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NUMBERS SIMULTANEOUSLY POLYGONAL

For the purpose of this thesis the term polygonal
number will refer only to positive integers and 1s defined
as follows: let {ak} be an arithmetic seguence whose first
term is 1 and whose common difference 1s m-2, where m is a
positive integer greater than 2. The sequence of partial
sums, (sr), associated with {agﬁ is called a seqguence of
m-gonal numbers or the sequence of polygonal numbers with
m sides. For example, when m=3 the arithmetic sequence to
be considered 1s {agﬁ={;, 2, 3, o + ey Ky, 4 . .} and the
associated sequence in this case 1is {s£}={l, 3, B, & « s,
rir 1)/2, . . . .} This is the sequence of 3-gonal (trian-
gular) numbers. For simplicity the rth term of the seguence
of m-gonal numbers willl be denoted by p;. Table I is a
general -listing of p;. Teble I was obtalned using the
following well-known formulas for arithmetic sequences anad
series: =1+ (k-1) (m-2) and S£=(r/2)(2+(r—l)(m—2)).

Historically the numbers were named polygonal because

they can describe, for a given m, a nest of regular polygons

@)

f m sides having a common vertex and with r=1, 2, 3, . . .
points for each side. The diagrams shown below in Figure 1
illustrate polygons which are representative of the first

four triangular, scuare, and pentagonal numbers.



TABLE I

POLYGONAL NUMBERS

1 2 3 L 5 6 . .. r
3-gonal 1 3 6 10 15 21 . . . r(r;l)
L-gonal 1 4 9 16 25 36 ... v
S-gonal 1 § 12 23 35 51 . . . r(5p-1)
6-gonal 1 6 15 28 L5 66 . . .  r(2r-l)
7-gonal 1 7 18 3l 55 81 . . . r(Sg—B)
B—gonai 1 8 21 Lo 65 9 . . . r(3r-2)
9-gonal 1 9 24 L6 75 131 -« = - r_(?g—S)
10-gonal 1 10 27 52 85 126 . . .  r(kr-3)

m-gonal 1 m 3m-3 6m-8 10m-15 15m-24 . . . rz(m—2)—r(m-u)
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If P denotes the set of 2ll polygonal numbers, it is
apparent that P is the set of all positive integers except 2.
An integer w will be called simultaneously polygonal if and
only if there exist integers r and g such that for distinct
integers m and n 1t 1s true that sz;=pq Let the sest of all

ne
simultaneously polygonal numbers be denoted by Pz} The

following facts immediately present themselves: (1) P° ig
a proper subset of P. (2) lé.Pa, since for all m>2, pi:l.
(3) If mrePz, then exactly one of the following hold:

(1) r=q=1 or (ii) r#q, where w=p£:p%. An investigation of

the possible ways a given number may be polygonal helps to
determine the nature of the set Pz. Let w be any integer.
If w is the rth m-gonal number, then w:pﬁ:(r/Z)[?+{r—l)(m-2ﬂ
and hence 2w=r @*{r—l) (m-2ﬂ . Now if any given w is to bs
polygonal, then 2w will have to be expressed as a product

of two factors. One of these factors is r and the other is

2+(r-1)(m-2). The following theorem shows that r must be

the smaller factor.



Theorem 1: If w=p;, then r<2¥%(r-1) (m-2).
Proof: By definition wm-221. Hence by multiplying each
member of the ineqguality by r-1, (r-1)(m-2)zr-1 is
obtained. Adding 2 to both members yields (r-1)(m-2)+
2zr+l. Anéd it follows that r<2+{(r-1){(m-2). @QED
It is now clear that the smaller factor of 2w is r and that
by subtracting 2 from the larger factor the product
(r-1) (m-2) is obtained. Using the preceding fact, m is
easily determined. As an example of this methnod, the
problem of deciding the number of ways 36 may be polygonal
is examined. The first step is to express 2x36 as a product
of two Tactors in all possible ways.
2x36=3x2)=l1x18=6x12=08x%9
The first factorization, 2x36, is then considered. Since
r must correspond to the smaller factor, r=2. By subtract-
ing 2 from the larger factor 3l is obtained. FHence,
(r-1) (m-2) must be 3 in this case and m is therefore 36.
Thus, this factorization indicates theat 36=p§6. Similariy
the Tfactorization 3*2& indicates that r=3 and (r-1)(m-2)=22,
wnich implies that m=13. From this factorization it is
concluded that 36=p%3. Not all factorizations are indicative

of a menner in which 36 is polygonal. It will be noticed

3
)

that the factorization Lx18 shows that 36 is never the Lth

<k

element of an m-gonal sequence, since in this case r=l,

(r-1) (m=-2)=16, and since 3=r-1 does not divide 16 there can



20

a finite number of solutions. The exact number of solutions
(3y, x) determined by (3y+x)(3y-x)=360 is given by Theorem U
to be 7(360/lL)/2=6. These solutions are sasily obtained
from the six factorizations of 360 where both factors are
even and are: (91, 89), (L7, L3), (33, 27), (23, 13),

(21, 9), and (2L, 1). Of the above solutions for (13) only
3y=33 and x=27 lead to integral values of r and gq. This

solution implies r=1 and g=1.

Theorem 13: The only triangular number that is ll-gonal is 1.




~

The problem of finding numbers that are square and

triangular was trested in Chapter IIL. In this chapter

s

ne determination of squares that are polygcnal in another
sprecliic manner will be the object of investigation.

