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CHA?TER I 

TF.E FIr3C;'iACCI ::m;;~:SR SEQ;;':NCE 

The Fibonacci nu~b?r SG1U8nCG enco~passes an amazinsly 

large seg21ent of the f:i-elds of .::,-rt and archj.teeture ,:,'h~_le 

nature h:;.s many e:w;;;1)les. SO::1e flo';Icrs even :'1::'.'18 their 

r-et21s :?rr:u:.[".:::d in rcv:s such th?t the NlLloer nf-e-:;ctls in 

, 'l.. 1 t t' .,..,., . b 
eac~ ro~ u8 O~~S 0 ne ~~oon~CCl nu~ cr s3~uence. 

Obviously, th0 GCl:':'.::tn c.nn. r·?n,,:"8 of t.>e Fioona.cei 

number sequence is ~uite laree. Serns~ts of ~ore ~dvanced 

Vlor:: ~.~?Ji ~3 fOlllld iYl t~:G ~=-J'J.Ll:;-cci -·.u[".~.... -t~2::'''''_:'''' ~\}htI13 tIle :~lore 

~~..::ic :7~0l.~leTti3G t[l~t~T be fot1n·.:.: in ~i·'u:Jil.:::.cci rT'J.L~:;':;~'::, J~T I'T •• j. 

VO:20G 1 3 '1. 

'::::lis '.Otud:,- '::.:::s confined to tLa :i81:;. of nu;:,i.::cr L18or;:i 

in conjuctiol1 ':,ith tJ.:e 8~~~_2ri;,:ent2.1ist a)proach. An att0L:pt 

to d3VS~O] a concrGte fOllndatj_on of tl:s t~sic ;rorsrtias 

\·.'i th r:js:;ec t to nU":Jcr t:l?Or;y ',7::-"20 :",adG. SC)!:;c of tllese ::;ro­

:;}crties of t:L12 FLJonctcci nlll;;.'Jer·· seq,ucl1ce ';rere obvious 'I":11ile 

others ~ere quite difficult to aSC3rtain. 

The plan of investi~ation ~as obG3rv~tion of certain 

~atterns ~hic~ sscc8d to ezist, creation of an ~y~ot~esis, 

and eit:LL::r ~~l'oof Gr rej8ction of tl:e hypothesis. H:;;.l1;)J of 

the 9roofs ~ere done by mathematical induction. 

Fibon~cci nu~bers oriGins-ted from .L

.....
, 

:8 terl:lS of a re­

current sequence \':hicll 1,':::'S developed Jy the thirteenth 
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century ~at~e~atician Leonardo Fi~onacci. 

One aconc; ["an;}" of Fj.oon.::.cci ':::; o.cllieve;;18nts '::c:,s ;"is 

po.rt in the introduction of the ~indu-Arabic ncmeral systeTI 

to the ~e3t6rn uorld. 

An elcnent:tr,Y i)robleCl '::hich illustro.tss th~ Fibono.cci 

nuw.ber se,:;uence is t~le ti;.:e lear-ored "raollit )robls11": llSome­

one ]laced a ;o.ir of r2tbits in 0. ce~t2in ]l~ce, snclcssd on 

all sides oy 2. ~~ll, to find out ho~ many }2irs of rabbits 

:':i11 be born thol~:': in tlle COUTSC of one -:!2c.:.l.~ , it being as­

sur.:ed t~~:J.t eV:3l';;' l'Contl: a ,)ccir of rabbits }rod"'J.css an:Jt~eer 

~air, and that rabbits be~in to bear youll3 in tva ~ontts 

• .I. ..after T"el·'"..,LJ. ~ o"r~~ 1-.i"t},l.= .. 1. ,,1 ?rc~ t~is inforl~~at~8n one lJay con­

struct a ch2.rt as follo~s: 

:nd of IIor.tt NUl,:ccr of Pairs l';Ul'l:b2r of ~o.irs 

Reproducing 
0 1 1 
1 2 1 
2 3 2 
3 5 3 
4 8 5 
5 13 8 
6 2l 13 
7 34 21 
8 55 3L~ 

9 89 55 
10 144 89 
11 233 1l~4 
12 377 233 

Fro~ t~e chart one should note that at the end of the 

1,,,1N • .L'. Vorcb' 8V, :'io:n.?cc ci ITui..oers, :p'. 2. 
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first 1210nth t~1erG '::ere t'.!O ~J&irs of rD.bbi ts, one :;Cl.ir '.·:~'s 

able to re~;ro:31..1.ce. Tjlis onc ~)C'.ir reprcJ'.-'.ced ana ':::'7.ir so t~l::'.t 

at the end of the second 2cnt~ t~ere ~e~e three }airs, t~o 

of v:hicl: nere c2.:)able of re:JroG.uction. T:1GSe hiO .9D.il~s eD.cn 

reproduced one ~ore }air ~hich resulted in ttcre baing five 

pairs of rabbits at the ani of the third month. 

1'l1r~e 9s.irs of rab'Jits 2.t tl12 snj of t:18 t:,ir:l :::ontIl 

were ca9able of ~e)roduction. The r38~lt ~~s t~ree ~ore 

pairs of r~b~its for a total of eisht )2.irs ~fter four 

Months. He11ce, ::tt t~le 2n':1 of tl1e fourth ~l::mLl thsre Yiere 

eight ~airs of rabbits of ~hich five )air8 re?roduced during 

the ne:d l-:;::ll1th. 

l~is )rOCeS2 continued until at the end of t~elve 

~onths ther~ ~ere 377 pairs of r~bbits in the enclosed yard. 

376 of the 377 ~cre born jurinG the one year. 

If one examined the nUEber of )airs colunn in the 

chart ani treated it as a sequence of ~ucbers, then it 

should not h:l.ve been difficul t to hc.ve 3e'2n th&t this se­

quence of numbers could have been generated by the equ~tion 

a = D. 1 + a. ~ TIhere n is creator ttan or equal to three n n- n-~ 

with a, = and a 2 = '2. 

ResultinG from the defining equ~tion of the sequence, 

the SUill of any t~o 2djacent ~ibonGcci numbers ~aG a 

Fibo:'l?cci nuu'Jsr. Lis.e\';ise, tile difference betrieen any t':iO 

adjacent Fibonacci nunbers ~as a Fibonacci nu~b8r. These tTIO 
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facts Dere the starting )oint of this study. Other proper­

ties follo'::ed. But, not r:ithout f:luch tine an.d effort. 

The numbers chosen for the first two terms of t~is se­

quenee could have been a and " , and', or , and 2. Each of 

these 3enerated the same sequence eXc8~t that one of the se­

quences contaiiled 0 as an element ~hile the seouence with , 

and 2 as the first t~o terms had only one 1. 

J- ' ..... i C'" -,) :- "I...... Q ..,..... aIn L.ll_~ 1 ~."".i..l'-''''''' 0 = , and a, = , "rere the first t'::o 

terms of the se~uence. T~e advant~ce or disadvanta~e in so 

denotinG ths first t~o ter~s as such is slieht. Many sources 

use a, = , and 0. = ,.2 

The ex~re8sion of many of the ~ro~erties of the 

Fibonacci number se0ue~ce which concern the subscript of the 

Fibonacci n~~~cr se1~cnce de~end upon ho~ the first t~o terillS 

are defined. For instance a + = a a + a ,2 , for when n ill n m n- m­

20 = , and a, = , are the first t~o terms. But, this does 

+hOnot hold when a, = , and 2 = , are \,1' ...... 0,:,; first two terms of2 

the sec:.uence. In the latter case, a = a ,a + 2 a +"n+ill n- m n m 

2nd this does not hold true for the 0. = , and a, = , case.0 

Thus, ona ~ust be caroful about notation when comparing works 

concernin6 the Fibonacci nuuber sequence. 

The fj.rst brent:;,' L;ri~:s of the Fi'.Jonacci number se­

quence are as follows: a O=', a,=', a 2=2, R =3, a =5, 0. 5=8,
3 4

26='3, 0.7=21, a 8=34, R9=55, 0.,0=89, s,,='44, 2'2=233, 

a'3=377, a'4=610, a'5=937, a'6='597, a'7=2534, 0.'3=418', 
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and a,g=6765. Addition~l Fibon~cci numbers along with ~any 

other facts are list2d in the a~pendix. T~is sur~lementary 

materi~l Q2j rrove worth-TIhile to the interested individual 

who likes to 8xnerinent TIit~ numbers. 



CH.APTER II 

BL,SIC :::Tlvr:S_;'ITSS 

In this ci.larteT SO::18 of t:,e ::lore ~Jc:sic and easily 

diGcovcr2d ~ro;ertiec relative to the ?ibonacci number se­

quencc are derived. 

T~e first sat tern of the Fib8~acci ~umb8r sequence 

'::hici: "\';'l.S n'Jticed: t,,'[O odd number3, one even nUl-noer, h:o odd 

num~2~8, one eV2n nu~~er, Tii~S Qlt8r~~tinb seq~el:ce 

results fro:.: Lie f2ct tl::>.t 2.n 0::1.::1 l'.ur.18e~'lus sn odd number 

is e~ual to Qll even nUDber, and t~at an odd number Dlus an 

C\TGll :1luJ.!:;.sr i8 eCiu&.~~ t~ ::'11 od:l nun:ber. 

S~nce t~1C f:tr2t t':.'o tC:r"l.:s of tl1e .3cc~',-~ence .:::.re bctll 

odd nU:~bers, t:~8 thir1 t~r~ ~ust be an eVJn n~=~ero Fro~ 

this result t~e 3cq~ence ~2= charted as aglow: (let 0::) sto.nd 

for odd and E for evon) 

a o + a, = a2 , a, + ~2 = a
3

, a2 + a = a
4

, a + a = a
3 3 4 5 

aD + OD = E, CD + E = OD, E + OD = aD, CD + OD = E 

a 4 + a = a 6, a5 + Q 6 = 2 7 , a 6 + 2 = a 3, a 7 + as = a5 7 9 
OD + E = 0::), E + CD = OD, OD + OD = E, OD + E ~ aD 

a 8+a9 = a,O' a9+a,0 = a", a,J+a" = a'2' a,,+a'2= a'3 

E +OD = OD, OD+OD = ~, aD + E = OD, E + OD = CD 

fT1'1,,-,oThis ~;rocess co~~inU.?2 on forGver~ .1. .......... resultins sequence 

is odd, odd, even, Qdc, odd, even, 
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It will be noted l::.ter th2ct a Fi1;Jon2.cci nUr'1ber is dj. ­

visible by 2 if and only if its subscrirt c~n be nut in the 

fOT:l 3b-1, '1Iher::; 0 i:::; a _03i ti ve int::; ::,:,21:'. 

