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b<:'_o. 'I'}l us, 11.1110< .- Pnl = Ib 0<.- a \ is inmose:;iblc and the -- "n 

thcorcw ic proved. 

The converse to theorem 5_1 is not true, as the foJ.lowing 

e):D.~npJ.G sho'.-!s .. 

EX8:'1plc 5.1. !,pi; 
1 

Then J2. ". 1- 5" , .p "" 1 q ::: 3. q -- "3 
1The only V'!o cnnvcrccntG to c:-< (lrc f - 0 and f l = 5- But forO 

CVE!ry n:,U.01Ftl b;. ~ Hith 1 -::. t L... 3, it :is trlJ.c that ) 1 1 \ 
5 - 3 

It- - !:, I / l'~ - .2, j
:'1 3 <"'.5 1 
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rl..i O ~ erJ tl1:l::'1 note thJt 
1 1 \ is?, ? > \ J. ::~ 11d~ - 5\~ ::; 1) }) r.i 0 :--~ C' .~ .::. " \ 15 -- j i~' \ 

"-l'h en ]..... a 1.- r_ .c..J .,!!:' b L 3. rJ1hi::; iUi)Jic', b ::: 3 anc'. a = 1,5'-'b-~; 

,. t' -a f. ­1 •CO ~'!'~~C'-LC' lllo ­. ",". c., " ,) b 3 

ThUG, a conv8q:;ent is a:ti'eys G. b'C,ttcJ' "'-llproTj!,l::d;ion thun 

otheTS, but an a~proxi~ntion t}l~t is better than others need Dot 

be a converGent. To cct the :i.m}'l:ication both \-!c;Yf;~ the follopi,r,C 

definitio~ is introduced. 

Defin:i. tion 5.1. ... 1 1) , t'(Bost approximation). A. 1'al,].ona .. ~- \·n n 
q 

q > ~. it:; called the beet D.~)pr():;i.rn'Jt}on to 8. real rmmber =< if Dnr.;. 

1 a ./. u 'th 1 £ ,only if fc·:c every 1':< t 1.onn' :-- r' :- 'I'll". -.::. 0 =:. q , one hEl8 

Iq ~ - pi < \b D( a

o 

1

q 

,. 

It should be noted here that 

jqo< - pI < 10 1>(- 81 iGlplie8 {o(~ ~\< /0<.- 'S'l 
b ~ I""' r, , j c" r'l. 

.~ v c ....... v \ 1 1 1 • 1

\~- ~ == q,·t q«- p\< ~(bt,,- D\~ "hI bex( ... a\ ~l~- ~ . 
Theorem 5.2. A rational ~ with 1 L q~ B is the best 

approxi~atioll to c:~ rODl r.ur,1ber o<-.if Emd only if ~ iG one of the 
qP

convercents --- \'! .'J. tl1. qn _::L j n > .•
n to B .LE' or _ J 

o
'n n -n

Procd: l,et '-- be the nt'J con'Tert~el1t to e>( • It must be qn P
'·\-jP·t -i'o'\" "'v"r" -~ ;; npl'c,vc'd \....., ~.. v " .•.' be . q \,;i t1, 1 ~ b ~ (: it it, true-n that 

n 
\C:rP< - 1'nl<:: \b K - [,\. This is seen to be true from the 

aY'Cl.lr:1ent of thecro;:l 5.2. 

Ilcxt, let .i2. be the best annl'oXi:wtiorJ to .J •
0- ~ Then for every... 

' 1 8. .1 'n • ra t 1.011n .. i" l' "'-. \Jl th ). c:'_ n Lb. 
<) q "- - . 



~jl 

(J) \ q« - p \ <:: \b 0<. - n \. 

T)	 P 
It must be proved th2t ~ 'j .c- 0'1':' of t~1C conVC'l'[icnts _._.:.~ .	 q • - J. qn.••.' •.•	 , .' 

to c{. It	 will first be proved that
 

Po
 - ....". 

< .i.n c:::	 P1... 
q -- q~'­qo 1 

n Po n 
If - < -~'.- , then since eo<. >:-?­ B.nd sin<:e qo = 1 it :i.r> :3ecn tllO.t 

q go	 qo 

np_ ·0 
q <-'r .
 

