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century mathematicien Leonzrdo Fitonacci.
One aitong many of Fibonacci's achicvenents was his

part in the introducticn of tiac Zindu-Arabic numeral systen

An elementary problsa which illustrates the Fibonacci
nuwber seguence is tne tize horored "rabvbilt problew": YSone-

one Dlaced a pair of ratbiis in a2 cerialn nloce, cnclesed on

sumed Tuat every nonth a nair of rabbits nroduces anotlier

wat ravhits bezin to vear young in two nonths

after taeir own tirth, Treom this inforumation cone wnay con-
struct a chart as follous:
Tand of Month Nuiter of Pairs Nuber of Poirs
Reproducing

39 55

144 89

11 2353 144
12 377 233
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N
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Frouw tihec chiart cne shculd ncote thzt at the end of the
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2djacent Fibonacci numbers

Likewise, tiac differsnce between any two
numbers was a Fibonacci numder., Taese two



facts were the stzrting »noint of this study. OCther prover-
ties followed. But, not without nuch time and effort,

The numbers chosen for the first two terms of this se-
quence could have been O 2nd 1, 1 and 1, or 1 2nd 2. Tach of
tliese generatsd the same szquence excent that one of the se-

quences conteained O as an element while the sequence with 1

and 2

5]
%]
ct
5
[0]
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first tvo terms had only one
In this paper a, = 1 and a, = 1 were the first tvo
terms of the seauence. The advantzge or disadvantsze in so

denoting the Iirst tvo teris as such is slisht. Many sources

Tie exnression of meny of the nroverties of the
Fivonaccl number secuence which concern the subscrirt of th

Fivonacci number sequeuce denend upon how the first two terus

are definsd., TFor instance a_, = a_.a_ + a a for when
n+i nm n=-1"m=1
a, =1 and a, = 1 are the first two terms. But, this does

not hold viaen a 1 and a5, = 1 are the first two terwms of
2

1 =

the secuence., In tas latter czse, a = a

a, a
n+ia n-1"m

a
n m+1?
and this does not hold true for the a. = 1 and a1 = 1 case,

n when coan rlng works

o

|J-

Thus, one must be careful about notat
concerning the Fikonacci number =szquence.

The first twenty tzriis of the Fibonzacci number se-
quence arzs as follows: aO=1, a1:1, a2=2, a3=3, 2,=0, a5=8,
a,=1 an=21, ag=3L, 2.,=55, a,.=53, a,,.=14L, a, =23

6 3, 7 1) SJA’ 9/5, 10 U7 11 rhg 12 /3,
Q
~

313=577, a,, =610, a, =257, a =181,

14 15 15 %13



and a, .=5765. Additional Fibonzcei numbers along with nany

This supnlementary
prove worth-while to the interested individual

who lilkes to exwmerinent with aumbers,



CHAPTLR IT

BASIC IPRLTETIES

B

In this cuapter some of the wmore boslic and easily

discoverzd nrogerties relative to the Fibonaccli number se-
quence are derive

Tne fir rattern of the Fivonaccl number seguence
which wns noticed: two odd numbers, one even number, two oadd
gumhers, one ev.on number, ... o Tois olisrasting seguence
results fron tius Fect tiot er ¢dd nuwber lus zn odd number
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This n»rocess continuzs on forsver. The resulting sequence

is odd, odd, even, odd, 0dd, even, eee o



Of price concern was the sum of the first n terus.

+a, = 1+1+2 = L, a  + a, + a, *+
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ag tag ta, ¥ o3 + a, + a. = 1+1+2+3+5+3 = 20, znd a2, + a

ta, ta;+ta *tata
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Trhis may be gmenerslized into tae foruula 29 + 2, + a

+ et a, = &, -1. DProof: T-re formula has 2lrezdy been

Y

shovn for tiie n =1 caze. Azsuings the n = k& case one hus

+ o + = + oo + 2 = =i e N 3’1 r]. ‘_ z g t &2 S.
a4 &4 > 1 8y 1 By addinz 2e4p L0 ch side
of the equation and then concidering the fzct that a =

+ ne should have the res g&n * +ta, + ...t A
3 4o 8y 41 OB 1ouls 7e th csult &g a, 8y . a
- - Mg =~ e g =i y e == o
& 41 = By 1. Thiszs last cguation is the n=l+1 case.

Translated into words the zbove general ecuation says

¥ LY . .

the sum of the Fibonaceil nusnbers up to ord inclvding a_ 1is

v

e
o
o
;_J
o,

equal to 1 less *than the 2 Fibonceel nuuber. 0One s

n+2

“

va: substitutzd for k+1 In the latfer eqguation,

)]

A 4 N
note taot n

L

FNovw consider the sun of 2 finite number of Fibonocci

nuzkers vhosz zubserints are 2ven nunmbers and wiozse sub-
scri~ts are odd numbers,
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But, a3 = 3, 7= 21, and a9 = 55. In each

>
case the sum 15 equal to a Fiboncccld nuwaber whose subscrint
is 1 greater than the subscrist of the last Fibonacci number
in the sui. MNow z2ach of the even subscrionts can be n»ut in
the form 2n, where n 1s a non-negative integer, and eacii of
the odd subscrints can be »ut in the form 2n+l1., Tals innlies

that a, + a, + ...%+ 2y is the geacral =cuation for

n a2n+1

(@]
n

the sum of a finite number of alternste Fibonacci numbers
3

starting vwith ¢ waose subscrints are even integers zrezter

Proof: Sunrnose a, +a, +;...+ 85, = 85 is true,
where k is a non-negztive iantezer. By zdding 8140 to each
s A T, n g ~ 2 ~wm L] e — - @1

side of tle eruciion an? remembering thst a2k+3 = 25141

a one hras =2 + 5 + + - . Thdis i
pic+p? OBF HAS B T 8p T oeesT 8o T Forap T Fppaze 20ES 38
equivalent to the n=k+1 cese a, + a, + ...+ Q =
1 <A = 0 2 ) 92(11_".‘ )

Ao (1+1)+1°

The next »roof concerus thie sum of a2 finite number of

alternste Fibonaccl numbers, ‘stortine with aqs whose sub-
scripts 2re odd intesers greater than cor egual te 1. Tais

proof is very similar to the preceding nproof.

