa .. l ... 
2a1 aa2 -.L 

Re·oalling that •'1 Ooa A1 • 1.a Ooa "'t - a, 0.1 "t • a1a1aa/GI, 

n1 : R(a1 Oot .tt1 + a.1 ace J.1 )/a~.1 j 

and th• ooordinatea ot 'I ue 

0 

&:2 Ooa Aa + aa Cos !1, "I ooa !I + a1 Oo• 11, al Cos Al + •1 co• A& • 
*l •a aa 

It is ea1ily v•riti" tat S Oos {Aa • Jt) • (&a Coa J.a • as Ooa Aa)/al, 

so that the eoord::lx.la~e·a ot I _,. v1tte 

lh Qos (At - Aa)" Ooa (A1 • A1),. Oos (.&1 • At} • 

the l?olar circle (A.t..•l4SJ J.•l fl). !he pe1u eiretl• 1a defiD.S. to -·. 
be the circle with :r••·~t to wbioh the ~daillltal trilln&l• ia ••lt~polu 

(Fig. 13) • TM.t is, the line ~ • o i• th·• pelar. ot .11 , ~. • 0 ia the polar 

of A2 , an.d x1 a o is the polar ot .&1• !be ~uati• ot th11 tirole b• 

readily found tra ita detininl prope:rty • 

The polars ot the Ttrtd.et,e 1 A1, At,. J.1, with re:apitet to the seneral 

oirol•• 

a1x2.~3 + agxp1 + ap:1xa + (alJ1 + •axz • apz) <•1•1 _. 

2a.1m1x1 + (a1•a + apl+aa)zca + <•1•1 .ft 

<·~~ + 4 1tll • a8)xl + laamaaa + (t.l + 





These linea litU;Ift cti:a.ti!e. wi t.b xl , G I xa • 0 I 1:1 • 0' .10 

•1. + •tm~ • *Ill a.o, 
alma + &t + a,-1 a o, 

'-1•a + •a•1 + •a • o. 
fh1a systat is s·atiati.tltl by . 

1!1.1 • • ..._la +-~ ... *!I • ..(Joe Al• 

+ al · 
.....,._~..._-...sil.l'l...,. :~ .... lkll AJ, .. ,.l. 

.... . .. ,.a + aol ... -~· lll:s ... "* • . i·· . • , . . • : -oos As J 
'-1&1 

Md th• aque.tion of · th• r&lar •:trclt 11 

l.lX2ltS + aaxmxl • &JXllti M 

(al:&l • aaxa + &tJ~I) (Ool A1x1 + Oo1 AtXI + Oea • 0, 

or a1 Cos A1 x·l' + a.1 Oo1 Aa¥ + a1 O<>a Aa"ll 1 o. 

circle and the ni:tiUI!•point cirel111 ud. th•· IH0~4 t•m 

oirole is rnl only if one ot the ualu ot 'bht triacl• 

the ApollQn.icm oinl•s .!!, !. triu~l~ (J.,O~·IHJ J .-IN) .. 

interior md exte:rior bi •. Htio• .of· the pt;lea A1, A1, A1 ot the trl&a&l• 

A1A2A3 :meet the opposite sid•s !z!J» AaA1, .&1.12 in the pointa lt,Il • 1 Ia,It' t) 

Iz,.Is' t' ~••p•otively. The ttireles on t1I1 ' 1 I1r1• t, 1111• •' ae d~•r• 

triangle A1A2Az'(F1&· 14). 

The Apollonin circle with lt I1 • 

A1 • Substituting the coordinl.tea 

ot a oinle, it 1a toun4 th&t 

1.1&1 
•1 = o" •a = a8s .. a.sl' 





AcOtor41nsly" tl1e •'-ue.tien •t the Apolltmiu ti~ole ) 

xzl - x~l • 2 Cos A1:r.1a1 + 1 Goa .&1z1x1 • o~~ 

similarly thtt equaties of ithe !poll~ 11"1" (A
1
t
1

I
1

' •) 

are 

xa2 • xl :a ,,. 2 Oos J.axl xa '+ I Coa !1 xax1 :a 0 

and xl! .... x11 • 2 Goa A1 a1z1 + a ·6os A.1x1x1 : o. 
The three J.pollenian eirolel ue ni44mtlr oet.Dl~ 

their lett msbers ia idu.ti•llly ••~o. 