ThOll
 

<1~-' 2\LO\O<-'_E..\ :::1'1o0( - n\ '0 ::,\cX.-- p"0 \ (1 __ 1 a \00(~ - •n\ 
J.	 • 

So 

lqoo<'- pol < \q 0< - pl VJhich contradict2. (1). 

_ '" n n •	 •.L" l ~if J::' > "'1	 '01 \ Ie.· \) - U 1 ' q ._..-	 Cthen ":.... - _ ..., >0 ._'---'--» o.RndIql q ql	 qql 

~Phis implies that the intec;er \qlP - qp \ ?- 1.
1

PI
Then, since	 0< < .-­

ql 

~ 1) '-	 IIII -:) I 1I0( - ~l \ ,/ 'q~' --'q > qq]
 

ana.\ \rIo(" PI /'...... ••1 , I 1 '> I PI \
Then by theorem 1+ .. 1-+, -2:-- c-< - '0-­
ql q	 "11
 

\\Thien i G'91icG
 L > \0 ,...)	 - 1) \ '1;hon IClc.Z - pi > ]Cl1 c,(, ­(I
"1 

'1v\'-1 Pll 

no p
RC~~l' C011t~a~J·(·tit1~ (',i)'........ u(·-'~-',... '~'r_e.,",,,, _" _ ..... (, • I I ~ -1)... lS• eqtw..] t 0 01. t'" . !l(~r .'.-. or --..1 t'
ne 

q Cio ql
 
proof is fj.ll~.Blled.
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n
If not ~ SUDPO[;C _c., 1.[; not One of the 81 J.CC€GsiVG" . q	 conver r:,e~lt Set 

',''rbcn J.i 8;; b etHc en	 tHO C()l1 V ('c' ~',en t f;q
 

Pn - 1 Pn +1
o.'P" _ -............
and 
qn-l I1n +1 

both of ~hich are on the 1'·'·1.fL10 side of c<. 1'hcn 

J. n'·n-·}	 )ry-n "11·-1 \ 1D 

qqn-l « I~· - q~~'~'~' \	 < qn _. ·~1~·; ~~ q;~l-~' 
So 1 < L~ _ 

which irr.olies ~ q ~ q. Ho·." ,..... n~q q!, ··1 'lnQn-l 

lPn.", n.\, 1n '-;- . .?_~_
1oZ - ~i \ ~ ql)~~l- - "q-	 - qqn+1 

UShl[:; theorc:'1 ll.2.	 'ihis inpJ.ics 

\1 \ > __l __" 0\0< - q' j ­ qqn+l 

&J.lhen. Iqo<. _. p[ ~ 1-
(1 • But 1-.... > \0 ,../ - 1) ) fro:n theorem 4'.1?.a 'n'-',· n1n+J ~n+l 

'l'huc, \cl 0<. - pI> hno< - P \ and 1 ~ qn<- q. '.I'his contradicts (1).n 

Thus, the ~unuosition that q is not conver~ent andn a '- is false, the 

proof is finiBhed. 

•• J. 

To see that the theorem is not true for n = 0, consider 

the following eXD~nle. 

1	 ')F;xan·illle 5.?e Lot 0<. ::0 3 + 2' 0 'l'he converr;ent fa to 0( iG t 
but this is not the	 best approximation because there is another 

If
beGt c;J>})l'ox.iunt.ion,	 -- Hi th J. <. 1 L ]I	 - ­ .0 

~heo:rcr~ 5.2 leads to the problem of hl)\V to recoGnize \-'hather 

a rationnl ~ is one of the 
q converc,:ntfc to a reol !1uFlbor 0< 0 This 

:i.s an:-::vc:r::.d i'l the DE;xt theoren. 
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'rhoorem 5.3. If tLc:: intc[;C1.':':; q.2:1 ;:1)1(~ }I ~jat:L:J',Y tho c~)'·1(1:i.tLon 