Taking into account that a, + a

1 =L, a, + a

2
<

a- + a

7

+
3
vhile noting that 38 = a



+a + ...+a

3

3 to eacu side of the equation, one

rroof: Aissune the n=k case, a 1e+1

a -1. By 2dding 2oy

has the eguation a, + a, + ...+

a1 3
Sorey T Zonas T Fonen

conjunciion with 2(l+1)+2 = 2k+4 are true, one nay heve the

+o a

a = + a
21+ 2lz+3 k+3 2le+2

-1. Since and 2(k+1)+1 2x+3 in

result a, + a_, + ...+ -1,

3 FoCu+1)+1 T BFo(u+1)+2

ogical ste

l_l -—

n in the develorrent of theory cocncern-

&

A

()

ing the Fibonaccl number sequence is the relationship be-
tween tie Fibonoccl number and the subscrint of the
Fitonzcci number

One wizht ask: Does a2 Fibonaccel nuuber with & sub-

0
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ore non-nogative inte-

gers, hove a ralaticansniin wita certain Fibonacel numbers

3
Fa

whose identity devends upon tihe values of 1 and j? uis 1s a

question one migi.t ronder., An impcrtant tool in tie develop-
ment of cther oroperties nilght be found.
Ccasider the Fibonacci numbers in the forw a., ., where

+J
1 and J are non-negotive integers. The first fevw TFibo ci

l,_l

nunbers in tiis form may guite easily be put in the foru a, *+

a,s witere n and m are non-regotive intergers.

1]
n
i

1+1

H

®
+
o
"

)
+
®
l

o
+
)

= a

%240 1+1 1 1 1 0 0 0°
a3+o = a2+1 = 3 = 2+1 = 5._2 + a1 = a2 + ao.

a4+o = a3+1 = 8.2_*_‘2 =5 = 3+2 = a3 + aa.

B540 T Bp41 T Bz4p T 8 =53 = a, ¥ az.

a6+0 = a5+1 = a4+2 = a3+5 =13 = 8+5 = as + a4.
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8oy = Fgey T Boup T Byuz = 21 = 1345 = ags + age

a8+O = a7+] = a6+2 = a5+5 = a4+4 = 34 = 21413 = a7 + a6.

a9+o = 8gyq = a7+2 = a6+5 = a5_H+ = 55 = 3L4+21 = ag + a7.
210407 F9#1 T BBz T Tpaz T FgapT 5esT 99 7 I3 = 29+ ag.
211407 310417 Zgup = a8+3 = 2oy =a6+5=144: 39+55 = ay * age

= = = = = = =233=14L+30=a,  +a, .
812407 2114178042 = Bg43™ Bgyy T B45TRga=235=100400=a, s ray

After = close scrutiny of tre above, the first fact that
is evident i1s nothing more than the basic building apraratus

for the Fibonaccl number secuence a_ = + a where n 1s

n “n-1 n-2?

an integer grezter tunn or equal to 2., But, the slow incre=se

V]
+
[0}

of the vzlues indicates thet the numbers above wmi-ut b

sums of other combinaticons of Fibornacecli nunhers such =s the

suns of nroducts of Fivonocci numbers.

Let one go back to Fibinacci nunmbers Bygp12 Bopqr oo

a and try a somewhat different 2vnnroach to posszible ad-

o+

itive combinations that might lead to a genersl equation

concerning Fibonacci nunbers in the generzl form ai+j'

Consider the Fibonacci numbers in the form a. . 25
1+5

o

the sum of two numbers, each of which is a troduct of two

Fibonzcci numbers,

854y & Bq4q = 2 = 1+1.

3340 = Zp4p = 5 = 1*2.

240 = B34y T Bpyp = 5 = 4L = 243,

8540 = By4q = Ay = 3 = 147 = 246 = 343 = h+h.

a6+o_= a5+1 = 8_4_‘_2 = E.L5 o= 13 = 1412 = 2411 = 3+10 = ... = 6+7.
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But, when on2 considers which numbers used akove are
not the »roduct of Fibonacci numbers, some of the possible

additive combinatinns are elininated.

4]

—_
Hi

2 = a.a., =

a.a. = a.a = a ‘0?2

0%0 0*1 a

N
1
]
O]
1

1%1° 2182>

o
o
N
=
|

8585y 5 = anRy, = 242, 6 = 2523, 9 = 887, and
10 = a5a,; while 7, 8, 11, and 12 are not »roducts of
Fibonacci nunmbers,

Tie only sums not eliminated ore 141, 1+2,‘1+4, 2+3,

2+6, 3+5, L+lL, 3+10, and 4+9.

The nossible »roducts whose sum is a, 2re a.a., + a.a

- 2 00 00’
aq2q + anqs 853y + aq21s 252y + a2, and a52y + a 89 Note
that a_a_ + a.a., will be considéeresd identiceol to a,a, + a a_,

mn i3] i7] nn

while aman and anay1 are 2l1so considered identical. In other

words, commutativity for addition and multinlication, with
resvect to the tyne of Fibonzacci number combinations now
being considered, will be assumed.
Now the n»ossible nrcducts a2y be tronslated into the
- - i

general forms a,. . =a, ,a, + a, ,a., or a, .2, +
1+ J

i-2%3 T *o2 12735 T 31085410

O 2128541 T Fi-2%5410 1-2%5+1 T F11Fger0 OF 83 0%; 7
a

11232 or ai_1aj = a; %4y OT ai—laj + ai_1aj+1, or ai__1aj+1
+ : r 2. LA,
ai_1aj+1, or 1_213+1

J
By considering the Zeuneral forms cittcinable from both
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But, ag = 13. Needless to suy, the facts <o not
correlate, One of tue uvndarlying assunystions was that 1 and
J would be covasldered non-negrtive iantegers. The zzie »ro-
cess will be tricd. But, with i and j as positive integers
instead of non-rnegative integers., One should note thiat this
change elininctes the 854 €232 -