The equEi.t1G o:t their ndi•l uia 1a 

a22 .., -.11 . a12 .. ~.,a .. ..1a . .,1.1 "' 
•II- G&1 -" ~~ + I~ aa - 'i + - ... - , •• 

1'1bioh is the equation ot the line 0 I {Brooard diaeter) ,. 

The ooa:on. poihts, -c:r, T, tf the tbret AJOllonit:n einlea &Fe vv.•_..~ 

th$ Rtuud.a.n l'Xtl.l!ltt1 tr isc~ie pektiJls, !heir ooert\iatea art 

u: (sin (A1 • 't"), sin (Aa • i"") 1 1ht {A1 ·+r -f> , 
T; (sb (A1 • --t>. silt (J.1 • "f), sin (A1 • i-> 
Oirolet thronE! tw verli,tM u4 two •Sui•ati~~· •i~cle on I I' 

as diamet•r (fig. li) JiHUUJe!a throup 'the poin.'ts !t(O, 1$ o), I(l, 1, 1) .. 

A3 (o, 0~ l) :P(·l~, 11 l).. lubstitutiq 'hfl MOri1na.tea ot thrM et t));ue 

points in the: general equat1e of a oirele, it it toulld that 

m3 = o. The equation ot the einle (AaUai') _,.be wittc 

a1xzxa + AJX$~1 +-~~lSI • ~1(a1x1 + aaxa ~ aaza) • 0• 

S:bx:ila.rly 1 th• oirol,ta (AaiAtl'') ani (J.ft!e!'' •) 

&1X2:1:5 + aaXP:l + ap1XJ • XJ(&lXl * &8:11 + &s.xa) M 0. 

and a l XJX3 ~ &~.XPl + ~1:1.1 Xt -. *I (1.1 Xl • &lXI ~ 

In a like Mmter the equatitnl of tht einlH 'hh"i''illiuiJ!"h 

and the tw vertices •ot !)Oll1n-.r 'Wi111h 
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CIRCLES TE:ROUGll TTIO VERT!O!S AliD TWO W.'\'i:TTrnl1~1 tt~'l:l11!:l·c 



(A.! I''' It 'AI)' al¥a ..., .. aaka•t :+ ... + 

(A$1. 1 It • tAl) t al ~-~ ,. &tXz"t + *'s*l "t + (al xl + 

(Al :r l J 
1 ' Ae) ; alzs•a + •a=asl • as"l2t + xa <•1 xl t 

f:he Lsm.oin,e OiJ:'rl)le (J..,C••IIIJ J.•l78}. !he LtllltOl.l18 

by th• following thter•· 

4 • 
+ I o. 
+ 

fheora. ~n lint• be dnlW. tbreuah. tae ~1u -.a..&.JI!U• ~llel iJo 

th• sidea ot th• tr1mcl•· Th.,- un tht¥ adjuat aiel•• ill 

on a cinle whose 1um.ter a 11 the ld..tpeint of 10 (Pil.• 11} ~ 

!he equation 't the t.oia-.. Oir-el• _,- be tourncl bf .... ,IW0~ ..... .,.16 the .qution 

T~e ideal ~int ou A1A2 is (-aa• a1, o). fhtJ ~. ~·tte 

x1 Zj x3 ;~: 0~ 

a1 a2 •s 

ae "1 o 

or a3a1x1 + a~a.1x~+(a1l 1-· a11)x3 = o. 

solving thia. ttquat1cm wtth :Jt1 = o ~ad ~~ : Ot the ooonU.uat.s ot Ya 

and z1 ar• fG'Wl4 to be (0, a1l + aal .. ~..-,) u4 {all + aat, O, a1aal• !he 

coordillates ot th~ other poixlta ar• te'ttt.14 to be oyclial ~1d.cm. 

Y~(a1a1 ,. o# -.22 + a11)J Y1(a31 • a11, a1aa, O); ls(a1aa~ azl • •a•· O) em 

(0, a2as, a31 + a11). 

subati tuting th• ecol"dina'bftl ot Y1 l& 

a oirol•~ 

al (taJ2 ~· all) m + allal 
a1a2aa 1 •1aaa1 
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rhe nluts of m1 u4 •a 4t'tiemiaed bJ 

:-:•ie-1~"12 ~ .-.12l tn4 :-•P:6t&l1 ~ ·~•11 
tal2 • az2 + a32)2 {all + aa2 ., t.a2)k ' ..... 