Of price concern ~~s the 8UQ of the first n terus. 

a = 1+1 = 2, aO + 2 1
+ ....~ 2 -- 1+1+?..... -- h., a 0 + CJ..1 + a +

O + a 1 2 

a = 1+1+2+] = 7, a + a 1 + CJ..? + a~ + ~L = 1+1+2+3+5 = 12,
3 o ..... :J I· 

n + ....'" 1 + + a + &4 + a = 1+1+2+3+5+8 = 20, ~nd a O + CJ..1~O a 2 3 5 
+ a + a~ + a + a_ + a~ = 1+1+2+3+5+2+13 = 33. B,rt, 33 = 2 :J 4 ? 0 

34-1,20	 = 21-1, 12 = 13-1,7 = 3-1,4 = 5-1, ?nd 1 = 3-1. 

T l~'l'.... ~ r"'1V";~- be' ~::~ 6 l' ~~v"+0 t'le- -r""""'11'"l.._o. a +..,<:';"1 + a"-2_	 .... ~'-""oner~l; ~ed ... 0".;I	 __ '. _J_~~ .. 

+ ••• + a = a +2 -1. Proof: T~e formula has al~eady been n n 

sl:o';;'n fo.:.~ -:l~i;; n =' 1 C&::;c. .'\..]suf,l~.nc the n = l~ co.se one h:-..s 

~ By ",~~jn~ a to cpch cidea O + &1 + &2 + ••• + al~ = '-':::+2 -1. ~C- • - 0- k+ 1 ~ '- .- ~ 
r. 

t=> ~-I-'o ",,..,,.; t', - on~ir'cc.·· [:' tho .:~, t tl~,t;> ­of the _C"',.u-_ .. l n "" .. '-, ...sa c .~_d_rln...:; ..~ _,.c~ ..1 -'1;:+3­

+ a 0"''-' ,., .... 0,.1 r1 11'"1'1° .Ll.-. a ,...r"'ult ~ + a + '"1 + + aa 1.-+2 1"'+1 .I.. "-' O=J ""J. "-'. _... L-~ '-" ..... 1.:. ',,:;. ' ... ;;:) c"O 1 ....2 • • • 1".\. ....... ..l.. 1._ 
Li.. ..':.. ,h. 

+ a - a 1 1T""l' '"' 1 "'~t -'''ug-'-''; on i c the "'-"+1 cq~e'. +1 - 1 +~ -. .... ...- ~ -,--",.'".) """'-' _ ..... >....; - ... ~--:.. ~;.0·~.IJ-l..l .1. ..	 • 

. t K -" 

Trans12ted into ~or~s the above general e~uation s~ys 

tte sum of the Fibonacci nU2bers up to end iTIcl~dinp a is.' - - n 

equ:?,l to 1 less "':han the 8. +'" Fi"bonc.cci nUiilo8r. One should n c.... 

note th~t n ~a3 substitut8d for k+1 ~n the l~tter e~u8.tion. 

No~ con8ider the su~ of a finite number of Fibonacci 

nur::1;) 8r.:;; ':.rhose su"bscri-:ot S o.re even ntLIb ers 2.l':='.'-;~:'J.::;e 3ub­

scri:t0 are odd nu~bers. 

a O + a 2 = 1+2 = 3, a + a + a 4 = 1+2+5 = 0," ~'O + a 2o 2 

+ a + a 6 = 1+2+5+13 = 21, and a O + a 2 + a 4 + a 6 + a g = 55.
4 
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But, 0. = 3,0. = 8,0. = 2', and 8 = 55. In each3 5 7 9 
case the surn is equal to a Fibon~cci n~mber ~hoGe subscri~t 

is 1 greater than the subscri)t of the last ~ibonacci number 

in the su~. MOTI 3ach of the even subscri?ts can be ~ut in 

the for@ 2n, ~hcre n is a non-negative inte[8r, and each of 

tho odd subscri~ts can be ~ut in the for~ 2n+1. This in)lies 

that 0. + <>:2 + ••• + a 2n = a is the g3ncr~1 e,:u2.tiol1 for
0 2n+1 

the sum of a finite number of nltern~te FibonRcci numbers, 

s t ':l t' ~ "._ "'0'~ .. .1 '"'". 1 .: __ ~) tc C1r~ vI"~n . t :;'c> '" "" ~rn-it~1c,r In<:, -. "., o",p-",_ ..,u)scr c. c e In e,"~r", urc_~.C':lt c , 

than or e~u~l to O. 

Proof: SU~J:?ose 0. + 0. + ••• + 0. = , is true,2 " a2'r0 2 . ..... ~:..+ 

where k is P. n'Jn-neg~ti V2 inte.3cr. By c.dding 0.21 "+- to each"_ c:. 

side of t:~() ec',;::'.tion c,w' remembering the.t a - .., .1­c 21{+) - ""2k+1 . 

on~t.:;: ~~0'" 0.- + 0.21 -+2 +:,. ~L::is is.:. ... e- ... v (. ... 0 + + ••• + = 8;::>1a21~+2 ' 2 0.21{ ~ -~ ~ 

equivalent to the n=k+1 C?se a + 0. + = O 2 • • • + a 2 U:.+l ) 

a 2 (k+1)+1· 

The next ?rcof concerns t~e sum of a finite number of 

aItern_. ~ _ o~n"cc.~ _'C..aoe "" '" ,. _ ~l--w "l a" ....a"". suo· <" t'" 1i'l' ~ n'" in"'" r'" . "'t"lY't '." rr' ,-r' t\,.,II ,"1- ,,"co ' ­

scripts are odd integers creater than or e~ual to 1. This 

proof is very si~ilar to the preceding proof. 

Taking into account t~at a, + 0. = 4, a, + 0. 0. = '2,3 3 + 5 
a, + 0.3 + 0.5 + 0. = 33, and a, + 0.

3
+ 0. + 0.

7
+ a = 88,7 5 9 

while noting th~t 38 = a 10 -1, 33 = o.~ -1, 12 = 0.6 -1, and 4 = 
0. -1; it is likely that a 1 + a + ••• + = -1.

4 3 
a 2n+1 o.2n+2 
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',~.".,-"", tLl'" n-l~ C"'~0 a + a + + a ­
:""',,, "-".v "'" 0-'" u.'J~, 1 3 ••• 21:.+1­

a 21-+2 -1. By Jdding a21 +"7 to eD.cil siJe of the equc..tio:1., one 
~ ~ ~ 

has the equ2tion Et 1 + a + ••• + a21r +1 +
• 

8.21 -+7 = a 21.-+ 7 +
3 "C '\.:J ... :J 

a 21'. 
-+2 

-1. Since = + a 2k+2 and 2(k+l)+1 = 2k+3 in2 2k+
4 

a2k+
3 

c onjunc -Cion ',;i t:1 2 ();:.+1 ) +2 = 21-:+4 8.re true, one Gay h2.ve the 

~ '"resul t a 1 + a3 
+ ••• + c 20::.+1 )+1 -- o.2(l~+1)+2 -1 0 

A lOGical ste~ in t~e devela~~ent of theory cancern­

ing the Fi~cn~cci number se~uence is the rel&tionship be-

t~een t~e Fibon~cci nUEber ~nd the subscri~t of the 

Fi'cOl1~cci nUlil'.J'3r. 

One llli.:;r.t o.s)c Does a F'ibo112.cci m.LIGCr ni til 2. sub­

SCril:'t in tIle for::; i+j,:::l::ro i o.n:; j ::'.::"8 nDn-n::;gotive inte­

gars, h~ve a ralaticnsLi? nith certain Fibon~cci nurn~ers 

TIhose identity de:ends u;on the values of i and j? Tids is a 

question one mi::;l_t ::,on::1er. An ilqort:mt tool in the develop-

cent of ct~er properties eight be found. 

CO:1sider the Fibon:Jcci nllrJlbers in the forI:. a. " vrhere
l+J 

i and j are non-neGative integers. The first fe~ Fibonc..cci 

nUL'lbers in t:-::..is form may quite easily be put in the fOrl.tl a + n 

a , ~~ere n and ill are non-~eG2tive intersers. 
ill 

a2+0 :: a 1+1 = 2 = 1+1 = a l + a :: a + a O = a O + aOo1 1
 

= a 2+1 = 3 = 2+1 = a 2 + a 1 = a2 + aO·
a3+0 

= = a 2+2 = 5 = 3+2 = a + a 2 •a 4+0 a 3 +1 3
 

= = a = 8 = 5+3 = a + a •
a 5+0 a 4+1 3 +2 4 3 

= = a = a = 13 = 8+5 = a + aa 6+0 a 5+1 4+2 3 +3 5 4 0 
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= ::: a = = 21 = 13+8 = a 6 + a •a 7+0 a 6 +1 5+2 a 4+3 5

= = a 6 +2 ::: = a 4+4 = 34 = 21+13 = a + a60a 8+0 a 7+1 a 5+3 7 

a g+O = <:3.8+1 = a 7+2 = a 6+ = a +4 = 55 = 31++21 = a 8 + a •3 5 7 

= a8+2 ::: 8 = a + 89 = 55+34 = a + a 80a 10+0= a 9+1 7+3 a6+4= 5 5= g 

a'0+1= = =a6+5=144= 8g+55 = + agOa 11 +0= a9+2 a 8+3 = a 7+4 a 10 

a11+1=a10+2 = = = a7+5=a6+6=233=144+39=o'1+a10·a 12+0= a 9+3 a 8+4 
After ~ close scruti~y of t~e above, t~e first fact that 

is evic..ent is nothing more th?n the basic building 2_rrparatus 

for tlle FIbonacci nu~ber se0uence a = a 1 + a 2' where n is . n n- n­

an integer greater t~~n or eq~al to 2. But, the slow increase 

-1-1"10 
v.,;,.l.. ......of the values indic9tes ttat the nUMbers above mi:~t be 

su~s of other co~binaticns af Fita~acci nun:berc such as the 

sums of ~roducts of Fibonacci numbers. 