By aplrying tis 2141 nossivilities to the a,+3 ones,
one may hove tiz following:

(1) @545 = aiaj + a5 18421 T 3%y + a5a, = Z+2 = 5,

(2) Fi+j = aiaj + aiaj_1 = asa1 + aBaO = 3+3 = §,

(%) ai+j =,aiaj + ai_1aj = aza, + a,a, = 742 = 5,

(4) 545 T 83350 + ajay_q = agao + azay = 343 = 6,

(5) 2545 = ai_1aj + a; 125 = a5 +asa, = 2+2 = L,

(6) a4y = aiaj_1 + ai_1aj = az3, + a3, = 342 = 5,

) ai+j = ai_1aj_1 + aiaj_1 =253, ajao = 243 = 5,

(8) ai+j = ai_1aj_1 + ai_1aj = ajay + a,a; = 2+2 = L,

(8) ai+j = ai_1aj_1 + ai-laj—1 a8, + 8,8, = 2+2 = L4, and
(10) @545 T 3324 + aiaj = aza + azdy = 3+3% = 6,

Since a, = 5, (2), (), (5), (8), (9), and (10) are
eliminated as =2 possible general eguation for ai+j° (1),
(3), (6), 2nd (7) are left as nbssibilities.

Applying the reunining nogssibilities to another

- =
3cens

to be the next lozical

-

a? is an easy Fibonaccl number to orerate on,

sten to take,

Let a7 = a3+

), ®

+ .
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Tne following resuvlt

&

[0}

ney be obtained by annlying

the remoining =—cs3ibilitics to a

~ 43¢

(1) ai+j = aiaj + ai_1aj_1 = aan + a3a2

]

= 15+6 = 21,

(3) a4 = 3395 + &y 133 = 2,85 + azaz = 15+9 = 24,

(6) 545 T 3334 + 43125 = 4% + Az = 10+9 = 19, and

(7 ai+j = ai_1aj_1 + aiaj_1 = aBa2 + aqaa = 6+10 = 16,
Since a7 =21, the general eguaticn whould be ai+j =

a;2 + al_1a3_1, where 1 and J 2re noszitive integers.

aa_ +a_ .a
nm o “n-1"w-1?

are nositive intcgers, 1s as follows: Let n =1 cndn = 1.

a =aa, +aa. =1+ =2, a, = 2 verifies the k= 1
1+1 “1™ 070 %2 i -
cacse. Tuae It = 2 casz 1is verifiied by = a,a, + a.a, = 3.

k = n+n+l case will be shown to feollow.

From tie assumntions above a a_a + a a
Hoke R N n+(m-1) n n-1 n-1"m-2
and a =aa_ + a o Adding theze ecuations yilelds
n+ia nm n=-1"m=1 >
a + a = a a a a + aa + a a Since
n+(mu-1) n+a n m-1 n-1"n-2 nm n-1"nmn-1°
a + a = a one nas a a_a + a a +
n+(m-1) n+m n+m+1 n+a+1 n m=1 n-1“n-2
aa, + &, 13,1 Rezrranzing the terms and factorinv sives
a a_(a +a ) +a a + a = a_a + a a
n+m+1 n< =1 m) n-1< mn=2 m-l) n m+1 n=-1"m*

This is trhe k = m+n+l1 case.

a. + &y 1aj 13 virere 1 and j sre positive
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Tue basic tools nceded for the developuent of soue

more refined orowmerties of the Fibomaccl number seguence

have been derived. A brief summary of these tocls is as

follows:

a_ = a + a
n n=-1 n=2?

n-1 n n=2? ° “n-2 ~ "n n-1?
where n is zn integer grecter than 1 while 8 = 84 = 1.
a, +a, + At a =28 “1, a5, + a5 + oot a, =2 -1
0 1Tt n n+2 0 2 " “2n 2n+1 ~?
: : + a, + 4.0t where i3
and 2, az eret 8549 8540 1, ere n is a

‘non-negative integer.



CHAFTER IIT

REFINED PROPERTIES
Consider the sequence (ao)a, (a1)2, (a2)2, ceey (an)a,

where n is a non-negotive inteser., If n=9, the secuence is

1, 1, 2, b, 9, 25, 64, 169, Lu1, 1155, 3025.

—

6]

ne gum of adjzcent terus gives 141 = 2, 1+2 = 3,

2+4 = 6, 4+9 = 13, 9+25 = 3L, 25+04 = 39, 64+169 = 233,
169+441 = 610, LL1+1156 = 1597, and 1156+3025 = 4181,
But, 2 = a,, 5= 35 13 = ags 3L = 289 89 = a

610 = 2y, 1597 = 2yg ond 1181 = 218+

] L 2 _ 2 _ 2 N2
Ia other words, (ao) + (a)" = (a1) + (“2)

)2 + (aq)2 = An, )2

O
2

2
<

e =

)

2 .

2
2, (aa) + (a5 = A (aB) (aL+

= 2y (29)

5

2 2 2
a.lo’ (a5) + (d6) = M12’ (a6) + (ar7)

(a )2 = a, ., and (ao)2 + (a )2 = a,q. A zener2l foru of
3 16 O 9 18
3 ~Aard -3 =ht o) 2 2 = o

this nrovnerty nizht be (an> + (an+1) = (a2n+2§:2

A zroof of this coucs quite simzly from the ecuation

ai+j = aiaj + ai_1aj_1 by letting i = n+l =2nd j = n+t1. Thus,
_ " 2 p 2 _ 2 2
Qon+2 T Fpe1Zner T A% T (an+1) *la)” = (an) * (an+1) *

Even though i 2nd J are restricted to the set of rpositive
integers, the equation above holds true wkhen n is 0. The
reason is reslly quite simnle, Tihe snallest value 1 and J

may telie is 1, If i =1,

<t

den 1 = 1 = n+l, Tuus, n=0.
The last neragranh illustrates that the general equa-

tion is v21lid vwhen n is a non-negative intsger,
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If one lets n+1 = u in the ejuation (an)2 + (a
2
)

on2 should obtzin (o 2
on+2? o m=1 1l “2m’®

egquation might »Hrove less cuuversocas to.use,

l._.

swroacit simnlifies The nothe-

'
il

maticol wrocess winen conzidering the differcncs betveen

adjacent terws of the secuence (ao)
and a_ + a = a

=21 “n n-1 n+1?