~alll.£(1112 + e.22' 
(a1,R~R) ... a

2
! ..-

118
:) by the oyclieal P*J~tatlcn of •ubaoriptr~h 

lfhe eqttation ot the Laeint oirolt it th•retcn1 

(a12 + a22 + ·a$2)2 ·(avr.a•$ + 'tltszl .,. &Jltll!Jt) : 

·<•1x1 + a2x2· + aass) (-asaa(•a1 • •s1)~:1 ~ •ua1<•a1 ;. •11>x1 • 

al&a(alt + •a )xl) • 

Lemoine !!!!, . fhe inte:t•e<t~iollll ot ttte thrN et~)'81e4~ 'Wi 'ba 

assoc1at$d sides are 

K1• <o .. '""a2.• '-$)' II'' <•1• o.., -e.a), Ia' " ( -a1, , .. , .. o) .. 

These a.rEl obviously collintttr, \h.e ttua.tio• ot t.beir lha btln& 

x1 xg lt$ 
- +- +-;; ()., 
'-1 42 •a 

This line is ~lled the taoin:e uia (J'!&• 8) * It 11 tbTlo.alr tlae triliuu -
polar ot K. 

Seeond Lemob't 01rel• (Ooaine Oi:rflle) (A,.tt.-II·IJ I.•ITl) .. 

symm.edis.ns are $n'tiparallela to the G:JPOad.te s!«'f.e.s. fhtiP equations ~ 

a$X2 ... aax3 = o, aa.xl - aaxl = 0, *!Xl .... 1.1ltl • o. Lin•• thrOU&h tht~ 

syrmn.edian point l{ ~ ~lel te the1e u.~ian8 are 

-e.2a1~1 + -~~ ,,(.)$ AJ!Itt + a11 ooa J.a:&a :: 0, 

a32 cos A1a1 .. a3a1x2 + a12 101 AJX& • o, 
a22 oos A1x1 + .. 1& ooa AtXJ • a1aaxa • o .. 

Th••• th:ret lin•• uet tht rd.t.e,a of tb• f'Wl.GU~ta'1't.l.l 

whioh e.re here d4mOted by Ul,UI,UI) Vl»VJ,Vau W1 

u2_.u3,;v3 ifv1,w1 ,wa, are of>:atyelit ht.Tia& th,, 





uaJ (a~ 00·$ AI, o., -.,}, u., (a.a ... , 
VJ¢ (aljl a: a $0$ ,l, 0) V11 {o, .. l ••• , 

''ll (0~ &.!.w •l "~· 
AJ), .... (&1, o.t ... t'Kll: Al) • 

l£h• 0i~cle t.hroup 1h• aa )PGbate aea1d.<~Ut4 alUN''t it alltd. 

Leoine c1~el$ (flS•· 1'1) :It l$ ~••• oalle4 1ltl• u:~s;.a..u.w 

the three ~~..-- ·4.tenaiae6 )1 .th:fJM ,_h._t • -· •''" 

ue p•openi•al 'to 'Ia• ••••• at,._ • .,._,_.u~.,. acl•• •t 

That itt 

Vi~f1 :WaUadt1v.1 a Nl AlUl•~t At;etl Aa• 

'f¢) t:l.n4 th• •••ti9u et ~ &•otat L.-bt eiftle .,.,.. iu M\l~&'t:ltm 

in the gt;mtlftl tot'S.. an4 it 11 thlil ft\lt\4 tht.' 

4aJ:tasl "" A1 
ml = (all + •a~ 1t ... ~)~ I 

.1;,' 

4at2a22 o''' A3 ms : ... . . , '11..* . ~ "' . ·. , n . I • 
(al2 + a22 ~ 612) 

Tlls equation ef tht J.een4 L~ia• ei:.ol• la 

(a12 + a22 + ·~•:1 (&l.!'~:~~ ;. aaxssq + •Pl .. ) • 

4(•1"1 • "•~ ·.fi ~.,~8)(•aaa,a ces Al:~~:l + •a••l' "' Aasl • 

The ooori1natu ot ul.,va.,Wa ar~t 
u1 ~ (o. •aa.s sH l&• a11 aeo Aa), 

v2 , (a.12 ru~e A1, O, ~~~ tto Az) ~ 

w3 t (·ali '" Al, aal sec '•· o). 