Let one go back to ?ibonacci nunbers a 1+1 , a 2+1 , ••• , 

a + and try a somewhat different a?~roach to possible ad­
5 1 

itive combinations that might lead to a gener~l equation 

concerning Fibonacci numbers in the general form a + •
i j 

Consider the Fibonacci numbers in the form a. . as
l+J 

the sum of two numbers, each of uhich is a ~roduct of t~o 

Fibonacci numbers. 

a 2+0 .= a 1+1 = 2 = 1+1 • 

a - a = 3 = 1+2.3+0 - 2+1 

a 4+0 ::: a3+1 = a 2+2 = 5 = 1+4 = 2+3. 

a - a = a = 8 = 1+7 = 2+6 = 3+5 = 4+405+0 - 4+1 3 +2 

a6+0· = = a h +2 = a3+~ = 13 = 1+12 = 2+11 = 3+10 = ••• = 6+7.a 5+1 . :J 



,, 
But, TIhen one considers which numbers used above are
 

not the ,roduct of Fibonncci numbers, some of the possible
 

additive combinations are elininated.
 

= 0.00.0 = aOa, = a, a, , 2 = 2 00. 2 = a,a2 , 3 = 2 00. = 
3
 

a,a3 , 4 = a 2a 2 , 5 = a oa = 0.,0.4, 6 = 0. 20. ' 9 = 0. 0.3 , and
4 3 3
'0 = 0.20.4 ; while 7, 8, ", and '2 ore not nroducts of 

Fibonacci nun~0rs. 

T~e only sums not elimip~te1 ~re '+', '+2, '+4, 2+3, 

2+6, 3+5, 4+4, 3+'0, and 4+9. 

TLe :00s8ib18 ~;r0duc ts ":hose sum is 0.2 2re 0.0 0.0 + aOaO' 

•	 0.00.0 + 0.00.,,0.00., + aOa" 0.00., + 8.,0." and ala, + ala,. Note 

that a a + a.a. ~ill be con3id~red identical to a.a. + a a ,m n ~ J 1 J ill n 
while a a and a a are also considered identical. In other m n n ~ 

words, com~utativity for addition and multi~lication, ~ith 

res~ect to the ty]e of Fibonacci number co~bi~ations now
 

being considered, ~ill be assumed.
 

Now the nossible ~roduct3 ~ay be tr~nslated into the
 

general for~s 0.'+' = a. 20.. + a. 20.., or a. ~a. + o.. 2a.+"
 
1 J 1- J . 1- J 1-c: J 1- J 

or a.. 20.. , + a. 2a . " or a. 20.. , + a. 1a. " or a. 20.. +
1- J+ ~- J+ 1- J+ ~- J+ 1- J 

a. ,0.., or o.. ,0.. =: a. ,0.';.' or a i ,3.. + a, ,a'+l' or a. ,0..+,
1- J 1- J 1- ~ - J 1- J 1- J 

+	 a. ',0.'+1' or a. ')a,+, + a. ,0..;, or o.. 20.· + a.: ,0.':+1.
1- J 1-~ J ~- ~ 1- J ~- J 

By con:j.iering the :eneral ferms cLtainablo from both 

~ 1 d ~ " r:J. ,."."'..Ll ,"'... ,_ncci " ,,~.lG• ," ..."iiC" - co.," c.Ll.~ C + ." r" C> co0.2 +0 0.1 a, +" cUi'. .L'; t"r"~ ..H O' 0 n <>"V'; ll~v, '" 

obtain3 0.,+, = o.. ,a. + a. 10. .• 
1	 J 1- J 1- J 

Lettin~ i=4 ,-,nd j=2, a i + j 
= a

3
a 2 + 0.

3
0.2 = 6+6 = '2. 
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But, a,... = 13. Needless to s~y, the facts do not 
o 

correJ.::::.te. One of tlle und2rl;j'i"6 ::::,ss1J.[;l,;tions Yi).S tllD.t i and 

j would be ca2sidered noc-n2c~tiv2 intecers. The 3~Le pro­

cess ~ill be triode B~t, ~it~ i and j as }ositive inte8crs 

in3te~d of non-ne~~tive into~8rs. One sho~ld note that this 

chCA.l.L(,)....~~r"'"' e'i·",~Y'~""."'".Ll .....·.L. ..... ,. ... .. <,,:; ~2+0 c~'~'",-",uo.... ..... tl1-:>'"_..;,... •. l 

B'\' ..".,..,., "i" ~ t·,,, '" ",.-.- ,~1 i' . ti "''' to t 1'e a one
',j =-·_;'l·~'~· _ilL. c_~ v'l +1 _V "'<:: ... ...J_._J. _G.:.:> .- 3+3 s, 

o~e may h~ve th8 follD~ing: 

(1) a,+. = aia. + a. ,a. 1 = a~a1 + = 3+2 = 5,
1 J J 1- J- ) a 2a O 

,...
(2) = a.a. + a a _ - a3a, + a = 3+3 = 0,a i + j 1 J i j 1 3a o 
(3) a i + j = a.a. + a. ,a. = 8

3
a, + a 2a = :;;+2 = 5,

1 J 1- J 1 

(4) a i + j = a. a. , + aia j _, = a a + a a O = 3+3 = 6,
1 J- 3 o 3

(5) a.+. = a. ,a. + a. ,a. = a 2a 1 + a2a, = 2+2 = 4,
1 J 1- J 1- J 

(6) a~+~ = a.a. , + a. ,a~ = a3a~ + a 2a, = 3+2 = 5, 
~ J 1 J- 1- J v 

(7) = a. ,a. , + a.a. , = a a = 2+3 = 5,a i + j 1- J- 1 J- 2a O a
3 O 

(8) ai + j - a. , a. , + E'Li_,a j = a 2a O + a 2a, = 2+2 = 4,
1- J­

(9) a.+. = a. ,a. 1 + a. 1a . , = a2a O + aZaO = 2+2 = 4, and
1 J 1- J- 1- J­

(10) a .. = a.a. + a.a. = a a, + a a, = 3+3 = 6. 
l+J 1 J 1 J 3 3
Since a, = 5, (2), (L;.) , (5), (3), (9), and ('0) &re 

Lj­

eliminated as a )ossible Ge~eral equation for ai+j~ ('), 

(3), (6), and (7) are left as ~bssibilitieso 

Applyin~ the re~::::.inin6 ~ossibilities to another 

Fibonacci nucber see~s to be the next logical ste? to take. 

a 7 is an easy Fibonacci nurn~er to orerate on. Let a = a3+4 •7 
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The follo~ing resvlts uay be obtained by 2~~lying 

.' , 'J"-' ,. 'Y"'I ~ ,"", .,.,~ f' -.-1' • 1 . J... tl':":!ene r",p.L,l •..J..n u ~~S,~._J1 1,,18.., 0 0. + •
4 3 

"'i+j u,i<A j + ~i_l3.j_l = 0. 0.3 + 0.30.2 = 15+6 = 21,(1) '" - ., ­- 4

0) o.i + j = o.i 3. j + o.i _1o. j = 0. 0. + a a = 15+9 = 24,
4 3 3 3 

(6) o.i +j = a i 3. _ + a i _l 3. j = 0. 0.2 + 0. 0. = 10+9 = 19, and
j 1	 4 3 3 

(7) ~'+4 = 3.. ,0.. 1 + 0..0.. 1 = a~o.2 + o. a 2 = 6+10 = 16. 
1 J 1- J- 1 J- ~ 4

t:c.G r'e'~e""''''l e~""+,; on "r'" nul d be a ­Since 0. = 21, w J.J. J. c..~ Ll v..,-,- v"";" -- ...1.l---. -L. i +j ­7 
+	 ,.r'", a,..... ~. ~ .,'""\ .-,. • 2- n-~. "::'l ,..... J- "r) • r> Cl0..0.. oJ.. 10.. l' "•. ,,_v 1. anU. J '- ..... c; .;.,001"1/,,, 1nL.."'wcrs • 

1. J 1- J­

T"elJ. ·~""'·'o'"..... n ~ 
P

" + - a" +..,'-A. 1a "'\''''''''e\, \:.,:.J.. n "'nd''''...... .,.
,J.;o.. U -	 v. - C~ 1. __ ll.L - n ~ n m n- m-' 

are ~oGitiv8 int3Gsrs, is 2S follo~s: Let n = :'.nd m = 1. 

0.1+, = 0. 10. 1 + 0.00.0 = 1+1 = 2. 0"2 = 2 ve::cifies the k= 1 

C::-lce. T::e l~ = 2 ce,s;) is vsd.fied 'oJ;:/ 2'1 +2 = 0.,0.2 + 0. 0., = 3.0

Nc~ t~e ~ = n+u-l and k = n+w cases ~ill be assumsd, anJ the 

k = m+n+l case ~ill be s~o~n to follo~. 

FrO;ll tIle o.3.:::u~)tions above an+(m_') = a a + a a 
n 0-1 n-l m-2 

and a + = a a + a a • Adding t~1e3e ec~u2.ti0l1.s yieldsn m n TIl n-l [;1-1 

= a a + a a + a a + a a • Sinceo.n +(m-l)	 + o.n+rl1 n m-l n-l m-2 n m n-l m-l 

+ a = a one J:1o.s a +l:1+1 = a a + a a +o.n +(m_l ) n+m n+m+l n n m-l n-l m-2 

a a a . 1· Re_,"""'1~""~... _,-···w_nQ-.oj "ne t e...... ...> .,n ie;. 01_'·0 o.J..yC;,-.-; U'"'S+ a c:- +-, '~rl~ ., d 'C''''ct ·'i nC'
 
n ill n-1 li-


a = a (a + a ) + a (a + a ) = a a + a a.n+m+l n m-l m n-l m-2 m-l n m+l n-l m 

This is tr-e k = m+n+l case. 