Iqo<. - pi <::: .~:. . 2q 

then 1J.. is one of the convcr~;cni;f; to':><.• 
q 

Proof: It is sufficient to prove tJ1D.'!:. :2. is the b Co2 t (3 :)prox­
q 

:Lr1:;:ttion to 0(. 'rhe proof is by conh:,tu)ietiono Supuc)se ~ is not.• q 

the bN;t: HIJprox:i-r-:otion to c:-<. • Then let -b~ / ~ be t~c best. Theil 
q 

for 1 ~ b ~ q, IE"l, ,
Ib D<.-al « b c<- P\<'2'(j • 

~. L/'- ,J L. ~~:hen, IcO<- l~81< il;(i] 
\..~J""1,1 \,-.../- •• '" \ < .,.~:;1 

q 2q 

J.';"'. __

TJ~en I'P a \ == \(:='-
q 

- 0<) + (0<,- ~·)I L \0<- ~. \ -I- \oZ .. ~. \q b b 

8.nd I :1) ,l_.~ + .1:.._ == ~~_C1.\q--b'f: \ < '>hc' 2 ?r.•.~ l 2. q 2'b , q L• 

Th en, I \ _. nq <. -;-........ ~. ~ 1.11 i c S \b . p - 1'hercfo::::'c
:po I b+o But I i m a q \ ?: L 
~q • 

b+'l 1 •.--,' >, . r"\'J:.lJ.S J.l7rp.1 ' l.ef; b'+q > 2q 1;Jl'lleh'J.i:lP1 ' les 1:) >q. This contrac1.~~.c~·s
2q 

b L. q. Hence, P·is the beEt ap})roxir.1D.tion to 0< and P. is a conVE:r2:;ellt 
q q 

to 0(. 

Dc,f511:\tion 5.,2. (Accuracy of apT,roximation) A number 0<. can 

be vppr0xin~ted with accuracy of degree n if ~nd only if the 

i nequ31i. t,Y 

0<. .. RI <!:.n 
1 q q 

has infinitely many Bolutiol1ri 2.. 
q 

'l'b(~ nc:;:t thcc~'e!)j sl\(",[o; the:: connection bobl0S'Yl nleebr£:ic 

nu~bors end a~l~roX~~~~3tj_on by ratioT1Dlc. ~hc thcoI·er~ j.s due to 

I ,' , .. " 1 1 ,: '. J:: r~ 1 ['] ''\ -..... " ( c_Jl.J ,JlOIJ.\tJ.... C .LIJ. .\..'J- .,_, ~":"'Gt:. -.,J.,) • 
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r'\\lC.C.I"·M' 5 • I. ...J":. IJ '1'~l"O'-'I"').. .... .~I!' If c< :i:; (J,n :iJPat:Lo:!JfJlJ.J_\.,;""J T. (I~o,,"-'ll'Jp'r\r. V .......... _~...
t::~.ll ..t 

!)lp;ebl'aic number of dCL;l'CC' n, 0< ct,r~n()t be, :1;"'1'ox1 i~i)t;('r.t tu Ci.n:r 

cleeron hisher than n. 

Proof: Let 0<.. be D-n e][';ebTaic T!11!',rlJC'r of decree n. The;l it 

nnwt be, shown HJat .' \ J 

Ic-<.. ."!?, ), _.::...-;.­
q I ...- qt! -h~ 

for aJ.l rational:::' .t, except Yjof;.,::ibly for a finite numbe)' of theii},q' ' ­

for every k ~ 1. It is sufficient to prove the inequality for 

k :: 1 sine I) .-2_:- <-. .-1....._.. for k >1­
n+~;: - rH· .. J 

q q 

Suppose that \0<.- 2. \<L-«·l-. nOVI, 1)2.1\ .. \C'( \ < \r::J...- '!2.\ and 0.100 q :> 10 
q q 11+. ll" q I 

'Ihus, I 12. I - 10(1 < -':~"""- L 1 sinceq ]"> 1. Th en l?. <\0<: I -:- J.. 
(I I 0 - n+ . q I 
:l. "'n+1 

Since o\is an alGebraic number of degree n > 1, there exiGt,~ 

H polynomial 

\ n A n-l " p (x) 
n - hnX + n_lx + ••• + hlx + H O 

such that P (0() = 0 c::nd t:hcre is 110 such polvnomial of clE"P'rOe
11 - ,) -, 

less th'-'l1 n. rJ'hi:_~ implies 0<.. is irrati.o11al, othe:r\'!i[;e cO< HOl1.J.d 

satisfy a polynomial equation of first degree. It vill be shewn 

D .that r (x) has no rational roots. If x = ."- lS a root, 'chen,n q 

sil1G(: P Co() ~~ 0 it is seen that 
n
 

p (~.).) .. p (.l2.) - p (C:<)
 
n q n q n 

= A (2)11 + A (E)n-l + ••• + A](£) + A n q n-l q _. q 0 

A cx'n--lA e><. n 
n rL-l" - ••• - Ale< - AO 
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_. A. (C --,)'P n - rJ n),',' H.'A ( c·-.·.)".,,/P	 n-1 1'17' + , Cn \ . n q ~ . n -1 0,. .'_v<,. " •• + A ~~ -0\.1
1 q 