It is obvious that these points t.re tolli:ae&r, 

a.l20ttl en • 



being 

Sr1eker eirola .~~ ~~1~r otatar (•,-ttf). 

_ oircl$, ia the ineircle o.f the m.ti-.1 t:ri~Jil~le 

denote tl'J-9 ••nt.r · of thi1 li~tlt. ftl• 1 ~ be -.117 .a.v~iJI~··* 

linee. Ml~i MgS, xae are pa~ulel •· t&.t U&l• t.la•~• .A1:t1, J.aJ:1 , 

The idMl point on Alll, ud. therfttro eti 1111, it 

(a2 - as., ... l, -a1)• fhe et~ti@n of »11 11 

a1 (aa .. aa)•l • ·ae(•l + ~a)xa • -.,(aa • a,)se : o. 

Similarly the equations of Mm8 u,(). 131 e.te 

•Q1 (a3. + G.t)lt + e.a(as ..., &l)XJ + flt(A$ + $.1)SfJ • 0, 
? 

a1 (-.1 + S.J)%J. "i as.('$.1 ·• &t)XI + t.a(t.l • liJ)SI a 0 .. 

The point of int•~ttcitie of th• thfft l~e, 'lhith i,a 1m• 121•m eentel', 

has tb• ooord.ine.t$t 

&2 + aa ., + "1 •t + 62 
1 ' I ·t, , ,_,. . • l ~ 1 "ii , l~ j -"N A., . " .'' ' t 

al "& . •a 
Let u,v;w d«J.$te the ~intt Gf: eGn~ O·t the lpte&·er oiftla th• 

aide& of tllEt triu,lr~ H:1Mz.la• fJ1B.e th• 14n1 pemt ot AiHl, 

ot SU 1 is { ·1~ Cos As, CO$ AI}, 1*t et,W'ti\l'n of IU ia 

41 •a e.ea At as ••• it 

aa ~ AJ as + $1 &1 + ag 

This is interau~oted by the line 

point; 



FIG't1RI lS 

THE .SPIBIR OIROLJ AID ODTIR 



.. 

v t s ·• fll ,t 1' $ .. *'5 ,fJ 

.. 1 *3 

w = ' • ..,. ,IJ • az, 1 • 
,',_ · •lt"J . U '¥-

!•I aa 

ut~ the t~Jl.J.•hl~si et the ·tpi•lt$r cuo1e l• the t•na 

al~~~ +- rta~•t ·• ~Sil*t • (alsl ~ cta=e * *'IJtl)(•lxl ,.... *i"l • = o., 
iZhe eoa41 tion that tht eirele pasa thtouth the peintt u > V 1 'I' l-.41 "o 'the 

r•lattoae 

1*~5*1 • ~::fJI«l:ma • Ca1 • •s> (Al + •a 11. &a)' 

. t&aa.i:ttt .,. lti'Pt a(t.z • •s)(~l + •s + as), 

~•lAP1 • kt«P3 = (a, • •t)(al • •a;+ &.:J)· 

w:hieh yiel.tii 

4-..2 .. $~ Q '4(t· ~ aa) (s •· 113) • •'' 

4Asa.lmz t# 4<• ... aal<• • *1) • •1 • 

4al•ams • 4i(s • al) (a .. •m> ... ••· 
The eq\l&ti<Jtn ot the Spieker ~irele ie then 

at•tf-s(al::tPa + "ll2iSJ. + aaxt:r~a) • ~ (e.lllt'J. + •1lltt + a.axa)2 
.. 

-~ ... 
(s • a1)(e • •a)(s • •s><•1x1 + aaza."" a33t3)(, .... *.1 x1 + • .. a2 xs + . as 

fS ~· a; XI) 1: 0 .. 