0..+. = 0..0.. + a. 10.. l' ~here i and j are nositive 
1. J 1. J 1- J- ­

integers, should )rove to be an i=)ortant tool in tIle deri ­

vation of 2dditicnal ~ro)erties. 
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'1'lle basic tools l-:.eeded for the develop::'lent of S011ie 

more refined )ro)crties of the Fibonacci nu~ber se~uence 

have been derived. A brisf SUl'lE18.ry of th2se tools is as 

fo110\','s: 

a = a 1 + a 2' a 1 = a - a 2' and a 2 = a - a l'n n- n- n- n n- n- n n­
,.' or> n l' 'C,"~n l' n"e+ o--..... l7",,,,~t"'''' t 1·., 1 ,..11-;]""'"._ c-.O - -­i,ne~e s ..... P o---~ c;.;. __ CAn Ii" __ - 1 •a 1 

Go + a + ••• + an = a -1, a O + + ••• + = a 2n+1 -1,
1 n+2 a 2 a2n 

ar~d 9. + a + ••• + = a 2n+2 -1, '!There n is a
1 3 

a 211+1 

non-neGative intescr. 

a.+. = a.a. + a. 1· G.. l' ~here i and j are Dositive integers.
l J l J l- J- ~ 



CH.<"l.~T:SR III 

REFINED P~OPE~TIES 

222Consider the sequence (a )2, (a ) , (a ..... ) , ••• , (a ) ,o 1 c. n 

where n is a non-neg~tive ints~er. If n=9, the se~uence is 

1,1,2,4,9,25,64,169,441,1156,3025. 

T~le 81.,::1 of adj2,cent terl;lS gives 1+1 = 2, 1+2 = 3, 

2+4 = 6, 4+9 = 13, 9+25 = 3Lh 25+GL~ = 39, 61[+169' = 233, 

169+L1-11-l = 610, L:_l11+1156 = 1597, c.nd 1156+3025 = i , 131. 

But, 2 = 5 = 13 = a 6 , 34 = as' 89 = 233 =a 2 , a 4, a 10 , a ,2 , 

610 = al~_' 1597 = 0. 16 ' ,:end 4181 = a 1S. 

In other ~::ord3, (a )2 + Cal) 2 = a 2 , (a )2 + (a )2 = 
O 1 2
 

2 2 2 2
al.J.' (a ) + (a7 ) = a 6 , (a ) + (a ) = as' (0. )2 + (0. )2 = 2 l
 

2 2 2 2 2
 
.:J 3 r 4 5

a (a ) + (a ) = a (a ) + (a ) = a 14' (a7 )10
,

5 6 12 ,
6 7 +
 

222

(as) = and (as) + (a ) = A ~ener2l form ofa 16 , 

9 
a 1S • 

~ t ~i~11_", 
~ro,)a~~y
~J _ -,,-'. L. l~i~~LL. be- (~an )2 + (an+l-)2_

"~o"- (a2n+2~ 

A ~roof of this co~cs quite 8irLl:::l~T from the eauation 

a.+. = a.a. + a. , a . 1 by letting i = n+l 2nd j = n+l. Thus,
l J l J l- J­

+ a a = (a +1)2 + (a )2 = (a )2 + (aa2n+2 = a n+1a n+1 n n n n n n+l )2 • 

Even thou~h i 2nd j are restricted to the set of positive 

integers, th2 equ9.tion above !:olds true ·;:r..en n is O. The 

reason is re2l:y quite si~~le. The s~allest value i and j 

may tc!1:e is 1. If i = 1,' t~len i = 1 = n+l. T~lUS, n=O. 

The last ~araGra?h illustrates th~t the Genoral equa­

tion is valid ~hen n is a non-negative integer. 

AI 
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If one lets n+l = u in the 8]U8.tio:1 (a )2 + (a )2 
n n+l = 

a?~+2''-...... on8 should obt~~n_ ,_ J.. (~l.."~ m-l )2 + (a)
2 

- a The l&ttcr
l.ll - 2w· 

equation l,:iC:lt }!'OV2 1333 CULl'..:ie:':'3o,:·:: to· elSe. 

A sO':le':'h?t cUfferent Cl.:::':yroach sL:~;lifies the l:l':::.the­

Latic~l 9rocesG ~~Oil cO~3idori~c the differonce ~et~een 

222adjacent terfuS of th8 se~uence (aO) , (a1 ) , ••• ) (an) , ... . 
a a -a ., '1" ~ + ~ - '" Q '"..., i c,," 1 c> d +0 t 1~ '" - 1-' 2J~!U~'. c< 1-"-'+1' u:"' __ '-" " v -"~ n n- n- n n- n
 

. . ( )2 ( )2

e~ua~lo~ a - a l' = a +1 2 2.n n- n n­

1,.'filen consicle::'il"S t~le S,'?l';lO sequence re12.tj. ve to ad­

jace~t tor~s ~ith ~2~:~Ct to multi~~ic~tion and division, 

nothinG of any siGnificant value ~aE found. 

GOill,=,,~ tl~2"OllS11 t::8 Sr~J11e )~OCGSG y!itl1 c.lt.::rll0t3 ter~~!.s 

t~e only pro)crty found ~as cc~cern8d ~ith subtraction. 

4-1 = 3 = a_, ~-1 = 8 = a~, 25-4 = 21 = a 64-9 = 55 = 
) . :; 7

, a 9, 

169-25 = lLrl:. = all' ,~md 4~l-1-6Ll- = 377 = 8'13. 

Let i=n and j=n-l in the eq~~tion a.+. = a.a. + a. 1 
l J l J ],.­

a.J-1. a i + j = = a a + a a • By substi tuti.nca 2n_1 n n-1 n-l n-2 
, .L • 

an a 2 for a 1 in the equation, one should nave 1..1:8 re-n- n­

suIt 1 = a (a - a. 2) + (a - a 2)a 2 = (a)
2 

-a a 2 +a 2n- n n n- n n- n- n n n­
222 

a a ? - ~ a ? - (a 2) = (a) - (2 2) •n n-~ n n-~ n-_ n n-


The t~o ~revi0~sly ~r0ved 81uaticns ~re quite conven­

0 ··, Co is cbt2..ir.::',~.= t:le value of a nu~bcrie~'1t '.7118~ ............. FibJn8cci
 

':'1 u.-.~11'O"'C.l.·~-;·_ ..·t l··~ n;,;J. t c
......., ....., "1"-8_. C.J • ~or n~-··~le 1n ~nc~l'~~ a
\·J'L.os e (.) .J_ ...10.......
 

J. V"'-"".'_, - J._ •.t '-"0 "lOa 

one vo~ld add a and But, this Beans adding a + a
99 

a g8 • 
98 97 

/ 



17 

and 3. ~ut, 0.97 + ~95' = 0.95 + a94 , = 97 + 2 96 , = 2 96 a96 a95 
..., +...,a + a ••• , 0.-,. = c""2 v~1 • In othsr ~o~ds, a lo~g '1'0­

94 93
, 

;; 

cess of additions is necas32ry i~ order-to find the vo.lue of 

- • ," t'::> " .... ~ 1' ..... ?,,' '.-':J.l.:J._"loncJ (" ,~ • . .; .... • 0 f .... h "Ii' ., "...., • '" -" '" "..U::.,lJ1 0 "1<:. "'(.0. (.lH O (. ••8 .!.lo~n""ccl ni..l.!,u"'~a100 
sequence. 

TDB Drocess usinp the ec:uo.tions = (a )2 + (a 1)2
• ~. 

a211 n n­

..., .' (~~2 (o.
~n 

d a 1 -_ 
~,; - ~ ~ 

)2 lLi ~ l1 t ~-: !' c c e e j 22 folloVIs:
2 n- n n-~ 

,2 2 2 2I = ( :01'1, () ) 
2 

+ l"a~O) , a = (2-. c:) - (3.23 ) , = (:::t2L~) +0. 100 / 1.:,9 
2 2 2 2 

. 'rJ ., 2 / a50 
(a25 ) , = (a13 ) - (2 11 )'-, a2L;. = (e· 11 ) + (0'12) , an.da25
 

2 2
 ;""')r"'\ 

0. 23 = (a12 ) - (&10)· 0. 10 = 0,/, 0.
11 

= 1Lj-I.I-, and 0. 
12 = 233. 

1? -Qr ~r9 ~?5 "ud"" = a ­ ~,)wo,c~-,~~ ~- ~50 20,365,011,07L1-.
LI-9 ­

(a )2 = 1.58, L~ 1I+, 167 , 9G9, 67 :-, L~ 50, 625.
 
L~9 '

(3. )2 '1-1'+,733,676, O!:.Lj-, 11.)-2,633,1+67.50 = 
a = 5"( -:; 147 0" I, ,,", 17 D17 ~Q, 1n1 100 "", ,v-'r''''',) J,:.J ,\PvL~, ~ • 

Fr8~ the sequence of squared Fibonacci numbers, the 

elel-ienis Yi::ich s.re se:jer?ted '0;/ tyro ot::or te!'nls ":ill be 

COmIJ3.rG,j ',,'i tIl. r::: ference to the t::ree basic o)erations addi­

tion, subtr2.ction, :c,nd. i;;ulti':,llic2.tion. 1+9 = 10,1+25 = 26, 

4+64 = 63, 9+16) = 173, 25+1... 41 = L~66, and 64+1156 = 1220. 

9-1 = 8, 25-1 = 24, 64-4 = 60, 169-9 = 160, 441-25 = 416, 

and 1156-64 = 1092. 1x9 = 9, 1x25 = 25, 4x64 = 256, 9x169 = 

1521, 25x441 = 11,02 5, ~nd 64~1156 = 73,934. 