(1) 'P ( (	 ,n···1 n m··,? ,.- (0<- -'-) A oZ. -I- .,.• 0', + •• ~ (~)n-JJ +"l' 

q n q g 

,n,·2 ~l In"-5 + ..+ A
n-l 

( C7'.,. + --0,
q 

- + ••• ("9~j' )n--:lr_ ) 

2	 
');- • ~. + A (O<';"q, "()) -{. J~l 

- 'b" " ,.;	 '"Tht,n, CJ.ld,C:r "•. '.-... 0< -'-p _. ()" \', ..Ll_i!-,k l.s ".l.I,I::JO- ...,·c,·"·.h)).()1.. E..'. c).,nce. V',lu.J" C" )..)..L.3.; ,,'. t"],0110.'.1 OJ.q	 ­

+ ii, ~~n--:lt"_ nt,· ~J..l.- 7)P (- I n-·1 :.0 11-2	 + ... _J - .'\. ~ +-cA.- -t- .~. +	 (~)n-'l) n q	 n-.1 q lA. r 

+ C*)n-2) + ••• + A (0( -;. 2.) + A :: O.2 q 1 

B, .'. -t.... " c· • ", •. v 1 " ." '1 ] .'	 'Cl t· .. .. f"" .','" r> -1" ~J,'.; -,' J"_"l ~'l'i .1- c,1.C ,•. 1:Lu 1. 0 c;;, tJo ..ynOlJl'". eql_<, -LOl.l 0 CJ.E;0 .. e~ 11 ..l.n ,--,-\!n.~\,;n conl, .. c•. ,.CI",:::> 

the W3:inJi.ption tllat o(:is an	 n1Cc"bJ'E.ic llUm;)er of decroe n. 'l'hu,s
 

. n
p (P.) I 0, Then for any !'8 t:'. ona 111 (1 q 

C2 ) p (l).)f 1 \ \ pn A pn-l A I) n-J= i;­.-_..	 q + ...-1- 1 q . + Aoqn\ .?-: l ..n q , a 11 rJ-1I "n qn
 

bCC8.use A pn + A I,n-1

\ 1". n-1 q -)- ••• + Ao . anI:>-- I .since Ai are integers,
 

P is an integer and q is Dn integer implies


'" I) r~" J. + A pn-lI..-", 11 :' n-1 q + ••• + Aoqn) is an inteeer >1. 

ThuR~ for any rntional~, \p CR.)\ .> 1. 
g n q - n 

q 

Next, cO:!1s:Lc1cr all ,r: for Fhich \ 0<..- R·l <2. • It must be that
• 0	 q n

•	 q 

~ *1< J(/-l -I J.. Also \ :It must be that for those ~, using (1) and (2) 



r' (,
:J " 

J.._- ~../\ c< -, "".n\ • (.I\ 1(\ 0',,n··J\I -I- \ .'~ \ • \ ,n-- 2 J . ... , \ .II.:.-. ,n.-- J)
.\~ 

,n - q .1	 I cl 0·....,· q
Co	 \ 

+ •• ,	 + \A21( 10( \: \~ PC1-"1\1 
A )	 .« \0<- '~\ ~\)-n\,n-( loll ; ])"-1+ •• , +hi-2 '( 0< + 1) + h ~ 

£,iuc0.(o-e/<\c(/+l <n'(lo<l +1), etc. \)':)l1otc thD ::rnontity (I\Jn(\o(\'il)n<L 

+ ••• + I~\~:~ (\~\+ 1) + \;\101:/ b. b iG fixeG end independent 12.o:f 
q 

~ehen , 1) I 1
if <>« - q <~;-:~T it is ~,E'en thcc,t ~il- <\"z-~.\ [J.:I 

go 

~/ -. E.l <__.1:._
'-""'-... q n+1 and ~j~ <10< - ~-l b.I q
 

Thi:3 l. ',TI-(i,
• 

1. 
~ 

•..1-.......11 -----.'n+1
] ••
" 

<. • 
os < 1 b

I \lhich ili1:p1:Les q I.... b. Then G).ncc q :LS 
q c~ 

an intcgcT, there are only a finite number of va1ue~ pO~Gible for 

q. ri'hcnl~'i\< \C><\.:-l)vrhiCh jmplics [p\< h\C\d-\ +J) and there are 

only	 c::. fini.te nnr\ber of valllcs pOGsible for p. 