The •<a.uat1on ot the radi•l axis with the eir·eumf11!'4tl• :ta 
$\.1 aa •s 

4(s - ar) <• - a.1) (s • •zJ(, .. *l x1 + 1 .. ~.1 xa • a ... a1 xs) = 

•1(al~l + aatr:a + "»=a)· 
'l'hia radical uis !t olrtrloualy p.:ntlltl \0 imA· li~• 

al It *1 
• i. ' " #1 .... xa + ' ,, I .. ~ XI : 0' a - i l $ - •s $ """ .. , 

the trilinear f$lar ot the ver'bioel11ter • 



~~ Bro~1ard points (! .. 0.~84-JJ J\1l•lll),. 

Theore"..r~ • !n any trian~le AlA$A3 tht'tt i$ ~ll'• and oal:y o,M point 

'-fl. A1A2 :: .Li2Az!s : Lf2As:Al ~ W.

tuld one pointflt aut3h that 

L .(2' A2A1 .: L _nt A:sAa ; J.fl AlA$ : W ~ 

!:tveae ~. po.intt ~' telled the !"'eari point; tJf the triancl• 

(Fig. 19) • 

Ltet {A1A2A2) denr;te the eiHle whieh pttute:J through the Ytniee• 

Al, ~ e.nd which is 'tang$Ut to AaAz a:t At• Sift!lf.U'ly, let (AalfAI) tliM'll"i'~a 

th• airole wb.iBh pa.ssee thre>1J&h tht vtrtieee A2..A1 , and. is tancent te ¥1 

at A3; and (A3A1A1) dfroote the cirel• wl'dell )ass.a through the v•nltttt 

and is tangent to A1Aa at A1 -. fhtnf2i1 tht point eo~~Un to th••• tar•• 

4)i:roles. These oiroles are w.ltdi \he 41r.o~ lf'Oap tt adjGint eit'Glcta 

{Fig. 19) .. 

Since the oirele (A1A~) passu throu1a the vertex (l.O,O) and 11 
..w\\"' 

:::: 0 at (0,. l.r 0) ita tquation is Itt\"-' ...... ~ ~ 
ttA~~ .... OJl.< 

tangent to 

The equations of (A~~3) Md (AsJtAl) are 

a1a.2:x12 • x1x2(a22 .... ab~) • asa1xa~Jt1 : o, 

and a2a3x22 + x2:x~(a32 ... al2) ~ ale.aX$X1 :. o. 
The point .fl. oommon to thGse thrtt oirGlN ie 

f)_ i <d th• "'t<lter•eetion of three oiroles- {Atll.ll) t In a like manner ' g: w ~~ • 

(AsA~2 ), and (AlA~s) ~ Where (AtllAl) t• tlht e1rol.e whi.oh ptJUttl 

ar• called the i:nl.!rtet 
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THB BROOARO POlNfS AID RAYS 



fhe equa.t,i.J:Q.I tt (AaA 1!1), (A~$41) a (At A &As) a:re found to 

•sa1x11 • ,t(•a1 
·"!! •18) • t.1aaxaxs : OJ 

e.laz%&1 • lll•s< • •11> • •eaax:sx1 =· o,. 
&J&.5Jtlt • ·--~(t~ll •· $JI)' ..,. 4$fllXVt2 • O. 

!he p<:d.ttt .flr ~ tt tM••• thrt·t oirelea is !t, !1, !4 • •a •1 •1 

Tht JroK;rd point.,, fl., flt, are $bviouel.y l•ocon$.1 oonjuptes • 

.!]!_ Bro~t ~- (A.0.•345• J.-.!18). !he SJ.n~leflAlAI :Jl' A].A3 ia 

often referred t~o as tnt Broeard angle of' the trlan,le, and is Qualll" denoted 

by CJ (ri,. lf). 

Theor-.. e~t CJ ;~ oot A; + cot A~ + oot}A .3• 
a,,l .. !J,2 - 1.1ll P' 

th•or•·• e~t ~ ·II ""* · . .. ,li. I . 51 

The l!lroeattt ntrl• (J-.•~86&) ~~< the linea A1i2., Aa12, A1n~ A1Il•, A2Il', 

-.nd Asilt are e&lleel tl\• l'bf&t'Ui rays {:Pig. 19). 

'the equatlR~· •' the l!t.ya A1fl, Aa.O.• As..G a:rtt 

llpl$•1 ·• t.t~~~ ; ()I 

•••1 .... •a•ll¢1 = o~' 
a.1•1~1 • •sxz = o. 