,.~.' J = a a .
> n n-1 “n+1“n-2

Wnen considering the sane segueance reletive to ad-
Jacert terus with roz_oeoct to wultixlicotion and division,

nothing of any siganificant value woae found,
L N o ln A - - ery -~ T TR Wy
Going tirougil tiue some zrocess with alterincte terns

roncrity found was cencernsd with subtrocticn.

169-25 = 14l = ayq, and L41-6L = 377

Let izn and J=n-1 in the eguation a,, . = a.a, + a.
i+3 i7] i-1
a. a.,. = a = a_a + a a . By substitutinag
j=1° i+ 2n-1 n n-1 n=1"n=2 J 8 5

a_ - a for a in the eguation, one siculd have tie re-
n n-2 n-1
2
sult ¢ a (a - + (a - 2 ¢ ) -a._a
sul Aon-1 n(“n “n-2> ( n n-Z)dn-Z (“n) n ' n-2
2 2 2
a_a - 2_a a2 - (a .
n“n-=2 n" n=2 ( 2) ( n) (“n-Z)

The two nrevicusly =zroved equaticns are quite conven-
lent wien ons 1s chtairing tie value of a Fibonaccl number

whose subscrist is aquite lzorge, For exannle, in finding 2100

one would add a and a But, this neans adding a98 + a

99 983° 97



2 + & a =
95 7 “on? 95

g3t a, = a5 + 2. In other words, a long »ro-

i

cess 0f additions is necessary in order-to find the value of

2100 using the starting definition of the Fibonacci number

seguence.

Tne process using the eguaticns By = (an)2 + (an_1)2
and aén_1 = (an)'2 - (an—Z)Z misht ~rcceed 2z follovs:
2100 = (ug)® * (aeg)?y ayg = (8,007 = (2,507, agy = (3,07
(a55)% a5 = (2,507 = (2,07 ay, = (2,7 + (2,,)%, and
223 = (512)2 - (~1o>2° 219 =89, ajy = Mk, and o, = 233,
a0 = 12,586,2£9,025 and a g = 20,365,011,074.
(2,4)° = 158,414,167,959,67%:,450,625.
(agg)? = 11%,733,676,004, 142,632,467,
8o = 573,147,044,013,317,08k,101.

Fror the sequence of squared Fibonacci numbers, the

Y -

2d by two other terms will be

0]
H
O]
pars

elenients wiich zre se

compared with reoference tc the three hasic cperations addi-

-

tion, subtraction, ond wultinlication. 149 = 10, 1+25 = 26,

L+l = 53, 9+169 = 173, 25+4L1 = 466, and GL+1156 = 1220.
9-1 = 8, 25-1 = 24, 6L-L4 = 60, 169-¢ = 160, L41-25 = 416,

and 1155-64 = 1292, 1x9

I
\d
-
-—
4
r
Y
\n
1

25, Lx6lL = 256, 9x169 =

1521, 25x4&1 = 11,025, =nd G4x1156

75,98k

When coansidering the results from the addition, at

least three ‘general equotions may be found., 10 = 2x5 =

o
[O)

152-3 = S5+2, = 2x13 = 34-9 = 2145, 68 = 2x34 = 89-21 =



55+13, 178 = 2x39 = 233-55 = 14L+3L, L66 = 2x233 = 610-14l =

377+89, and 1220 = 2x510

1537-377 = 987+233 inplies (ao)a

+ (a3)2 = azabr = a; - a5 = a5 toas, (a1)2 + (a4>2 = a2a6 =
ag ~ ag = a5, * a,, and (512)2 + (as)2 = aydg = Ay = Ay =
ag * age
In general (1) (a )2 + (an+,)2 =2 on+l? (2) (a )2 +
(an+3)2 850+l = Popezs and (3) (a )™ + ( n+3)2 2n+5
o2 The proofs of theze equations are forthwith.

(1) Let i=j=n+2 in the eqguation 845 = a8 + ai_1aj_]..
2n+l (an+2)2 T (an+1)2° 2a2n+4 = 23, +2)2 * 2(an+1)2 -
Z(an+3 an+1)2 + Z(an+2 - an)a': (a n+3>“ + (a ) + (an+3)2
+ (an)2 - Qan+53n+1 + Z(an+1)2 + 2(aﬂ+2) - ha sa = (an+3)2

* (an)2 i (an+2 * an+1)2 * (an) - 4(an+2 * an+1)an+1
2(a_ )% + 2(a_ )% = ha_a = (a2 + (a )2 + (a_,)2
n+1 n+2 n+2 n n+3 n n+2
28 ey * (2T + ()% - e e at1 - ba )+ 2(a, 07
+2(a,,)% - ha_a = <an+5> + (2 )% + 3a_, )% - (a_,.)
* Zan+2an+1 * (an)2 4an+2an+1 - 4an+2an = <an+3)2 * (an)2
+ (3(a,,,)° + 6a_,a 3<an>ao - (e )7+ (2Ca )7+
apaag) * () + (e, 0% - e e ) ¢ (cha, - 5z )?)
= (a_ )% + (2)° +5(a_ )% - 5(a_..)° +8a _.a -8 ..a
n+3 n n+1 n+1 n+l n n+l " n
+ha)® - 4(a)? = (2,202 + (a))?
(2) From (1), (a )% + (an+3)2 =235, = 2(ay 0 - 3y s)
2(a2n+6 = foney T a2n+5) = 285046 Za2n+br - 2a2n+3 = %2046
%on+3 ¥ Zan+6 T P2n+3 T ZBoney T %ones T Pznes t %opas

Son+ty, T Bon+z T %Popnay T Zonag T Fonas T Bonus T Bopuz T
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2

(a )% + (a_,2)°.