Finding solutions (r, q) for pE:pi by direct substi-
tution in equation (2) indicates that m=5, a=3, n=l, b=2,
C=a2(b—2)2—ab(a-2)%=-6, ab=6, and thus all solutions of
x2—6y2=—6 must be examined. This ecuation may be simpli-
fied somewhat since x=2abg-a{b-2)=12g and (l2q)2—6y%=—6 is
equivalent to y2—2uq2=l. Here y=2ar-a+2=6r-1. According to
Theorem 7 alllsolutions of y2—2ﬁq2?1 are given by yd+J§E Gp=
(71 +\2L ql)n for n=1, 2, . . . where (yq, ql) is the funda-
mental solution of y2—2uq2=1. By trial (yq, ql) is found
to be (5, 1). Eence, all solutions are given by yn+J§E'qn=
(s+{2L)2 for n=1, 2, . . . . Table V shows the first nine
solutions for the above equation and the corresponding inte-
gral values of r and gq. It is once again noted that only
values of y which yleld integral values for r:X%l will Dbe
indicative of solutions for pg:pi.

As g Tinal illustration of the method, all solutions
(r, q) of p?:pi will be ccnsidered. This case differs fronm

the preceding examples 1n that there are two classes of



TABLE V

SOME SCLUTIONS FCR pgzpi

9 Li56,335,

n y=6r-1 T g 'p?:_‘_zi

1 5 1 1 |

2 49 - 10 -

3 .85 81 99 9,801

"l l,,801 - 980 -1

5 47,525 7,921 9,701 9,109,401

6 LTO,499 - 96,030 ]

7 l,,656,965 776,161 950,599  903,638,L58,801
8 16,099,201 - 9,409,960 -

oys 76,055,841 93,149,001 8,676,736,387,298,001

NOTE:

Solutions (y,q) are determined by y;{@qnz

(5+@)n and values for r are then obtained from y=b6r-1.
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solutions. Fere a=5, b=2, y=10r-3, x=20q and C=-90. By

1.8 © s g y . 2
direct substitution equation (2) bccomes x —10ya=—90 or

2

LL00g —lOyaz—QO or equivalently ya—QOq%=9. The fundamentsal

solution of u2—AOv2=l is found by trial to be (1S, 3), and

thus according to inequalities (L) and (5) possible funda-

mental solutions (y, g) Tor y2-QOq2=9 must satisfy 0€qg%

(9/2JT5K2 and O<\yh:3ji6<10.v Thus, the only possible funda-

mental solutions (y, ¢) must have g=0 or g=1. If o=0 then

a solution (yq, ql)=(3, 0). If g=1 a solution is (yg, q2)=
(7, 1). To see that there are indeed two classes the
expression Y1 Y2791 22 40 pyust be examined. Since this

9

expression is not integral there are two classes of solu-

~

tions. All solutions (y,, qn) associated with (3, 0) may

be obtained from yﬁfqndu0=3(uh+vp{_6) where (un, vn) is a

2=1. All solutions associated with (7, 1)

solution of ua-uOv
may be obtained from yn+qn{E6=(7+{Z6)(un+vn{H6). Table VI

shows the first few solutlons.

The following theorem identifiles those m-gonal sequences

that contain a finite number of sguares.

Theorem 1llL: There are at most a finite number of solutions

. r . . R .
(r, g) for pr=pl if m is of the form m=2k°-2 where k is an
s 4 m LI'

4

integer greater than 1.

A . . P

Proof: Using ecuation (2) where b=2, solutions for pm;pﬁ
. ' 2 L '

are given by x2-2ay2=-2a(a—2) . But since b=2, x=lag and

the above eguation can be rewritten as (uaq)2—2aya>2a(a—2)

2.
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TABLE VI
SOVME SOLUTIONS FOR p§=pq

Associated

n (un, v,) solution (¥ps an) T D?zﬁﬁ____
Fund. soln. (3,0) - - -

Fund. soln. (7,1) (7,1) 1 1

1 (19,3) (3,0) (57,9) 6 81

1 (19,3) (7,1) (253,9) = -

2 (721,11l) (3,0) (2163, 3421 ~ ;

2 (721,114) (7,1) (9607,1519) 961 923,561

NOTE: Solutions (u,, v,) of u2—u0v2=l are determined
by uﬁfvn{E6=(l9+3{E6)n for n=1, 2, . . . . Solutions (Trs Gpl
are determined by yﬁfqn{ﬁa=3(ug-vn{£6) if associated solution
is (3,0) andg yn+anH5=(7+JE6)(uﬁ+vn{E6) if associated solu-

tion is (7,1). Values for r, are given by rﬁ;yﬁ%lu
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or 16a2q2—2ay%=-23(a42520r equivalently y2-8aqa=(a—2)2.
According to Theorem l} there can be at most a finite
number of solutions if 8a is a perfect squars. YNow Ga

is a perfect scuare only if a is the double of a perfect

sqguare. Thus, m=2k2+2 implies a:m—2=2k2. QED



SUMMARY AND AREAS FOR FURTHER STUDY

The objJective of this paper has been 1o present =
general method for finding numbers polygonal in more than
one wayv. Chapter II presents such & method. This method
allows the ‘determination of values of r and g such that
pm—b+ Tor given values of m and n. The substitution of
these values of m and n in eguation (2) results in an
equation that may be solved, 1if possible, by rinding the
fundamental solutions of 2ll classes of solutions through
the use of inequalities (L) and (5) or (#) and (7). By
examining solutlons of tThese classes, tne values of r and
q may be determined. A few of the infinitely many theorems
that concern particular types of sinmultaneously polygonal
nambers nave been stated and proved. nere also seeris to
be no end to the number of available theorems concerning
simulvaneously polygonal numbers. Each particular pair
of values for m and n leads to a multitude of tnese theorems.

A source of further study seems to lie in tne nature
of the set P2, Also the definition of PP for n greater than
two seems evident and the nature of these sets is completely

unknown.
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