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APPROATHARTION OF R¥AL NUNBIERS BY RATTONALS

This chapler is devotled to a study of annrox

mations of reol
puriers Ly ratiorals, and how apnroxinstious are aiffected Lty the
numbexr being either alnebraic or transcendontal.

From theorem 2.4 and theorem 3.5 respectively, the accurscy

of approximation of the vartial cum of a real number o< is given es
< n 1
0 < ol — - < ot

n . . .
where t_ = 10 for the decimal expansion and t_ = b.b.. «e. b for
n g n 172 n
the Cantor expansion. For the continued fractiow, the accuracy of

approximation is given by theorew 4.14 as

L

. . . in . ‘s R
Comparing the right side ol both inequalities would seem to indicate

)
Y

that the continued fracticn expansion gives a betier rational avnrox-~

imation than either the decimal or the Cantor, since

freorem 5.1 shows that every rational number vith a deuoninator
g
. . . \ “n
b qun is at a greator dictance from o{ than the convergent PERC
n

»
) . “1n o 3
Theorem 5.1. If —- is the n!» convergent to X | then for any

D qn

N L.
= with 1 &£ b £ g
a

retional

T
N
=

n

<2 < -8

‘11
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Ded = ab - bl -
DY DR TN DY ot Wl i Sty
\ vl ™7 4] I B g

n n
since 1 £ b £ ¢ inplics by, > O.  Lhen
. D N Y
o= §) - - gE) 2 Bl sl e
n

n
since b £ g

t

(i) Thus, if |[bX - &

- 1
This impliec q < - v ‘ < e,
- mn n q
n+l

Pn-1 l
9-1

Also from theorem 4,12,
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1
P < \qn__lo{ T Ppan

But

P
, a  “n=li
2 =
! ‘n-1

[ 29p.2 " PPuead >0.

Since a, b, p and a are integers, then ‘a - b is an

o " -n-l ‘n-1 eE 91 Pp.yjt® #n

by = 1. Then
n-l| -

intescer greatcer than 0. 'I‘huEs‘ao.
‘n-~-1

which imnmlies

+ o\ qn_lo( - pn-—l‘ Z 1.

(1) .
qn--l | b~ 2

But, from theorem 4.31, and since b < g, it is scen that
— “n

l —

5

- o - .}_D_n. \
C‘n

G o
1 %01
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1 =qg . ¢ o ~ P + g Q ol = D | .
‘n’| "n-l S Ph in—-l’\ ‘n®  “n

Then, since bh £ q,
e

~y

1 =Z0 ’ pyed - p:}.nl\ ] l Qe ‘“n‘ ’

Combining (1) and (2) pgives

| boc =al wb \qn—lo< B pn—ll;Z })\ T Lot

q
tn-1 i1 Pr-1

Which im»nlies
‘b < - d' - D
> q, &£ *u e
In orcer to get (i) it is sufficient to viove that 150{ - a} =
|u < - pnf is immossible.
Suppose o< is irrationsl, then
< M
b -a = (a.eX - p.)
- n n

implies b = qnand a = o which contradicts the assumviion thrat
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is the last convergent, then

o3
K3
=
i
o

0= |X ..B

This iwmplices

0

= C - ‘o
lan{ “nl °
Then a1 ‘q11°‘< - pn\ = lbo{ - a] y it is =geen that O = \bo( -»?\
n
sl . a a n
. 1 N - y < 4 .
which 11091-; cs 0 = \r;( - L"'\ . Then D(:: -g = a—--« s COXltI‘?«(llCtlng
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I Pl not the last converpent to ¢, thoer let P bhe tha
1 e
n “I

last cvoaverpgent, Then
{d

So cither

WPy T n T PPy

APy T P, T T bp

‘Nn N+ aaq,
@y .

Then, either (q_ - by

T tin N = (p_ - alda, or (c Yoo = (v - a)qg,.

(o = )y ey Py = (0 = @y
Since »,. and Uy have no common divisor by theorem 4.4, the Tirst
N
case imniies q, - b is divisible by Qe But Cy > 9, - v. Thus,
q, - b mist equal O to be divisible by QU Now, q, - b =0
- *
a »

implies q, be Similarly p, = a which contradicts v a"~e

In the cace (qn + b)pN = (pn+a)q q,* b must be divisible by

N’

U vhich is greater than 9, Thus q, * b > 2qn which contradicis
1

b<ag . Thus, |q e =D

L
it

= |bek- a| is impossible and the
theorew ic proved.