When considering the results from the addition, at 

least t:lree "general equc:tions may be fO'C.l1d. 10 = 2x5 = 

13-3 = 8+2, 26 = 2x13 = 34-3 = 21+5, 58 = 2x34 = 89-21 = 
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55+13, 178 = 2x39 = 233-55 = 11~4+34, 466 = 2x233 = 610-144 = 

377+S9, and 1220 = 2x610 = 1597-377 = 987+233 icplies(a )2o
222 

+ (a3 ) = 2 2J.4 = a 6 - a = a + a 2 , (a1 ~ + (&4) = &2a 6 = 3 5 

as - a = a + &4' and (a2 )2 + (a )2 = a &S = a - a = 5 7 5 2 l0 7 
a + a 6 0

9
 
In gener21 (1) (a )-

? 
+ (a +.3) 

2 
= (2) (a )2 +
 

n n 2a2n+
4

, n 
2 22(a \ - - ~ d (3) (an) + (a + ) ~ +n+3' - ct2n+6 - ~2n+3' an n = G<.2n+53 

a fT1'1'C>..;,..:...... ......... 0"" i .... e·q"",J-;·oY'C:_.\.O,.,j c'r a fo.,...t",-·;t".l- ••• J __ .\. ....
211+2- -",.:] <:.:..........
-~''''''oofC' ..... t'1'-~'='eO..J L..4.\"'.l.. _ _ 

(1) Let i=j=n+2 in the equation a.+" = a.a. + a. l a . 10 
~ J 1 J 1- J- . 

_ 2, 2? _ 2 ~ 2_ 
a 2n+4 - (&n+2) ~ (an+1 ) ~a2n+4 - 2(an +2 ) + 2 (ct +1 ) ­0 n

2(a +3 - a +1)2 + 2(& +2 - a)2 = (a +~)2 + (a.)2 + (a +3)2n n n n. n ) n n 
222 2 

+ (a) - 4a +~a +1 + 2(a +1) + 2(& +2) - 4a +2a = (a 3)n n ~ n n n n n n+ 
? 2 2 

+ (a ) - + (8. +2 + a. +1) + (a) - 4 (a .J..2 + a +1) a. +1 +n n n n n. n .1.1 

2? 2? 2
2(an+l ) + 2(an+2)~ - 4an+2an = (an+

3 
) + (an)~ + (an+2 ) + 

? 2 2 22& a + (a )~ + (a) - "a J. - 4(a ) + 2(a )n+2 n+1 n+l n ~ n+2 n+l n+1 n+l 
22222+ 2(a +2 ) - lj-a +2a = (a + ) + (an) + 3(a + ) - (a + )n ll ll n 3 n 2 n 1
222 

+ 2an+2a n+1 + (an) -4an+2an+l - 4an+2an = (a + ) + (an)n 3 
222 2+ (3(a +1 ) + 6a +1a + 3(a ) 0 - (a + ) + (2(a + ) +n n n n n 1 n 1
222

2a 1a ) + (a) + (-[j-(a 1) - 4a 1&) + (-4a 1 - Lt(a ) )n+ n n n+ n+ n n+' n
 
22·22
 

= (a +3) + (a) + ·5(a +1) - 5(a +1) + 8a 1a - Sa +1 an n n n n+ n n n 
2 2 2 2 

+ 4(a) - 4(a) = (a +3) + (a ) ° n n n n
 
2 2


(2) From (1), (a) + (a +3) = 2a., +' = 2(a2· +c - +3) = n n ~n ~ n / a 2n 

2(a2n+6 - - = - - =a 2n+4 a 2n+3 ) 2a2n+6 2a2n+4 2a2n+
3 

a 2n+6 

- a + a - a - 2'" - a - a + a +2n+3 2n+6 2n+3 ~2n+4 - 2n+6 2n+3 2n+5 

a - a - 2a - a - a + a - a ­2n+4 2n+3 2n+4 - 2n+6 2n+3 2n+5 2n+3 
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'" T""" a _ 2' + = (a. )2 + (a )2= ­ "'2 +-. uv.o, 2a 2n+6 +ra2n- 5 n ;; n 0 2n 3 n n+3· 
2 2 _ a 2(3) Frcm (a) + (a +~) = a., +1" 2n+3' one has (a) +n n :; ,-n 0 n 

(a + )2 = + a 2n+2 by substitutins·a2n+ + a 2n+ for n 3 8 2n+
5 5 4 

a., +r and 0.2 +4 - a~ +~ for 0.2 +3.t-n 0 n en _ n 

Consequently, the addition of term3 of the sequence 

of squared Fi'uon3.cc:L num'.:lers nI,-ich 3.1'0 se)<l.rated b;y hiO 

other te~m3 resulted in tts follo~ing prD?srties: (& )2 + 
n 

2 2(a )2 = 2a2n+4 , (an) + (a + ) = - o.2n+3 , andn+3 n 3 
a2n+6
 

,2 _
(a )2 (n + a n+3 , - a2n+5 + a2n+2 • 

A quick glance at the product and d~fference of ter~s 

separated by t~o other tsrMS in the se~uence of squ~red 

Fibon2cci nU:.:'.Jers ~rielded notnL1C useful 2,t this stese in 

the devolov~ent of Fibonacci nu~ber3 ~itt reference to num­

bel' theory. 

Next the sum of the first n teru~s of tho sequence of 

squared Fibonacci numbers Dill be considered. (0. )2 + (0.,)2
0 

2 2 2 r 2 2 2 = 2, (0. ) + (a,) + (0. ) = 0, (0. ) + (a,) + (0. ) +
0 2 0 2
 

2 _ 2 2 _ 2 ,2 2 _
0

(0. ) - '5, (0. ) + ("",) + (<:4 ) + (0. , + (0. ) - l~O, and
3 0 2 3 4


2 2 222 2
(0. ) + (0. ) + (0. ) + (0. ) + (a ) + (0. ) = '04.
0 1 2 3 4 5

It should be obvious th~t 0.,0. = 2, a = 6, o. a = 2a2 3 3 4 
15, 0. 0. = lil), and 0. 2,6 = '84. T:lis i:m=-~lies the equCttion

4 5 5

222


(0.0 ) + (a,) + ••• + (a) = a a +1. . n n n 

The n=' case has already been sho~n. No~ let one 

assume the n=~ case and then show that the n=k+l case 

follows .• 

,.,-­
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T'lO n-" cq~O l'~ (~ )2 + ( .... )2 + + (~ )2 - a a
! ~ -"~ -".:.'...., "" c' O '-'1 •• 0 elk -' k' k+l • 

Addinc a + to e~ch side, one should have (a )2 + (0. )2 +
k 1 O 1

2
••• + (a,J + (al +1)2 = at_a1'" +1 + (a''"+l )2. = (8.1_ + <3., +1) (a'"+l ) 0 

.tll. '( ... \" :... .r\. h .t:C J:i.. 

222
But, 8.1• + a"+l = <9"-"+2 0 Hence, (aO) + (a1 ) + •• o+(a'_+l) = 

~.. .t.i.. 1.. .r~ 

a .., ']11,'; l· .... t1;e n-'-+l c""scC'1:+1 "'1:+2 0 • .LQ .::> ,~ -.0.. 0- L.· 

Next t~e sum of the f~rct n terns of the sequence of 

the 8Clll::.!"8~~ of t~:(3 '!71ibon·':J"cci n"~L:~1:ers '.:i t~: odd s~w~:)scri-:ts ':,~:·.S 

222
obSl~rved. (0.1 ) + ("'3) = 10, (a1 ) + (a )2 + (0. )2 = 74,3 5
222 2 ? 

(a1 ) + (0. ) + (0. ) + (D'7) = 515, :C.ne: (a )'- + (a )2 + 
3 5 1 3 

? 2 2
(ar.:)~ + (0. ) + (0. ) = 3511-0.0) 7 / 

An analys~s of t~c above yielded n~thinc beneficial 

in reference to this study. This 2~il8 ty~e of ?nalysis was 

~erfor~ed uith ~sfe~ence to Fibonacci numbers TI~tt even 

subscri]tso T~e saBe ~esult ~~s obtained. 

An unusual ~attern evolves fro~ the ,roduct of 

altern~te Fibonacci nu~bers. 0. 02 2 = 2, 0. 10. = 3, a2 8.1r = 10,
3 

a 5 = 24, 8 = 64, and a 7 = 168. But,2=(o.l)
2 

+1,3a 4a 6 5a


2 2 2 2
3 = (0. ) -1, 10 = (EJ. ) + 1,24 = (0. ) -1,64 = (a ) + 1,2 3 4 5
and 168 = (a6) 2 -1. 

Fro~ t~is ons ~ay r22ch tte tentative conclusion that 

o. a +2 = (o. +1 )2 +1, ~here n is an even non-nec~tive intecer. n n n 
J.. "'! ~ n is an odd non-neGative intecar iu ",",8 equation a a =+2n n 

(an+l )2 -1 • 

T~ese two equations mieht better be ex?ressed in the 

2 2 
form 8.2na2n+2 = (a2n+2 ) +1 and a2ri+la2n+3 = (8.2n+2 ) -1, 
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where n is an non-ne3ative intecer. Either 8qu~tiQn of this 

latter forn rnsy be used ~ithout recard to whether n is an 

odd or even number. 

T~le 1\:=11 c'"'se has 2lren.0.:J' b::oen sho·om. Goins fro~'1 the 

k=n c=se to the k=n+l C~S8 one might have the following: 

a2na2n+2 = Ca2n+1)2 + 1, 

a a - a a = 12n 2n+2 2n+1 2n+1 ' 

a2n32n+2 - a2n+1(a2n+2 - ~2n) = 1, 

- a a + a a + a a = 12n+2 2n+1 2n+2 2n 2n+l 2n '
 
,2 C' )2
( a2_n+~I~ - a~

~n ~ - a~~+2a~ _u ~n + a~
~n +~a2~ n + a2n+la2n == 1,+~ +1
 

(a~ +2)-
/ 

- (a2 +2 - )(a? +/ ) = 1,
n.na2 _ + 3 2n~n ~n 

?
 