The equati~ ~t the rays A11l', Atfl• l! Asfl' are 

al2xa .... •l'lP:i • o, 

a1111X1 • · a22x1 = o. 

asl•l • al&IX! = O. 

The Brocard. Cirole (A.o .. -t45J J.,...-178). The oirole (OX) -
the segment o K at tiotttt i1 know as the l3roeard oirole of 

The Brooa.rd eirolt paatuut through tht pointa 0, Kt.fl , JJ.• • 

equa:tio11 may b.e f()und by tindiD.i~ the equa.tion of the oirole 

of these points. 

on 

20). 



12' 

- a2a3 . . . . . alal! ala.·~ 
Inl - - . ~ 2 ~ • mg : .,.. . m • ~ . ' 2 I M!lll : ,.. 2 . - ~ 2 t 

s.l +< t.2 + &3 61 ·. + AJ + a3 9 i.l + &J + a:r 

The equation of the Brooard circle is 

{a12 + a22 + aa2) (-.lx2x3 + 42xatt1 • a.axlxa) : 

(a1x1 + &!X! + a1al)(a2&.Sltl • I.J8.lX2 • flli.IX$) • 

~ Brooard triangles (A.C.•24!J 1.•117). tet the point of inter• 

seotion of A2fl A3..0.' be B1• the int•rseetionl of Asfl with t 1.Qt 

A2.0.' are B:a and B3 respeet1vely. The triangle B1B2B1 is 

ealled .Broeard Triangle (Fig. !0). Tht eoord1natea ef are 

found to be (a1aaa3, a3S, a2S),. (a.zg, a1a2t\3;r a1S), (e.el, all, ala!&.s)• 

The trianble B
1 

'B2'B3
1 having tor its ve.rtiees th.e pointe of inter-

section of (OI{) 'With the s~~ie.ns t 1K, A1K, AsK of th• tund~l 

triane;le is knovm as the seoond Brooard frirulgl$ (Fig. 20). The coordinatee 

of n1 t s B2 1 !I r 3 ' are ( --a12 +- a2Z .l. as2 .. e.1a2.~~ e.zal),. 

(a.la2, al2 - a:a2 + a32• 8.2&3) s (asal, •!"3• al2 ;. aal ... a;sl)' 

The tw-o 3:rooard triangles, B1B2B3 and B1 'Bg•Bz"- are 

at 12. 
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In the reduction ot algebraic· upr•~·sio:na enootmtered in thit •rk 1 t 

it desirable to have available a li•t et relatione oo·nneoting 

of the triiU'lgle ot refe:renoe.. With the &it ot thEtGt relations it ia tr· .. 

t•.-tly possible to ef.feet • ebn.pltti•t1·on l)f rath~r tooodable upre11iona 

involrlng the utual diattncoa of poil1.ta from the aid•·• ot 

..~..-...ll.!ii'-.L.w ot ref•rencu•, or in the Aet&ntint.t·1Qn ot C~Ollinearity of points, 

thre• of its points are givc1. 

acoompanying list ia ntt intend-ed 't$ be exhauative. ~ of 

simpler well relations art intentionally Oldtttd, and c;m.ly a tw are 

included have not been used explioitly b thie •rk. Thia liat in• 

eludes several fom:ulas not readily feun4 in the litenwre, bu.t \'lfhioh are 

p~uliarly 

The notations splay~ in thi1 l1.$t are u follOYe• 

1 .. al~ 

8.2: 

a3: 

2 ... a{t 

ai: 
as~ 

3. Al: 

.A2t 

.A.3: 

4. ~ .. 
'~~i • 

The length Gt th• side A.~As ot the triangl& of :rflf•remoe 

The length ot the side A~l of the tr:iJ:Ul.Cle of retarenue 

T'ne length of the side .&1.A.2 of the triangle of ref.renee 

Altitude frolll Al 

Altitude from Az 
Altitude fr~ A3 

The a;ngle AoA1Az 

The anGle A1A~3 

The angle A~~l 

One hal£ the perimettr 



6.. r: The inradiua 

1. rt : !he exradiua attEHd.a'tled with Al 

r"t exradiua aa.soci-.ted with t 1 

Tne exradiu, ai&Q,e:iated 1'd th .A1 

8. 6 :: The area. ot the triangle AlAaAs 

l " s = ( al + aa + a.3)/2 

2. a .... a1 = ( . .a1 ~· az • a3}/2 

s - a2 : (al ... az + as)/2 

s - as : (al + •a ... a3)/t 

_ a1 ... &I • ~-~ 
- 2 sin A1 - 2 1in. Az • I :fin As 

5. 6: ia~:s tin At •~ JaJfll tin At_* la1a1 ail\ A; 