The converse to theorem 5.1 is not true, as the following
exananle showa.

Example 5.1. Let =&, p =1, q= 3. Then § = oo .

- 1
The onliy two convergents to o<are 10 = O and fl = g.

. a 1. . . , N 1
every rationnl %~% 3 with 14 b £3, it is truve that = - 7\
5 — 2 >

-3 -1

k]
(2
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o wee this, note that
4

L 4% £ 3, Then T . This duplies b = 3 and a = 1,
J

e
!

vr a ]
conttradicting =~ # =
b3
Thus, a convergent is alvays o better approximation than
cthers, but an approxiaction that is better than others necd not
be a convergent. To got the implication both ways, the followins
(%) Lo EN y 7 [
definition is introduced,

Definition 5.1. (Best approximation). A rational p with

Ty -
f

G Z Y is called the best avprouimation to 2 real number =< 1T and

only if fer every rational

'2“/‘ qu- vith 1 £ b £¢q , one has
laee = 0] & |pet - 2]
t

5z

It shovld bve noted here tha

<l ]

?
H
Qe

1< B = pelaxe plc

b= u""‘ )bo( - a\ :](7(- g

L
b
< st

=
n
ct
[~
=
]
o’
D

Theoren 5.2. A rational g with 1 qg< B

. . . . R S
arrroxiwation to 2 real rumber A il and only if <+ is one of the
94

convergents — to with ¢ < 3B for n > 1.
qn b ‘n

Py .
Proof: Let 'C:lw be the n!h convergent to <X . 1t nust be
n i)
) a “no . : s -
proved that for every i F4 (iw with lfb:é_qn it is true that

Qe - pw!< Yuc{ - E:l . This is seen to be true from the

wegunent of thecrea 5.2,

n .
Hext, let y be the best anproxination to X « Then for every
S

. 2 Y
rational Y # —cl with 1L £ a Z b,
|



(1)

laet - pl< o x - Al
, JUn . n
It must be proved that ~ is one of the convergents ---
4 “n
to e & t will first be vproved that
b P
-9 < PR « ok :

4@ @ T~ 9

Y
If - < 2 y then since < >—--(-)- and sinece g, = 1 it is secn that
¢ g, A 0

Then
|2 < - o) = {o<- ng| <|o<~' %\fq\d---g— = \qo( - p\
So

‘qoo(- pO\ b \qo( - p] which contradicts (1).

b G- - P
ir 2> it , then |2 - —-1‘ >0 and -—'~J—"-~°--w*—l-\> 0.
a9y a  Q 494

This dimplies that the integer \qlp - qpl\ = 1.

Py
Then, since oL £ =
a,

] _H\\/l?.l'c.’. J

— LT S

a4y,

r
and |u- pl > %1 .  Then by theorem 4,14, Lo > ,o(- »--‘
1

TR | ‘ i
which implics —c'{l > l(ilo( - pl\ . Then lq

. : o P
1s equal to either T or — the
o %

again contradicting (1). IT

Qg

pro¢i ds finfshed.



5.2
I not, supposec - ig not one of the successive convergents,
D3 q
o wn - . ¥
Then - lics between two couversents
p !
Py Pl
G m—r and e i
n-1 Q41

both of which are on the same side of o< . Then

T B SB.:‘.?:.‘ \11 et A N
Ppar T 12 90 L T | 9% -1

0

So -5-1- < E— which implies | £ q, £qg. Now

1) pn-l-’ ol 1
] D< o Fm ~ P IR S am;-_.-
4 qn+ 1 q qn-l—l

using theorem L.2. Thie inmplies

n 1
|<- 3 2
“n+l
Then |qet - v| 2 A pat L > ‘q <&~ D ) from theorem 4.12.
9n+3 Snel . n

Thus g ol - D 04 ol - D and 1 < ¢ o This contradicts (1).
1 Y = ‘n “n ~— Ln q
I D . . o
Thus, the suvposition that o 1is not a convergent is false, and the

proof is finished.
To see that the theorem is not true for n = 0, consider
the following exaunle.
%
bxample D.2. Let (=3 + %5 . The convergent fo to o is 0
but this is not the best approximation because there is another
l

. . L
best aywroxivation, T wvith 1 £1 £ 1,

Theorern 5.2 leads to the problem of how to recosnize vhether
. v o, . .
& raticnnl u is one of the convergents to a real numb er o< . This

is ansvercd in the next theorern.