(a2 +2)- - a? +1 a ? +7 = 1,
n . _n ~n ~
 

a 2 +~(a2c +~ -2/_n+1) - a 2 +1 a 2n +3 = 1,
_n .n J n
 

a a - a a - a a = 1,
2n+3 2n+2 2n+1 2n+2 2n+1 2n+3
 
2 == (0.
(a ) + a ~a 2 2n+3 )2 +1 ,' 2n+3' 2n+,) 2n+ - 22n+1a2n+3 - a2n+,22n+2 

+ a 2n+2 ) == +1,(a2n+3 - a2n+1)(a2n+3 a2n+
3
 

a2 2a?,+, == (2.~ +..,) 
2 

+1, 8.nd
n+ _h ~ Ln ~
 

a2 (n+1)a2 (n+1)+2==22 (n+1)+1 +1, for the first equation.
 

For the second e~uo.tion one nicnt have
 

2 
a2n+1a2n+3 = (a2n+2 ) -1, 

2 
a2n+1(a2n+4 - = (a2n+2 ) -1,a2n+2 ) 

2 
a2n+4a2n+1 - a2n+2a2n+1 == (a2n+2 ) -1, 

2 
a2n+4(a2U+3 - - a2n+2a2n+1 = (a2n+2 ) -1,a2n+2 )
 

a2n+4a2n+3 - a2n+2a2n+4 - a2n+2a2n+1 = (a2n+2 )2 -1,
 

a ~ - 3 ~ - (a )2 -a 2 = -1,

2n+4~2n+3 2n+2~2n+4 2n+2 2n+2 2n+1 
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B.2n+4a2n+3 - a2n+2o.2n+Lr - a 2n+2 (0-2n+2 + Q2r...+1) = -1, 

a2n+4o.2n+3 - a2n+2a2n+Lr - "'211+2o.2n+3 = -1, 
2 a a _(a2n+L ) + 2n+L:- 2n+.) a2n+2a2n+4 - a2~+2a2n+3 = (a2n+4 )2 -1,

r 

(a2n+ - a2n+2)(a2n+4 + o.2n+3 ) = (o.2n+4)2 -1, 2nd
4 

? 
a2n+3a2n+5 = (a2n+4)~ -1. Note that 2n+3 = 2(n+1) +1, 

2n+5 = 2(n+1) +3, an~ 2n+4 = 2(n+l) +2. 

There ere m2ny ~~sic f2cts conc0~~inz the Fi~onacci 

number ser~'.\Cnce '.'iJlich hewe li ttle or no value '::i th res?ect 

to the number theory oriented ap7roach. The ~2i~ objective 

is to rl_evelo2! enousL of t:,0se facts in order to heve suffi­

cient tools to solve some pore refined nu~ber theory ~ro~-

lems. 

,2 ( )2 ~ For e::('1,::-18, ( an) - \O-n"7 ::: 0.2 -'1 - o.? __ 7 - o.::>n_l"o ­
-~ A ~ll-~ ­

"nt-:l "Y'_~" ~a I"l - a - ... a ~ 1 ,.. - • •• ~-- - th"'r'"".~ ~ cL e ,. tr.rillS,
2n-,) 2n-12 '::::11- \)
 

where k::: }n +1, and n is an even ;ositive inte~er.
 



CI~PTEP. IV 

EOR2 :R:SFI1'f.2D =):J C)L:"~ TISS 

An analysis of Fibona:ci nillJbers ,lith odd numb3red 

subscri::::ts brou,:::;ht to liCht t';,'o une:::~-:ecL;d r8s'11 ts. 

I ·n t'" e0~~~~onr1 " ..., .... ~ '" -- '" + a. . _ee... ; -­ue ~'+' ~.a. l a l' 1 - n +1 
~ l J l J l- J-

and j = n. a 1 = a 1a + a a 1 = a (a 1 + a 1) = 2 n+ n+ n n n- n n+ n­
(a + - a _ )(a + + a _ ) = (a + )2 - (2 _ )2, ~hGre n is 

n 1 n 1 n 1 n 1 n 1 n 1 

Gro~ter t~an or equal to 1. 

If i = n+1 and j = n+2 in ti13 ec;.,;o.ti::n a .. = a.a. +
l+J l J 

.-, ~T ~uv~ ~ - a ~ + a ~ ­a.	 .Hi,'." •• v c-2n+,3 - n+l ""-n+2 n'--'n+l­l-1 a ~-1' onG 
(a )2+ a ) = (a 2 - a )(a. ~ + a ) = (2 2)2 +an+1 (an+2 n n+ n n+~ n n+ n • 

Usins t~18 sa~~le ~e2eral aqu~ti~n use~ n~ov6 2nd h~v-

+ a ain..; i = n+3 :3. 11 C:. J = n+2 ~ives D.2n+5 = a n +3 a n +2 n+2 ~1+1 -­

( )( ..., + a ) = (a +,3)2a +2 (a + 8,n+1) = a n +3 - a n +1 a n +3 n+1 nn	 n +3
 
2


(a +1 ) • n 

t "D gGneral ~~ere ~ is an oddConsic.er ".v forru a2n+l~' 

positive inteGer. Let i = j+l in the equation i+j = 2n+~. 

Thus	 2j+l = 2n+:~, 2j = 2n+~~-1, and j = n + ~'k - ~'. Tb.ere­

l'·- n+-'·1.+-',for p.- , - 2J.':I...2 • 

No',',' one day have a 2n+,. =(an+,:_,.+J (an+,.l. J)+(a +,:.,• .;') 
r_ 2.~ 2 4 ~,..... -.2. n 2-),.-2. 

(an+J.,.. 1.('7» =(a +,.,· .1.) ( (C·n+.1'k+.1) + (an+.1·" -,.(,3» ).
2h-"	 ;J n "~),.-,, 2" 2~"-" 

Since (0. '1 ,) = (a ,,+,) - (a " '(3» one L13.y hC:.ve 
n+7~-Z n+~K z n+z~-z 

a 2n+k = «an+'··'·.L.·:oJ - (a +_···· .1. (oz,) ) ) ((2'n+.1·'·+1.) +(an +.1·,._.1'(3») = 
.2.L~' 2 n .2,J.":lo,- ~ -" e;.L\. ~ 2.l.~ .2 

2 2
 
= (a " ,) - (&'n+"'" .1'(3» •
a2n+k n+-2'~i::+2' 2"'0.-" 
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Thus, any F~bonccci nU2ber ~hose sub3cri~t is an odd 

,ositiVG integer ~~y be denoted by the ecuation =. a2n+k 

(a +J,l_+' )2 (an+~'k_~'(3))2, '::here k is an ~:o8i ti 'Ie odd n ",.,. 2,' 

integer. 

When considering the su~ of a 2n+1 + &2n+3 + a 2n+5 + ••• 

+ 'l,r'c"Y"'t~ 1-'~.... ·C':" ~- ·'oC'·t- n nd III··t::")rCl.~"'" on",Q ",c,.j'''r'-:J''''' ", Cla2n+~'" "n~~ ... lu L,n ':'J,,,,l lV", 0., '-..:."'~, llav~ 
.~ 

(., )2".l... + a ("tIle r2GtL~ vS °'2n+1 2n+3 + a"'n+5 - - ""n-1 +L. ""n+1 ) 2 

2 2 2 ,2 = (0. )2 + (0. )2(a ) - (a) +n+2 n (u'n +3) - (an+1 ' n+3 11+2 ­

(a)
2 

- (a ) 
2 and + a 2n+ + a.., ~ + 0.2 , 7 = 

11-1 2 211+1 3 L.n+.; n+n
 
2 2 2 2 (a ,2 _ (a )2 =
 

(0.11+ ) + (o. - (a) -(a 1) + 
n+2 ) n n- .i.1+4' n+23 

2 2 
+ (o. + ) - (a )2 _ (a _1)2. ~lso a +1 + a2 +~ +(a11+4) n n 11 2n n ~3 

2' 2 2 2 
a + +a +0 =(a.+,) + (a +3) -(a) -(a 1) +a 2n+5 + 2n 7 2n / ~ ~ n 11 11­

" )2_(,:, )2 ( ,2 ()2 (~ )2(a )2 - ( c, +7 - c, +5 + a +4' - a - CA, 1 •n+5 n ~ n n n n­
~u,~-~~t t~~ ~y~o+~o-i~ ~ + a +These re3ults u ~~ ' '/' ''''.0 •. '-'". '- u."'''' .:> c"2n+1 2 ~ ~ n+~ 

222 
+ ... + = (a +,.t_+,;) + (o.n+J.,· .1,) - (an) -(an 1)'o.2n+5 a 2n+k n 2~~ ~ ~A-~ ­

whgre k is a ,ositive odd intecer and n is a )ositive 

inteser. 

To l)rove this hy:?othcsis ·the j,1=lc cose 'Jill be 

o.SSU1il0d and t:cen the n=1,::+1 CC.SS '::iJ.l oe sLO\':n to folIo':;. 

A3SUlJ.e 0.2 +1 + s'2 +~ + •• 0+ 0.2 +', = (an+'~-k+·1) 2 +, n n ~ n ~ 2 

) 2 _ ('" )2_ (a )2 "'nore lr i ~ ~ ::;ositive odd(an+-}~~-'~' ""'n n-1' , ..~ .- _.:> u
 

integer. By t~l~~C into co~siderRtion that a2n+(k+2) =
 
(a 1 1_+1 (3))2 - (a +' 1_ 1)2, one i.12.y 113.ve 2,2 +(' +2) = 
n+~~ 2 ' n ~~-~ n K
 

(o. +}k+})2 + (a +}k_})2 - (a )2 _ (a )2 2
 
n n n n-1 + (an+-~-k+'H3) ) ­

2 2+ (~ 22 2 
Cl. 1 ) (an) - (a _1 ) •(an+'t'k') = (a 11 ,(

~ 
.. )) n+C~_1_+''2 - n-z n+~-.~+-z .::A 
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UsinG this equJ.tion to find a, + a + ••• + a OYle
3 31 

might excute t~e follo~inG ;rocess. Since 31 = 2n+k, let 

n = 15 and k = 1. TD8 a + a + 000 + = 
2 

+ (a16) 2 ­
1 3 

a31 (a17 ) 

(a14)2 - (a15)2 = 6,677,056 + 2,550,409 - 974,169 - 372,000 = 
7',831,296. 