. = 5 —_ N e ¥ s - 1

2n-5 = %2n+5 T %2n+3 S2n+5 T %2on+3
2

3 Trem (2 + (a_ .2

(3) Frem (a)° + (a -

)2

n+3

, - a one has (a )2
Q n

2n+3?

by substitutinzg - a + a for

2n+5 2n+L

n+3 Zon+5 T Zon4p g

and a - a s for

a a
2n+6 2n+lh 2n+2 2n+3°

Consequently, the addition of terms of the sequence

of squared Fivonacci nunmders which are separated by tvwo

= a + a
n+3’ 2n+5 “2n+2°
A quick glance at the product and difference of terus
separated by tvo other tzrms i1n the secuence oi sguored

N

Fibonecci nuibers yielded notning uzeful a2t This stzge in
the development of Fibonacci nuuibers with reference to rua-
ber theory.
Next the sum of the first n terws cof the sequence of
J— . 2 2
squared Fivonacci numbers will be considered. (ao) + (al)
)2

15, (a)% + (307 + (8,)% + (25)° + (3,)% = 40, and
2
)

=2, (a
(a5)°
(ay)°

L <a1>2 +(a,)% = 6, (8% + ()7 + (a)? +

+

(a1 + (az)2 + (aB)2 + (& )2 + (a5)2 = 104.

L
It should be obvious that a,a, = 2, ayaz = 6, aza, =
15, a4a5 = 10O, and a5 ¢ = 124, Tais imnlies the equation
(ao)f + (a1)2 + eat (an)a =aa ..
Thne n=1 ccse has already been shown., Now let one
assume tihe n=li case and then show that the n=k+l case

follows.
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, . 2 2 2
Qe =?’{ n5e 3 c. + + e ¢+ & = 1, A .
The n c i (co) (a1) (Mk) a2
. 2
Addines a to each side, one should have (a.)” + (a 2 4
k+1 0 1
2 2 2
et (& + (a a, a a - = (a, + & a, °
(“};) ( k+1) k7 k+ (ay4q) (“k 1) € ;:+1)
But, 2, + a = a Hence, (=2 )2 + (& )2 + ...%(a )2 =
'’ Tk w+] r+2° Y U0 1 e w1
ak+1ak+2. This is the n=i+1 cose,
Next the sum of the first n terms of the sequence of

the squores of the "1hon=cci numbers witi odd

)

o
15

n

obsarved, (a]) + (a,)° =10, (a

1

5
2 2 pad 2 s 2 N2
(a1) + (aB) + (as) + (a7) = 515, =2nd (a]) + (43) +
2
'(as)‘ + (a7)2 + (a9 2 _ 3540,

An analysiz of the above yielded aosthing beneficial
in referance to this study. Tois s=we tyne of =nalysis weas

1

Titonaccl numbers with even

3
o]
H
)
O
2]
)
o
i3
ct
bt
s
5]
o
tH
D
3
@
o)
Q
D
+
(@}
u_‘

subscrintz. The same result vwos obtained.
An unusuzal nattern evolves from the »roduct of
alternnte Tibonacel nuuoeru. a.a

ofo = 2, a]a3 = 3, asa), = 10,
= = 6L, and a = . 1 = (2
a3a5 = 24, aha6 6L, and a_.a 1€ But, 2 (a2.)

+
—

2 -
(aa) -1, 10 = (o&.
and 168 = (a6)2

Frow this onz noy rooch the tentative conclusion that

2 . .
8 8 4o = (an+1) +1, where n is an even non-negutlve integer.
n is 2n odd non-negative integer iu the equztion a_a
n n+2
2
a "1.
(2,47
Trese two ecuotions might better be exw»resssed in the
2 2
form a, _a = (a +1 and a,_ .a - = (a -1
2a“2n+2 = (a n+° “on+1%2n+3 ( 2n+2) ?
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3

]

where n is 2n non-nezative integer. Either z2quatlon of tnis
latter form may be used without regord to whether n is an
odd or even number.

Tue k=n crcse has already bcen shovn., Going frowm the

k=n ccsz to the k=n+1 case ong 1

might have the following:
Zonfon+2 (6‘2n+1)2 1,
Bonlone2 T Boqe1dopst T 1
@on®on+2 aon+1 (Gonen = Aon) = 1
- 350408 ne1 T Ponsn®on T Consrfon = 1 _
 (a2n+2)2 = (ape2)” = Panazfanst ¥ fansefon * f2n41®en 1
(a2n+2)2 - (32n+2 - a2n>(3‘?_n+2 + aan) =T,

- a

(o, )
Gon+2 on+1%on+3 T

2on+2(2on4z “25n41) T Son+1%on4s T

a2n+5a2n+2 = fon+1%on+2 T Gon+1%on+z T 1,

: . ; 2
(8504307 * 2on43%0m42 = P2ns1%2n+s ~ foneifonez = (onsz)
(

qon+3 T Zon+1)(3onez * Sonan) T Fopaz

2
; = (C + sn
BonepPon+y = (Fonaz) *1o @nd

a2(n+1)a2(n+1)+2=a2(n+1)+1 +1, for the first equation,

For the second ecuation one nigat have
2
a a = (a =1
2n+1 7 2n+3 ( 2n+2) ’

a_ ) = (a, )2 -1,

2one1 804y =

Zn+2 2n+2

a a - a a = (a )2 =1

2n+l2n+1 2a+272n+1 2n+2 ?
a (a - a Y - a a = (a )2 =1

2n+L T 2n+3 2n+2 2n+2 2n+1 2n+2 )

b ] - 0 - — 2
Bon+iPone3 ~ Pone2fonsy T Zone2lon+t = Pons2)” -1
2

a = Bone0®onay ~ (Fonep) “Bonen®on+ -1,

fo )
2n+4"2n+3



a a 5
on+LPon+s T Fon+2%2n+y

a a a a
2n+l 2n+3 2n+2 2n+h

(a )2

on+l Gon+,%on+3

(@sn4y Bona2) (Congn

( 2
Aon+322n+5 = Sopen) "l

2n+5 = 2(a+1) +3, =2nd 2n+h

number se-uence wWnich have

to the number theory; oriented

is to develon enousl: of
cilent
lems.