Thus, there are only a finite number of R such that 

Id. -. E.\ <-'}..'~-
q 

'q n ..·1 
q 

Tho t1J(!(>}'C',J i,s prove:d. 

Thir; tJ1N'lrCIJ ind.:i.catcs thnt a1tier)raic l'!\wbe:l's cannot b0 

"cpprox:Lt'~' ~ed beyond e cert:::d.n degree for DTlJ' given sl[;ebrcic 

nUlll'OCJ'. If a m\i"bcr cem be Cluproximatc!d to any given c1cijree 

n ,c;,_,.... ')	 tJ'E-l'<I~I.,~ ''-11''L,.._ •. D"n"":,,,.J,.~~,;.u ..... ~.•""'C'"~JL-1.CJV.be non-B-l"(·br''''1.'~G CJ",,,C (.:..&. ......<'> , ..:...<:-4. __ "''-'1. "-.;.- ':A. ••t'~"YI'~c"'r:c'l"'nt"1) 

Defibltion 5.3. A real nunber is called a Liouville's 

nunbcj' if it CO.n be ovpro:dnatec1. \'lith acclJ,l'8.C;Y OJ- D.:1Y deGree n >2. 
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'l';JC fact -eh,'1. t tri<r..DccudcJI ted 11t'1;ibcr:; F':C;.ct 1l(!,[; .f:t:n:;t p:COVE;0 

in 1 ,,'-, t 'L" '1' r~ l
.,0~L ~y lOUVl ~e L~' OjJrr: A ')l'()()f ..delv..lP~·':2~e '" .l:.. i -.. tl- , t~-"~_l'lDC ell(l c~n. t.a 1 

nUI.1Gc:O·" CX:l.2.t follo\'JE>. 

'I'hcorcrn 5.5 For any ~;iven CX:D0ilcnt II >2 there al\:aYI3 exLd: 

(irratlonnl) numbers ~Euch that the inequality 

n \ < 1} 0( - 'q 'cr 
hQo infinitely m~my solutions	 .!2
 

q
 

Proof: Given n, the ml:';lbor o(c<l.n be cOllGt:n.:ct(d frOGi its 

continued fr~ction expansion. Let aD be any integer. Choose
 
~
 
§ a 1 ,n2

, ••• such thAt 
J 
1 n-2 PI, 
J 1 :::: (l'k llhere _":', if:: tho l~!~ convcr;:'cnt.a k'-}o' a	 __J 

~ -I: 
Then by theorem 4.1 and theorem 4.12, 

~ 1\:\] 1	 1 10< - .._.:;. <-- ~._-- :::.	 <....;-.-.-.--­"-"'7"'--'-''-,'-----) 
0 q, 1 C1

.1. 
~ (l ~I	 \ 'l.

f'1) -1-"+ -1" n )-+1+0~,._. , q 2 a ::1i 1'- , " t\. ••, (••- k+1 lc+1 qk 
P1:for 811 cUllver-cents •..-- to c<.	 1'hus,
qk 

I 1Pk I L' • J'" 't -	 1t· 1)0<.. - "'0--' < ;:'n lor ln~lnl ely Many rn lona G ­
"k Cl q

k 

l'll(; c(>ntiml.(~d f)'action expansion is an imrr:nle1!12nt over the 

decinal and the Cantor e~pansion in that it is po~sib1e to determine 

1;,hether B. D-:..l.':lber is alGebraic of der;ree 2. 
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CO(:CL1L~.-;IO~T 

It is oasily SGon thnt the sct of al[cbrcic real numbers 1~ 

cotP,t:lbJ,o. l,et the P01Yll0f'1:Lal CClur.d:::i.on 

n + [I yn-l ., "" -;.. 3. .- 0a 
n 

X n-l'. +.0' • + t.-. 