CH1'i.PTER V 

DIVISIBltITY T2~EO::;:2:;S 

By e:~C'tL:inine; tl18 divisibility of the smaller 

FibonCl.cci nUl:1oers VIi til rG,s~)ect to ti.:e :nn:'::Jers 2,3, Lh 5, 6, 

7, 3, 2~d 9, tlle follo':J:i_l1G results -';:ere o'.Jtcined. 

I:\~I~:SG·J)j.L FI5:~'T'T:~GCI ITlJ-:"T2=:·;~.S ~.'.r=-:IC}~ .r.:?: :JI'IISI?LE 
:QI1JI'):~:'?'3 "8:: T~~= CC::?~~3=-~C-~:;=~",:G r~,Tr-;'I"~.:'=~.:~I; D~"1IS\J~ 

2 a2 , a 
5

, CI.') , 
u 

o 0 0 , a:; l'.... n­
o • D , &!:"'~, 

./;1 [;."'2b 

3 a
3 

, a
7

, all' ••• , a 4n-' , ... , R 
55 

, Cl. 59 
4 a

5
, a" , a,17'···' a.... " on­ ••• , ""G3 ' 

c;1.."') [) 

u;; 

5 a4, a,9' a, 4' . • . , ac; " ..I n-
... , 2.""0'

0-" 
R 

74 
,.. 
o all' a23 , a35 ,···, a, 211-1 , ••• , 8.155 ' a 167 

7 a 7 , a 15' Cl. 23 '···' a3n-l'···' Cl. 
103

, a 111 

8 a 5 , all' a'7'···' a",on-l ' ••• , a,25' a 131 

9 all' a23 , a35 ,···, a 12n­ 1 ,···, 8.119 , a 131 

T~e table aoove lists various Fibcn2.cci numbers ~ith 

their res~ective intcgrCl.l divisors. T~e ~ro~ertie3 illus­

trated illay be ex;rGssed as divisibilitr tteoreus. Since t~e 

9roofs of these t~eorellis are si~ilar in contsnt and identi­

cal in for;'l, o;lly one ::,Jroof i'Jill ce Given. 

First tl1C divisibili t;y theoreGG ';,'ill be 6iven. Tlle 

proof ~ill be in tuo parts since it is stated in the form 

"if 2nd only if." 
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~h(:)02:"'8m 1. A 7ibon8.cci nunbor is divisible by 2 if 

n.n1 only if its 3uJsc:'i~:t can be =; ....·,t into t~le forJl 3;:-1, 

~here ~ is a vositive ints~8r. 

T~eoreu 2. A Fibon2cci nu~b8r is divisible by 3 if 

and only if its sU~3cri~t c~n be Jut into t~e for~ 40-1, 

~here b is a ~o3itive intobor. 

T:1CC~C{:1 3. ). }~l:0rlz.:'_cci 1~U:]C8r ~s di~.[i~ib~o b~( L~ if 

~nd only if its subscri]t can ~s }ut into the for~ 6'0-1, 

'::~18::..~e b is 2. ~)J3itiV2 intecer. 

T:~eore:.~ L:. .c Fibol1:.cci :1UL:ber is elivisible C~T 5 if 

ani only if its 3uJscri]t c~~ be ]~t into the fcr~ 5"0-1, 

~':l:lGre b iJ 2. ~!o3it~\rc: t2.1tc:cr. 

~rECl 5. A :?i.·c;.;n2cci nUL:.o8r is civL:;j.ble oy 6 if 

,:'.no. 0.11j" if it.s ::;l:bccri~~t c:;,.:" be ~JUt into tl:,::, fer::: 12j-l, 

~here j is 2 ]ositive integer. 

T:190r8:J 6. A ?i':ion::ccci nUl;loer i:> divisible ::,y 7 if 

2nd only if i~s 3ubscri~t can be Jut into the forw 8m-l, 

uhere m is a ]ositive integer. 

Theora:': 7. ;\ ?ibonacci nu,::b8r is divisible by 8 if 

&nd only if its subscript c~n be jut into the for~ 6q-l, 

TIhere q is a )ositive intecer. 

Tteorem 3. A Fibon~cci n~~b2r is divisible by 9 if 

and only if its 3ub3cri~t can be put into the form 12t-l, 

where t is a )ositivG inteGor. 

A )roof of one of thesG theoro~s ~ill no~ follo~. 
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Theore~; Lr• ~':. Fiboncccci number is ~i,ivisible 0-;;" 3 if 

and only if its 0uJscri~t can be ~ut into t~e forD 4b-1, 

where '0 is Q )o~itive intccer. 

Part I. Su~nose a is divisiole b-J - 3 ~hen n = 4'0-1 -- n 

in t:he 1: = b CQse. LettL1c:.; n = 1+'0 <:.md 1:1 = 3 in t:1.2 equD.­

a a + a ~~~ ~'nA re~::1)l. ttiO:'l + = a :;;,~ 1 1'""o~a~ L,,,,-, l"." 0..4'0+3 ­n ill n ill n- n­

7;a. + 20.. 1 '--- l' Let alt 1 = 3c, ~here c is a ~asitive inte­.-/ 40 ·-10.;- ~-

Ger. - ~~ + ~c - 7( 2 ) The ?ibonecci'll:~en o'l[.b+3 - J~L'D 0 - ~ aL, = c •
! to 

nULloer D. + is cUvi::i"ole by 3. Si:ace l;,(o+l )-1 = Ltb+3,
Lrb 3 

the k = '0+1 case ~~S ~een demonstrated. 

Fa~t II. If a Fibonacci nu~ber i::; d~v1si~le by 3, 

then t:,::; "':'ibon~'cci nu,lber IS sUb::cri_,t c,::,n be ~t't into t1:e 

:crEl Lrb-l, ':!he:ce '0 is a :..,osit1ve intege::.'. T:~c contra::,'ni­

ti VB '.,rill be assumed false, C'.nd this o.ssccr.1.rtion 1,7ill le2.d 

to 0 contradictia~. 

Assuue the folloTIinC statement to be false: If a 

Fibonacci nu~berls subscriJt cannot be rut into the form 

is g DO~l"tl"V~ l"~~~~pr4b-1, 1.'Jhere b ...... ~ ....... .:./ v J ..... .J.~""::w""'-, then the Fibonacci 

nunber is not divisible by 3. 

~rom n~rt T a ~'nero b 1~ ~ -OSl"Ll"Vn l"nLeCOft- '-. -~, - , 4'0 -1' .. - ~ _c 0 ~, .i.~' I.. ~ -- v u ~ -'- , 

is divj_sible by 3. If 2. F:~bonQccj_ nU~lb8r Yf~1ich is not in 

the above farn, is divisible by 3, it must be in t~e forw 

a ., .~ 0118 should note that a a + ,l+b' C\b+l' or "'4b+2 4b- 1 , 4b 3 

••• are all in the form a "1.~so aa 4b+7 , a 4b+11 , 
4b-1 

• 
~ , 

4b , 

... are all in the for~ a • Othera 4b+4 , a 4b+8' a l :.b + 12 ' 4b 



29 

equiv2.1ent forms are aL~b+l' aLj.b+5' ••• , and ~\n+2'a 4b +9 , 

aL~b+6' '\b+l 0' ••• • 

SUXlose al!b is divisible by 3. Since 2' is also
4b

- 1 

divisible by 3, let ~4b = 3k 2nd a = 3n, ~here k and m
4b

- 1 
"re . O~l't'V l·n.!. '-n~'~ ~,TO'" "-cO> C'l,!",,,]-J !"'t· t:, t a +c.... ;) Co l e L.e",,~J."' • .L." 0.,-,-, .:lllvv.• l~ nv e •.a c -l

4b

a~.b = 8.nd 31~ + 3'-1 = a LJ-b+l' The er;.u2.ticn 3 C;:.+IJ.1) =a 4b+1 , 

1-.-r ~tells one th8t lS eli v:":-dble v.., -". Fl"Jm'\b+l 
a 

4b+l 
' 9·Lj.b+l + 

= a l+b +2 , one has 61>: + 3r: == a J.nd 3(21;-'+1,1) = aL~b+2.a 4b 4b+2 
,. . . - 1Thus all Fibon~cci numbers 2re CtlVlSJ_o~e b:l 30 If FibonD.c-

C ..; """"bore- ..; n t}'8" for"'" "'Y'e dl' Vl' c"; ble bOT:; tl1~,,, ",11...l- ... _l..-......1.Jo.-I D _ _ _._ •. _ c;'..l'b L....... • 0_. ".J.,/, C.:._ ......._­

T
 

Fi~on2cci numbers ~re divisible by 3. B~t 1 ic a Fibonacci 

nurn~er, ?nd it is not divisible by 3. 

No',: Su)~'o;:;e 3. i"" a'i'Ti~-:b'e '0" 3
0 

Let e­C'.'+l ~~ - _o~ ~ / ~4b+l = 3rlL:~ 0 .., 

., 1 c: 0 ., - '7.. '1 .. ,. '- '" l' n '" .., '- r1 n ,- '.~ '" 
n_~ cC,~b_l - ....-" ...~" '" ,.. ,.L~, _,_ :o=j.tive intecers.J 

a, _ ~l"V 11"'Te ~n +., - 7 m ~ndSince a + ., ~'oJ .'.. :J ""'4b -..J c .•= D.4b+l' one4b- 1 -1. 0 

8. = 3(m-n). This tells us that a is divisible by 3.
4b 4b 

Let 8.L~b = 3j, ':.~l:er e j is 2 )ositiv8 inteGer. Fro::1 a +
4b 

- a o,"e '''''-y ;'''\'0 3(J'+,·) - .., Tid co,.,,, th'"'t8.4b+1 - 4b+2' .~ .Lc.L ••c, ~ d - c·L~b+2. .S "'C'oJ S '-L 

. d' . . - 1 b 3 ~. 1'1 F" . ba + lS lVlSlJ_B Y • ~galn, a _ loonaCCl num ers are
4b 2 

di visible b;/ 3. 