For examn-le,

a?_n—]?_ = es e a

- 1~
waere &£

N

aQ

2on+2 Pon42
Son+2%2n4+3

Gon+2%on+y

a
2n+3

tlicse

tools to solve some 1

-~ -
2n=16

in +1, and n is an even

22

~s
-

Son+2%on+3 T
2

Note that 2n+3 = 2(n+1) +1,
= 2(a+1) +2.

focts the Fihonaccil

concerning

1ittle or no value with resvect

Fs}

apwroach. The main objective

in order t

O

facts have suffi-

«ore refined number theory »roo-

are o



CIAPTER IV

MORE REFINLED DPRCPLRTIIS

-

Fihonacel numbers with odd numbzred

U
O
Hiy

An analysis

sht two unexrected results,

In the eguotion a.,. = a.a. + a. .,a. let 1 = n+l
: > i+ i%] i=193-17
and j = n a = a a + a_a =a (a + & =
J . 2n+1 n+1"n n n-1 “n( n+1 an—l)

(an+1 - an_])(&n+1 + an-l) = (an+]) - (an_1)“, “here n is
greoter tuan or egual to 1.

If i = n+tl 2nd J = n+2 in tiz eguaticn ai+j = aiaj +
ai_1aj_1, one Tny hava 32n+3 & 113042 + 2Pnel =
an+1(3n+2 * an’ - (an+2 - an)(an+? * an) = (gq+2) (an)2

ing 1 = n+3 2ad j = n+2 glves a2n+5 = an+5an+2 + A48 41
an+2(an+3 * Hn+1) = (an+3 an+1>(an+3 n+1) = (an+3)2

2
(an+1) *

Consider the general foru 254! where X is an odd
nositive integer. Let i = j+1 in the eguation i+j = 2n+k,.
Thus 2j+1 = 2n+i, 2] = 2n+u~-1, and J = n + Ik ~ Ze. here-
fore, i= n+ik+z.

Now one way have a, .. =(an+%x+%)(an+}k-ﬂ)+(an+%k—%)
(an+§k-% 5)) :(an+}k—1)( (&n+%k+1) + (an+£k—%(3)) )e
Since (a ) = (a %) - (a one may have

ntfe-3(3)
. A P - =3 \ + =
5™ P 1(3) ) e ) * Cragins () )

a = (a - ) - (8 1 1 )20
2n+k a+sle+y n+ok-%(3)



2l

Taus, any Fibonaccl number whese subscrint is an odd

nositive integer may be denoted by the equation a, ., =

. 2nt+k

(a_ .4, 1)2 (a_, 1, a )2, here k is an »ocitive odd
n+lik+z n+xk-%(3) -

integer.

Ve sideriang the sum a + -+ + ..
hen considering the sum of 20+ a2n+j a2n+5 e

a5 400 where x is an nositive odd integer, one wmey have
the rosulis Sone1 * a?n+5 '2n+5 = (an+1)2 - (an_1)2
(8,202 = (a2 + (2,507 = (2,107 = (a7 + (a,,5)°
(an)2 (ay 1)2 » anG Eonyy Y Bonsz n+5 T Gon+y T
(a2 + ()% = (a7 =(ay 0%+ (o, 0% - (a0 =
(ap)” *+ (Bpup)® = (27 = (a0 D10 8y L+ agy,s
2on+s5 T fan+7 T f2n+9 (an+4)2‘ (a +3)2 - (2% = (o )%
(app)? = (2 = (o )? + () = @7 = (%

These results suzsest the hyrothesls o+l on
2 2

Zon+s T oeer T Fonag (a a+2‘+’) (an+%k—%) - (e =(ay 1)

1

whare X is a positive odd integer and n is a positive
integer,
To prove this hypothesis the n=k cese will be

assumed and then tle n=k+1 coss will be shovn to follow.

Assue a + = ot oeeat o=
== “2n+1 2n+3 Gon+ic (a n+-ﬁ+;)
2 2 , e
(an+} )= (e )7 (an-l)z’ where 7 is o mositive odd
Fa% r=

integer. By telisg into comsideration tuat a

2n+(k+2)
2 Mas 2
(an+‘l“;\‘.+1'(3)) ) - (an""lk—{y‘) 9 onsz L’lf—‘.“' nave “2n+(l{+2)
2 2 2 2
a + -
Greger)” * Cpua )7 = (@))% - <an-1> + (a +1h+2<3>’

2

CHPRIRLENC (a1 p0)0 = (2% = (2, )%
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Using this eguation to find 2y + a3 t osest 6131 one
might excute the following rocess. Since 31 = 2n+i, let
n=15zand k =1 Tie a, + 8, *+ s0. +t & = (a

5 L] 1Ll .l 3 31 (
2 2
) (e

7,801,296,

1
(2 = 6,677,055 + 2,550,400 ~ 97%,16

15



CHAPTER V

DIVISIBILITY TIHOREMS

By exaamining the divisibility of the smaller
Fibenacci numbers with respect to tiz numbers 2, 3, 4, 5, 6,
7, 9, and 9, the following results were obtoined,

KTAITY A AT SRT LTINS
)4.LEU’3.;LJ PIBCNLECT TTUM

3 VEICH LRT DIVISIZ

eaiioey
TNTYy T TS I T Y AATTTNT LT TATOTS Ty T™NTUTa D
lJI j_L Ju LD [ 2.l Al ,:?.7“‘\. L PP S _'.‘_.‘.‘.\,.-’_I. _'JI .’Ibu_
— el

-~

o a

\
|1
1
-—
-
o
L]
0
1\t
!
-
o
Mo

3 a}’ 7’ ‘]’“"’ aL;.n—]’ o e ey a55, a59
. LI- a5, a.‘1, a.I?"‘., a6n_.‘".‘, :135, 51.39
5 aq’ ag, a1‘,+, LI R | a5n_1 3 ee e 8.69, a?Ll.