6. 6: r s 

7. 6_ .= rt (s ... a1) : r"(• ... a!) = r••~a • a,) 

8. D : a1 a2a:J4R 

9 .. L =; & (s ... a1) (s .... a2) {s • a3) 

10 : ala2a3 

Al =/ (s - az)(s • •s) 
2 aga3 

sin A2 :,j<s • e.s)(s .. fll) 
2 •s•1 

• As • .fs . a1)(s • •:al 
sJ.n 2 - a.1a2 



oos ~ = /.s<s • a.a) 
2 illa.2 

13. tan~;: r 
2 s ... a1 

tan~: r 
>I') ---
c. • .... .. 2 

tan~: t-. 
2 8 - as 

15. r' + r t ' + r' t • = 4i ... r 

18ft _L + _L • _l_ = _l_ 
r' r'' r•H r 

17. r''r'''-+ rtttr~ + r+rtt ::11_ 
r2 

18 1 1 1 1 ··-+-+-=-
t a2' a3' r . 

Jin A1 = a1 sin As · 

a1 ein A2 : a2 sin A1 

a1 oos Az + a.2 oos A1 • a5 

21 .. e.
2 

cos A
3 

• a3 eoa A~1111 (a22 "' 4z2)/a1 

a
3 

cos Al .... e.l cos A3 :(a32 ... *12)/az 

a
1 

oos A2 ~ a2 oee A1 =(a12 • *22)/a3 



... ..3a $0,a At = &sa • ,,a 
ooa2 !.1 - all eo•t As a agt jof all 

.. l + ccu• A1 = a•(~ • ~;!;) 
a1a5 

1 + oca 

1 + 008 

• 2a(z • ag) 

•s"l 
e (a .·•. ast .. ) = 8 ,'1 ~ 

"1*2 

- cos a
1 

= Z(e • ~~) (• ~ ,"!}, 
&:aas 

1 
. A.· 2(s-. a~.)(a. • a .... l) """ cos :2 # ,iiJ '' . 

azal 
2(t "" a.1) (s .... ~<• .. ) l - eos A

3 
: __ .........;;;;.....__ .... Q. 

alai 

25-. &2(1 + oos .As) + as(l + cos As) ·• ~~ 

&3 (1 + oos !1) + -.1 (1 + oos A&} • !s 

al {1 + oos A2) + az{l + ocs Al) :: .2s 

Al A2 . .!3 ... r 
28. sin T sin T sin T .. 4i 



,. 

a~e., 1101··· ·a&n. 4 ain .~ * 8 ""'.~;L 
~ 4.tlt 

Al ·.·.· ... . . ~l !.s a M art 
•t~ T •o~s T s:tlllr• · 4i.·~ 

·.tift. ~ l.ll/1 .~ ,. •. !J. • s -: ~~" 
~R 

11., 'iit•b A1 • tin .11 + sin As = • • ~1 
i 

ab. At • till •• +· 1in .t1 • 
8 ··~ •2 

am A1 + ··u At "" sln As w a •• as 
R 

r & 
•OOt A1 + ·eta A.a. + e4»8 A3 ;, - -- ... 1 • is 

R • ... a1 
t' 8 

"• A1 "" '" A£ + ocs As • - . . . .. . !H .... 1 • 2• 
i s. •a 

l •· COl At ... l 

*l 

l • OOtJAt ""l 

-~ 
r 1 . l • ooa A.J 

~s Al + ocs A2 ~ t)OS As •- . • l • 2t . ... l 
R I - aa •s 

•1 ON A1 + "'t oos ·Ate + a3 eoe .&.1 :: ~ = a1aa-;s 
· . R 11.8 

:ss. a,-
3 

~o• A1 + a1a1 oom ~2 + a1a2 oos .!3 :: (a1 Z + a.2! + a12)/2 

- 1 



a.1•eaa 
6R2 

•(l. tl 
+ ~Rt!. = +(~ + 1) 
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z · a 2 
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