1
"'1. o .­

IH've :Lntec;E.':>''' coefficients. S5.nce the int8,:;e:Cf:: [d'C covnl',able, there 

are only R ('oun.table nv.mbcr· of such equnt:i.,OEG of dcgrec n. Ea<:h 

e~u~tiQD of dogree n han exactly n roots. Thus the Gct of nIl roatE 

po .Jncl.uc. .' ·ff'j' ,. e., t'-.o. Ce, ,.,(?_,'f,.LCt o "J'" ",.' "1 ccllLl "" "t").on~)c'.';\L.G.1,',1 III 'l; cG,.r,"~... coe. ~CJ.e,l'Lc)',<. (.l. , il<c; "1'" '..".",.' 

nUl'ltcrs) is count''.ble. Since the real mu,lOcrn m'e not countable it 
~ 

:1 
f01:1.o,!18 that the non-nlcebr,,::i.c (transcendental) !1lH:ibcrs <.11'8 not1 

) 

i
l

countable. Thus, there are more transceudcnt~l rmmbers(in a sense) 

j 
~ 

them	 a}~;ebr<:lic n\)n1:)(~rG. 

~ 
'j'he problem of determininG \'Ihether a part~culctl' r(:al nuube:c 

in a1sebraic or transcendental is very difficult. Using the fac~~ 

established in this paper, the best procedure to determine if a pur­

ticular number is alGebraic or trenscendentDl would 80em to be ~s 

foll0v!s. 

(1)	 Derivo tlJe dochKll expnnsion. If the (lccimal expansion 

i8 ~ilher finite or periodic, the number is rational. 

(2)	 If the decimal expansion is infinite and not periodic, 

then derive the continued fractjon expansion. If the 

conti~ued fraction expansion is finite, then the number 

is rational. If the expansion is infinite and periodic, 

the nUGbcr is algebraic of dc~rec 2. 
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(3)	 If the eont:i.rnH'(~ rr{H;Jc:io~J ic inf~_llit.c~ und not }Jer:i-c"Jie, 

th~'n ntte',lpt to aY'I))'oximi'tto the )"n:(lnbc'x by l'n.tionalb, 

UsinG definition 5.2 nnd thoorem 5.~, deter~inc if it is 

pomdble for th2 nUi~!~)eY' to 1..>e al[;ebl·v.:;.c of [iOniC c1egl'ee 

n.	 If not, then tJle ma,lbor i::~ tr::-U1se;endent:..'l. 

The fact that the Cantor eXp2DGion terninot88 for r&tio~al 

nl1!:~.be]'·s if (J proJJer baf~O-E0C1tl8nce j. G CbOGCrl f31lg{j;Cf~tS Ci.r~ 8.rt:~a fo}' 

further ::;h'.dy. An al[;c[n'aic nLl:r:bei.~ of ~ec::rCE: 2 can be \'H'ittcn in 

the fo:cm 

a Y1).11 -I­ ,'3~fb') 
c. r_ 

+ •• e + ,r-:-­
a~~,) 

n n 
. ·.·c 

where a., 
~ 

b.,
1 

and c arc intcr,srs. The cuestjon then arises: 
-. 

Is thore 

a pOG::d:):i.li ty of clloosing a basC:-Gcquence involv:i.1.1C; t1H~ square roots 

{' t·" > ., .!- """ ( ".' ," . ~.) • h tl-, 'C..... t·; . C·, .'. " ,;." ,"', "" ~ , .l'.C'0.. ,],(. .LnucL<.. l s or pI J,..10.:> ,-,ue __ ,,-, l" ne ('...n,~o. ~-{r-.,-.) .• ".Lon 0,1 dn 

alfj(:bl'Dic nu,:Jber of degree 2 Hill be fin:L te usins tllC:l.t C'xpansion? 

If this is possible, then perhaps the results can be generalized to 

algebraic numbers of higher degree. 

An area. for fnrther study suggCE;tCQ b;'l the cor:.. tinued frae t:Lon.~J 

is v:hcthc!' they ean c;j ve anY' information about c!lg:E::bl'aic numbers of 

higher dcg~~e than 2. If not, perhaps a stady of the reason for the 

diffictllty would cuCgcst cnothar type of expansion that would dcter­

mine j,f H numbc:l' iG algebr'aic of higher decree than 2 .. 
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