[6)Y
W)

112 8oz 835 Fqppqacees Fg5 Fqgo

a,?, a15’ a23,l.o, aSn—‘l,...’ a1o5’ a].'.]

[s]

ag) 8113 Byoaeees Bo, gaeees a125, aw1

0

%112 8232 Bz53vees Sqop gt P9 Az
Tiue teble above lists various Fibcnaccl numbers with
tiheir resnectiive 1integral divisors. Tuae nrozerties illus-~
trated may be exjressed as divisibility theorens. Since the
nsroofs of these theorems are similar in conteut ond identi-
cal in form, only one prcof will te given,

[

proof will be in two parts since it is statesd in the fera

"if znd only if."



voTas

Theorem 1., & Fibonacci
and only if 1ts zubscri-t can
vhere ik 13 3 pozitive iantege:

ieorein 2, LA Fibonocci

M. -y 7 AT
L2070 2 A Tibonccced

and only 1f its subgcerint can

where b iz o »ositive integ:s

()

r
T.eoren. e & Fibonnccil

and only 1f its subscrint can

TLeoren 5. & Titonoced

and only 1if its subscrist can

@

vhere g 1s 2 nosi
reorem S. A Fibonaccedl
and only if its subscrint cean

whare t 1is a posi

i3 divisible by 2 if

into the form 4Db-1,

“

ig divicikle by 4 if

into the fora 6h-1,

iz divisidle by & if

is divisible by 9 1f

into the form 12t-1,

neorcwms will now follovw,



a .

Theoren 4. &1 Fibonaccl number is divisible oy 3 1If

)

and only if its subscrint can be put into the form 4b-1,

Part I. Sunnose 2, iz divisiule by 3 when n = Lb-1
in the k& = b case, Letvitiag n = b cnd o = 3 in ths equa=-

tiona_, =aa +a .a one hags the rezult a

4p+3 T

foTe) "qHien = 3& + 4 = 3 = The it 2
ger., ‘lue Kb+3 = 2%y Ge )(aQb 2c). The Fibonaceci
atuber a is divicidle by 3. Since L(o*1)-1 = Lb+3,

the k = b+l case a3 Ceen demonstrated.
Fort IT. If =2 Fibonaccl nuwber Iz dvisicle by 3,
then thic Tidbonrcci number's subzeriot con e »ut into tle

1. L ponp
. Tie coniranozi-~

l_l-
[N

osit

Sform 4b-1, vwhere D

9]

.ve intege:

U

o~
ol

tive will be =2ssumed false, cnd this assumntion will lesd

-

to a controdiction,.

(0]
.
O
=
f—
9
]
3

Assuiie the ting statenent to be false: If a
Fibonaccl number's subscrint cannot be nut into the form
4b-1, where b is a positive intager, then the Fibonacci

number is not divisible by 3.

From Part I, &1 where b is & positive inte

Jo

is div

.sible by 3. If 2 Fibonaceci nuaber wiich is not in
the aktove form, is divisible by 3, it must be in tlhe fora

o =] WA + T
a4b’ Zp41? or a4b+2. Cne should note that aqb_1, a4b+5,

+
o
[0}

form a s« Also a

a i all i
Lb+7? a4b+11’ ese &re 2all 1n Lb?

re all i y n . h
a4b+4, a4b+8’ a4b+12, see are all in the for: ahb Other



uiveal £ ms 3 3
equivelent forms are a4b+

aLl_b‘l‘]o, LN ] ]

Dnoze a
Sunnoze b

divisible by 3, let a

Apb+5?
is divi

Lb

are mnositive integers. U
= 3 o It 4+ 3r
a"_{_b aLl-b-!_] 9 and 3 - ]
3] tells one that a
“Lb+] T Lb+
a ne has 6k +
aLl.b l}.b+2’ O e > 6:\.
Tiuve all Titcnocci number

uribers in the forn

Fibonzcci numbers ars div
numoe znd it iz no iv
umoer, 1 it t 4

Nowr sunmoge a,}b_,_1 i
also aQb-1 = 21, viers
Since a,, + .= 4,,

T T4b-1 Lo Lo+1
25 = 3(m=n)., This tells
Let 2y = 33, where J 1z

241 SRS may he

s divisible by
a4b+2 iz divisible by 3.

divisinle by 3.

Last of all, sunwos
L=t a = 3d ~nd 2,,
“ub+2 T - © Thb-1
integers, Fron = + a

“Lb-1

one nmay hove a +

aQb
TLe

Lyb=1

+ 2a

#1yp-1 ko T Fypeas

a

19 a4b+5, a4b+9, soey and a4n+2,

sible by 3. Since 2 is also

Lb-1

3k 2nd a,, = 3n, where k and m
L4o=1
o1 one should note tihat aqb 1 +
= Th nunti Z (o4, =
) pe1 The enuaticn 3(k+m)
is divizivlsz by 2 From a +
1-7 v o Lb+1
I o= a4b+2 and 3(2i+w) = ) 140
s are divisidble by 3. If Pibonac-
are divisible by 3, then all
isibls by 3. But 1 iz a Fibonacci

&Ll-..

o}
is divisible

H

s One n2y hove 3n +

1~
Lo

that aqb

ve 3(j+u) ppan

Again, all Fibonacci numbers 2re

e that a4b+2 is divisible by 3.
= 3e, where d 2nd e are rositive

= a and a, . a a
Lb Lb+1 “L+1 Lbh+2 Lb
-— hi = o
= a4b+2 ahb' his reduces to

-7

t a 3g, wWhere

4o+

= 3f and %Qb—1

29



30

f and g 2zre »ositive integers; thus, 3g + 2a 3f and

4b

2a4b = 3(f-z). Since 2 and 3 ore relatively »rine, aqb

must be divisitle by 3. Tien a4b+1 must also be divieible
by 3. Thus 211l Fibon~nccl numbers are divisible by 3.