La '~t of' ,,11 C'u'''~o~e th"lt '" l'S dl" vi si '0' e b-,- 3 .. '" ~ - c,~ -, ~ _) _" '" c., c<. 4b+2 '- - - ;; • 

L"'t '"' - '2:d "'ld ., - ")e ,"'nere d .,,,,., e "-'8 .,osi tl'"e - CL b+2 -./ -',~ L c.'.4b-1 - -' , ,,, c c'"~~. c ..l. _- - ,
4

inteGers. From :;'4b-l + = a 4b +1 :md 8. "0+1 ::: ­a 4b 4 8.4b +2 a 4b 

one may h-:'.v0 8. _ 1 + aL;.b = a +2 - u l :. • Thj.3 reduces to .4b 4b b 

a + 2a = a Let a ::: 3f and = 3g, where4b - 1 4b 4b+2 • 4b +1 a 4b- 1 
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f and g ~re ~ositivG intecorsj thus, 3g + 2a = 3f and4b 

2a = 3(f-C). Since 2 2ni 3 ~re relatively ,riDe, a
4b 4b 

must be divisible by 3. Then a
4b

+1 must also be divisible 

by 3. Thus all Fibon~cci numbers are nivisible by 3. 

In this ~roof, I t~ve de~onstrated t~&t if any Fibo­

nac ci number not in the fO:C;~l :;lll.b_1 is di visible by 3, then 

all Fibonacci nULbcrs pre divisible by 3. Tti3 obviously 

i.s 8. CO:lt!'2.dj.ction. T:'.8 conclusion, t>::::n, is tllat onlJ-

Fihonacci numbers in the fern 2 are divisible by 3.
4b

- 1 



CHAPTF.~ VI 

CONCLUSION 

This study co~tnins a developnent of the Fibon8cci 

number s81uence ~it~in t~e roalm of nu~ber theory. To create 

a cood found9tian witt sovsral useful Fibonacci number se­

0uence ~rorerties so that an inter~stG~ student of rnathe­

m~tics CQ'llCl -~'1.'Cb8 :Lnto tils L;":'~n()~;:,_cci nU:~l~)er s8'lucnce ':.'i th 

respect to number thaory ~~s the pur~ose of this paper. 

On·.::: shouJ.d tn':e spec~_C'_l n'Jte of the metLod \'Thich 1:'12.8 

used to discovor the ~ro~srtie8 dc~lt ~ith in t~is study. 

The e~c;erif1er.t81i'Ct ,""vWI)C'c:"" is a :,oy.reri'ul tool to U8e ':[::en 

studinc nathematics. 

A list of t::e b~sic ~ro~erties found in t~is thesis 

is as follows: 

a = a 1 + a 2' where n is a ~ositive integer eoual to n n- n- ­

or grce.ter t:i:-.t 2. 

a + = a a + 2 12 l' where m and n are ~ositivenun m n- m­

inteGers. 

a o +.a + ••• + an = a +2 -1, nnd a O + a + ••• + a = a 1 ,1 n 2 2n 2n+

TIhere n is an non-necative integer. 

a + a + ••• + = -1, TIhere n is a ~ositive
1 3 2 2n+1 a 2n+2 

in'l:.eser. 
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( '" ~2 + ( )2 _ ",1"'0 '" ' -; r 1" _"C' '''t~ va""n' a +1 - o.2n+2 ' .. l,,_r~ n ~u .~._- .10::1 1"~0.·.L cn

inte:0r.
 

(2 )2 + (a )2 - ~ ·c·,~·, ..... " .:' -;" " "0"-' t~ V"" in.L"''-'e''-'
"'l~i.- 1 1] - <--L2r1 , .1 _ .... J...... ....1 -i- v --~ .1..- v_"_ _..... .L v c W -. 

- ("1)2 (~ )2 ""'~"O '1 .; .. ~ ·~,...··-'t;'Te l"··,tor'eY'a'2- 1 -- Co. - ~L. ~ '~ll •._;.J.....,':' ..J..~ c:' ..... VJ., ... _v _ ...... vG _n- n n-~ 

crC7~e~ tll~n or cqu21 to 2. 

2 2 2 2 
(a.) + (a, +7) = 2.:(;:>"+,, (0.'1) + (a'l+7) = 0.')"-+0' ­
~ ~ J -~ 4" 1 J L~ 

a 2n+3 , 

. (" ) 2 (~ ) 2 _ , .J.. '" ,.. " - " .; '" '" _.,o.r~d c. +.... 7. - 0. 2 - +r: . c~2 .J..2' .. ,"ert;;: n .J..u .. H n n+J 11.) r",. 

non-nec~tive integer.
 

(0. )2 + (D. )2 + ••• + (2 )2 = a a Y:llere ~.l. is O~Yl
0 1 n n n+1' 

non-~8:~tivl~ i~~2~8~. 

= (a )2 ( ':" )2 '"'he ..... c '" -; ,- '0 "(lC"; -I- l" v·-. -; 'It''("O-~--l.n_1 , .. .lo. ............ ~ '-'- _,,,,,Jo;.)_L.. '.J """'- ... '-"\...) ..... J...
a 2n+1 n+l ' 

= (a )2 (a )2 ~:r ~le I' e n is an non-~e:ative inte0cr.a2n+3 n+2 n ' 

5 -:,) 
2 ( c'n+1,., )2 ""0 n "" '" _.,o~.L.-'; t"l ve .;,..... 0·"'"a = (a, ~ ,1.lu~rc lS c, .L"1l,~u~r.2n+ 11,'.,.1 

T~1e al).Je~ldi:: of tllis ~)a)er cont2.ins 11l2.sccl12,neClus 

to..bles rJ~~1ic~1 ~i'liC~lt be 3.11 8::.ceJ~~_ant st~~.:,..tir:z ~oint for 

further ::tud;y. 





• L9Gl '!~~:~C8 ru~~s11 
-qr1d LTe:~.'~!=·:Jl~ :~~~~G~\ :,'~oLI ·S'LGJ~ '9 ·::,-rc:'1-~~ -l;J t>u"C~" ;)OP 

-1=;el~r o~: or ~:~1. l~c;~TP~ o~~ 201=~;'t~:~>~~~~_':;:,: t~R~ S2"'~-L1~~C'I 
~·,JLt.::~Cc: c.'~i~ JO II ·loi~ • :-vLc'~:~:l'"ll\r 1==:> ~YL~ ~.xcc~ ~L!l: • P' • LI 'i~2i I ~~C.:I.OA 

• L961 ,. 8t1:1 '2~:.o·~+·"'::J11'·,·:'O: ++8:)I...-.;.:':: : +1"1.8-;::+ 
cIT J 1=J':l-C: ,~) G .T·: ·S:l=~C·~~~G-r..~~"::I ..~ -l~~1;:1. ::'l-:~: ·S: e:T::,,1::·r '..::s!:a>i 



XIC·:=G,~T.V 



3 3 2 2 2 2 3 3 
a3+a3 a +1-an a -a a ]-an anan+]an+2 a -an-2 ~an ta~n n-1 n n+2 n n+ n 

-

aO 1 1 
a 2 0 0 2 21 
a2 9 7 3 3 2 7 4 6 
a
3 35 19 8 5 6 26 7 15 

a4 152 98 21 16 30 117 12 40 
a 637 387 55 39 120 485 20 1045 
a6 2709 1685 144 105 520 2072 33 273 
a 11458 7064 377 272 2184 8749 54 7147 
a8 48565 30043 987 715 9282 37107 88 1870 
a 205679 127071 2584 1869 39270 157114 143 48959 
a10 871344 53859~ 6765 4896 166430 665665 232 12816 
all 3690953 2281015 17711 12815 704880 2819609 376 33552 
a12 15635321 9663353 46368 33553 2986128 11944368 609 87841 
a13 66231970 40933296 121393 87840 12649104 50596649 986 229970 
a14 280563633 173398367 317811 229971 53583010 214311663 1596 602070 
a15 1188185803 734523803 832040 602069 226980390 907922170 2583 1576239 
a16 5034507976 3111498370 2178309 1576240 961505790 3846022173 4180 4126648 
a17 21326515$77 13180509531 5702887 4126647 4073001576 16292007901 6764 10803704 
a18 90340574445 55833549037 14930352 10803705 17253515288 69014058568 10945 28284465 
a19 382688808866 236514685384 39088169 28284464 73087057560 292348234421 17710 74049690 
a20 1621095817661 1001892323411 102334155 74049691 309601753890 1238407008795 28656 193864606 

VJ 
0'\ 



Ia~ ~a~ ~a~ a
 
n 

n 

0 1 

1 2 

2 10 

3 37 
4 162 

5 674 

6 2871 

7 12132 

8 51436 

9 217811 

10 922780 

11 3908764 

12 16558101 

13 70140734 

14 294121734 

15 1258626537 
16 5331629710 

17 22585142414 

18 95672204155 

19 405273951280 
20 1716768021816 

1 

2 
18 

99 
724 

4820 

33381 

227862 

1564198 

10714823 

73457064 

"503438760 

3450734281 

23651386922 

162109796922 

1111115037483 

7615701104764 

52198777931900 

357775783071021 
2452231602371646 

16807845698458702 

1 

2 

34 

277 
3402 

36170 

407463 

4491564 

49926988 

553211363 

6137270812 

68054635036 

754774491429 

837042537086 

92830050637086 

1029298223070793 

11417322172518550 

126619992693837974 

1404237451180502875 

15573231068749231000 

172709782964518145976 

1 
1 
2 

3 

5 
8 

13 

21 

34 

55 
89 

144 

233 

377 
610 

987 

1597 
2584 
4181 

6765 

10946 

\).I 
--.J 
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