Theorem $.3, If the dintozgeve g2Z2) and p

oo, e
then 5 is one of the converponts toeX.

oy s NP , , I . i
Preoof: It ie sufficient to prove that H 1is the beot evnprox-

m 3 o ..EE_‘ . ,],f_..... et £ e :)_. .1. g
Lhen,)o< b <(2bq “ﬂ]\O\ q\<< 2

) & 1 1 b + ¢

and e e m sw b ey = e .
\ v | < 2% 2 ug?

3
=
o0
=

=)
C-‘J
1
2
N
Nl
|3
®
w
fd
[a 4
1o
'S
i
,—J-

molies lb'p - aq\% e Therefore

-~4L>1. This implies b+q > 2q vhich imvlies b 3> ¢g. This contradicts

D. . . Do
b £ q. Hence, ais the best approximation to o< and E is a convergent

Definition 5.2. (Accuracy of apyroximation) A nuaber ¢ can
be avproxivnted with accuracy of degree n if znd only if the
inequality

q v ()<"El<-:‘:
Q n
g
C e . s
has infinitely many solutions =~ .
q
The next theerem shows the connection tetwesn algebraic

.

rationalae. Yne thecorem is duve to

nunpbers e1d anny

J. Tiouville in 1305



1 rem 5.l+-

aligebraic number of deprec n, o c:

degroee higher than n.
Proof: Let X be an

must be shown that

el - R\:;
)=

for

. »
all rationale H}

(Iiouville's Whe

algebraic

except vossibly for a

. .
T i an

Lrrational

-

annet be awnroximoted to any

nugherr of degree ne Then it

finite numnber of then,

to prove the inequality for

. 1 1 X
k = 1 since — oo i——?ﬁ for k>1.
T i-r.l

Suppose that lo<_ “W<f;h7f .

Thus, {2 !xl <

1fl
Since ofis

a polynomial

"
o 23
>
g
b

Pn(x)

1)

0 znd

P (A)
n
hiws

satisfy a volynomial equa

>

that F (t) bas no rational roots.

since }L‘n<0<) = 0 it is

seen that

- A (YD
An(q + A4
- A P -

MNow,

me e <i 1 since q Z 1.

there is
implies X is irrational,

tion of first

\DQ" %\ and also g = 1.

m 2l +
il = Then q <\o<l

an algebraic number of degree n > 1, there exists

AX 4+ A

+ e e & + 1 O

no such polynomial of degrece

<

othervis A& would

degree. It will be shown

If x = 2 is a root, then,
a
n-1
-+ ase T "'
(=) Aq )+AO
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D n N A 3 g n-1  h-t . n \
- a, (@) s ((q)_,_.ﬂ e G e
(1) = (o= S [A (L DoL? (E)n“]9'+
- q n q 3
21he= 2 5 X . _—
g (T T e PR

Then, eitter of -~ (; = 0 vhich is iwpossivle since ¢ is irrational or

¢ e} X A n"a ’P_ n-_-’) .
A (v(n"1 + §_OLn-g t oene + (3)““*) ' nn_16¥~ + = oL P e

Ko

B‘ n.—a A < .E. « i - N
A PP W CTE-3 RPN

But this iz & polynonial equation of degree n-1 in o< which contradicts

the asswiptiorn that o is an alpgsbraic number of degree n. Thus

12 . . . . »
Pn(HJ # 0. Then Tor any rational - ,

3

(2)

p_ (%)

- - 1
P \ A Pn + A Pn ]q T eeet A PC,‘n 3 + A Gna > e
nq n 1=

-1 o
G

n n-1 1'1’ > .
o g A ) ' A ‘e 1 ey
because ‘“nP + An_ll g + eee + Aoq -_I since A, are integers,

P is an integer and g is aon integer implies

g,\ el n-1

AT Ay PP e e aq”

1 n-1
) jo] . 1
Thus, for any rational -, P () = =,
g nq’l— “n

Next, consider all

R LS

for which \o<~ —&l<-—- « It must be that

(}il< ,QL! + 1. Also, it must be that for those -gv, veing (1) and

,
AV
~

3
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D s Ve Al n-1, ola Lo, " IR

< \o{- -O\ \"n\n( L]+ 1) L e &l‘fxa‘a ( o+ 1) 4[“1\
aincekq<\dl4d_ {n-{lot] +1), ete. Ponote the guentity <\inyn(hilﬂl)n"l

: . . . . - - 0
+ oeee APl L) iy be b odis iixed end irdencndont of &
1 v L

. 1 o)

Then - it is se hat e - 7=\ b,

; ) t 1s seen that - 4rs o\ e

4 q
So
and “— < 21
n </ gl °°

. . 1 1 . s . .