In this »nroof, I have demonstrated that if any Fibo-
naccl number not in the forn 34b-1 is divisible by 3, then
all Fibonacci nuiterzs ore divisible by 3. Tris obviously
is 2 coatradiction., The conclusion, thzen, is that only

Fihonaceci numbersz in the forn are divisible by 3.

aL[-b—"



CHAPTER VI
CONCLUS10M

This study contains a development of the Fibonacci
To create

witliin the ro2lm of number theory.

number ssquence

a good foundatizsn with several useful Fibhonzcci number se-

auence nrorerties so that an interostcd student of mathe-
into ths Fihonncci number sequence with

conld =irche
resvect to number thoory wzs the purrose of this mnansr,
c should taze snecicl note of the metlod which wes

wis study.

Onc
used to discover tas jro?erties_denlt writh
The exrcerimentali=t 2-wrocch i a rowerful tool to use when
studing nathemstics.,
rties found in tiis thesis

A list of the basic =mrove

follows:
mositive

is as
a a + a , Where n is a
n n~-1 n=2
or grester tizt 2.
a = aa_ + a a where m and n are nositive
n+u n n n-1"m-1? ° :
integers,
an +.a, + ...+ a_ = -1, and a, + aj + ...*+ & a
0 1 n n+2 0 2 °*7 “2n 2n+1?
vvhere n is an non-necative integer,
! where n iz a nositiv
o+ Bone 1, whers n a mesitive

a, + .
J



+

C‘n-*y

()

2 . .
2) - (an) , wihere n is an non-nezat

e

n is a nozitive

a = where n is on non-ncgotl
°n+1) 85,400 WhRETS 0 1S non-negntive
2 )
SRl ol = N = = S L <
(am> = on? ATYO Il s 2 positive LIlCEET o
2 2 . . .
)" - (a_ ,)7, where n iz & ~csitive integer

2 2 2
= 2 + (&
) 2u+l? ( ‘1) ( n+3 ) 82146 aZn+3 ?
2
B - 5 here i o
) (wn+7) op+5 T 85 .5 Wihere m is on
e lnteger,
2 2
*oeeat (a) n?n+1’ shere n is aon

ive integer,

[ TN
.L.[lbeuer .

n+1
The appendinx of this paner conteins wiscellzneous
icu mizht be on eicellant storting roint

for
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2
agmg—l 131+1'a3 §+2'ar21 8‘r21+]"EL %n%n+1%n+2 33‘33-2 n "n
ao 1l
al 0 , 2 2
a, 3 3 2 T L 6
8, 35 19 8 6 26 7 15
a), 152 98 21 16 30 117 12 Lo
ag 637 387 55 39 120 485 20 104
ac 2709 1685 14l 105 520 2072 33 273
a, 11L58 TO6L 377 272 2184 8749 54 T1h
ag L8565 30043 987 715 9282 37107 88 1870
8, 205679 127071 2584 1869 39270 15711k 143 4895
8, 8713Lk 53859} 6765 4896 166430 665665 232 12816
a,, 3690953 2281015 17711 12815 704880 2819609 376 33552
8y, 15635321 9663353 L6368 33553 2986128 11944368 609 878k1
83 66231970 40933296 121393 878L40 12649104 50596649 986 229970
a,), 280563633 173398367 317811 229971 53583010 214311663 1596 602070
85 1188185803 734523803 832040 602069 226980390 907922170 2583 1576239
8¢ 5034507976 3111498370 2178309 1576240 961505790 3846022173 4180 L126648
8. 21326515877 13180509531 5702887 4126647  LOT3001576 16292007901 6764 1080370k
a,q 903405TLLLS 55833549037 1k930352 10803705 17253515288 69014058568 10945 2828LL65
219 382688808866 236514685384 39088169  2828L46L  T3087057560  292348234k21 17710 TLoL9690
8, 1621095817661 1001892323411 102334155 ThOL9691 300601753890 1238407008795 28656 193864606

9¢



. 3 A4 h ZU 5
2, 2.x . “

n

0 L

1 . L

2 10 18 3k 2

3 37 99 277 3

L 162 724 3k02 5

5 6Th 4820 36170 8

6 2871 33381 LoTh63 13

T 12132 227862 4491564 21

8 51436 1564198 49926988 3k

9 217811 10714823 553211363 55

10 922780 73457064 6137270812 89

11 390876k 1503438760 68054635036 14k

12 16558101 3450734281 754TTLHO1429 233

13 70140734 23651386922 837042537086 377

1k 294121734 162109796922 92830050637086 610

15 1258626537 1111115037483 1029298223070793 987
16 5331629710 . 7615701104764 11417322172518550 1597

17 225851k2h1k 52198777931900 126619992693837974 258k

18 95672204155 35T775783071021 1404k237451180502875 4181

19 405273951280 2452231602371646 15573231068749231000 6765

20 1716768021816 16807845698458T02 172709782964518145976 10946

Le



157136551895768914976

a.n B.'; 'S.i a.: 8.; + an_l &n
1 1 1 1 1 2 ay
1 1 1 1 1 5 2,
2 L 8 16 32 13- 2y
3 9 27 81 243 3k a),
5 25 125 625 3125 ' 89 ag
8 64 512 k096 32768 . 233 ag
13 169 2197 28561 371293 610 &g
21 L4 9261 194481 4084101 1597 ag
3k 1156 3930k 1336336 45435424 4181 ag
55 3025 166375 9150625 503284375 10946 210
89 792] T0L969 627h22h1 5584059449 28657 a1
14k 20736 2985984 429981696 61917364224 75025 2,

© 233 54289 12649337 2947295521 686719856393 196418 2,5
377 142129 53582633 20200652641 7615646045657 514229 aq),
610 372100 226981000 138458410000 841459630100000 1346269 85
987 974169 961504803 949005240561 136668172433707 . 3524578 a,
1597 2550409 4073003173 6504586067281 1038782314944TT757 : 922Th65 8yq
2584 6677056 17253512704 44583076827136 115202670521319424 ., 2h157817 ag
4181 17480761 73087061741 305577005139121 127761T458486664901 N 63245986 ayq
6765 45765225 309601747125 2094455819300625  14168993617568728125 ., 165580141 a5
10946 119814916 1311494070536 14355614096087056

8¢