This imnlies o= === 1, which implies b. Then since i5
: n -l e Q

an integer, there arc only a finite number of valueg rossible for
T .- . .

Q. Then!§¢<;‘o<]+l)wnlch inmplies IP\<(lql(\d« +1) and there are

only & finite nunber of values possible for p.

- . ) .
Thus, therc are only a finite number of q such thet

The theuron is proved.
“hins theoren indicates that algebraic rumbers cannot ba
approxinsied beyond £ certain degree for any pgiven alsebraie
naber.  I7 a nurher can be avoroximated to any given depgree
n>eo, then the nunbsr must be non-algebraic. (i.e., transcendental).
Defiuition 5.3. A real number is called s Liouville's

~

number i it can be epproximated with accuracy of any degree n>2.

AP
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5
The fact that transcendental nuubers exict vuas Tirst proved
in 1551 by Liouville [1, pnoe 65] o & oproof that iranscendental
nunbers cxist follows
Theerem 5.5 For any given exvonent n>2 fhere alvays exis

nuribers X euch that the ineguality

s e s P
has infinitely many solutiong - .

q
Proof: Given n, the nunber o{can be constructed from its

continved fraction expansion. Tet a, be any integer. Choose
8118,y e« such that
[«
- >
a = qn—Z where ik ig the ki convergent,
k1 k e >
Then b thnu.ow .1 and theorem 4,12,

by
1
\ m Q.9 ¢ 9. lq 8 57 <-
N ksl k 1:1~
pk
for all convergents «—~ to{. Thus,

+ qk+l e+l Gy

»
< == for infinitely mez ny rationals g .

|o<-.~_
qk ’

The continued fraction exnansion is an improvement over the

decinal and the Cantor expansion in that it is porsible to determine

vhether a nuaber is al gebraic of degree 2.



It is ecaslly secen that the sot of algebroic real nwabers i

q

countable, Let the polyunomial couation

a x4 oq n-l A+

nt T a1 e
heve inteper coefficients. Since the integsers are couvntable, there

are only a countable nunmber of such equations of degrec n. Bach

equation of degree n has exactly n roots, Thus the sel of a1l roots

to polyncmiel ecqguations with inteser coefficients (i. e., the algetiraic

rurbters) is countable. Since the real numbers are not countable it
follows that the non-algebruaic (transcendental) nuubers are not
countable. Thus, there are nore transcendental numbers{in a secnse)
than algzebrailc nuonbers.

The problem of determining whether a particular real nuuber
is algzebraic or transcendental is very difficult. Using the facts

established in this pa

'—i
@

er, the best procedure to determine if a por-
ticular nuuwber is algebreaic or transcendental would secem to be as

follows.

]
<

(1) Derive the decinal expansion. If the decimal exnansion

t=e
o)

ailher finite or periodic, the number is rational.
(2) Tf the decimal expension is infinite and not vericdic,
then derive the continued fraction expansion. If the

continuved fraction expansion is finite, then the nunmber

nite

e

nd periodic,

o

is rational. T the ewxpansion is inf

4

the nmuiber is algebraic of degree 2.



(3) I the continued fraciion ir infinile ond wpot periodic,

then atteupt to ewproximate the nuuber by rationals,.

Using definition 5.2 aud theoicm 5ah, deternine if it ie
possible for the nunber to be algebraic of some degree
ne If not, then the number is tranzcendentzl.

Tne fact that the Cantor expansion terminates fer ratioral
nunbers if 2 proper base-sequence i chogen sughents an area for
further gtudy. An algebraic number of depgree 2 can be written in
the forn

al\/’ﬁ—l + a?'fb—;; T oeee + 2 Y0 W
where 2, bi‘ and ¢ arc intemers. The cguestion then arises: Is there
a possinility of choosing a basc-sequence involving the square rocts
of the integers (or primes) such that the Cantor expausion of an
algebraic nunber of degree 2 will be finite using that expansion?
If this is possible, then perhaps the resulis can be genecralized to
algecbraic numbers of higher degree.

An area for further study suggested by the cortinued fractions
is whether they can give any information about 2lgebraic numbers of
higher deogree than 2. If wot, verbaps a stady of the reason for the
difficulty would suggest enother type of expansion that would deter-

mine if & number is algebraic of higher depree than 2.

>
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