Th

line y = mx + b approximates the function f on the set S
(contained in the interval) with exactness within €>0 if
and only if [f(x) - (mx+b),£é€ for every x in S. The prob-
lem is finding a line that best approximates the function T
on the given interval., It is sufficient to seek the lines
which approximate the function, within given exactness, at
all possible triples of points of the interval, and 1t then
follows from the theorem that there is a line which approx-
imates f within € on any finite number of points of the
interval. Together with the continuity of f this implies
the existence of a line which approximates f within € on the
whole interval,

Using Helly's theorem for space, the following theorem
can also be proved.A .

THEOREM l;.22., Let S be a finite collection of parallel
line segments in the plane. If for every four members of S
there is a parabola which intersects all four, then there is
a parabola which interéects all members of S.

By analogy with the preceding discussion, it is suff-
icient to seek the parsabolas which best approximate the

function f at all possible quadruples of points of the

interval. In general, the straight-line transversals in

Theorem lL.21 can be replaced by nth-degree polynomial curves

as follows,.



—
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THEOREM L4.23., Let S be a finite collection of para-
llel line segments in the plane containing at least n+2
members. Suppose every n+2 segments in S are intersected
simultaneously by some polynomial of degree n,
¥y = agxR v oagx®1 o+ L, 4 oa, Then all the segments of S
are intersected by such a polynomial,

The proof'of this theorem corresponds to that of
Theorem L.21, except that (m,b) is replaced by (ao, - ,an).
Whereas in the former proof a duality between points in a
. plane and lines in a plane was used, the_proof of this
theorem utilizes a duality between points in Rnfq and nth-
degree polynomial curves in the plane. Similarly, Heliy's
theorem in R® yields the following "fitting theorem" of
Karlin-Shapley (see L[11).

THEOREM L.2L. Suppose Ly, ... , £, are real-valued
functions on a linear space Lj Xq, ..o , X are points of
L; @]y eee & real ngmbers; and €1, eee 5 €y are real non-
negative numbers. Then the existence of a linear combination
of the fj's which Iits éach point (x;,a;) within e; (i.e.,
]f(xi) - ail$ei) is guaranteed by the existence of such a
fitting for each n+? points (xi,ai).

More general results relating to.the approximation of
a function by polynomials of arbitrary degree have been

obtained in a similar way by the Russian mathematician L.G.
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Snirel'man with ald of Helly's theorem. The well-known
Russian mathematician P. L. Tschebyscheff obtained the same
re;ults with an entirely different method. Together with
further generalizations, similar results have been given by
Rademacher and Schoenberg in particular, using Helly's

theorem. Theorenm L,23 is apparently due to Rademacher and

Schoenberg (see [L, p. BOJ).
VI. JUNG'S THEOREM

The following is the plane case of Jung's theorem.

THEOREM L.25., (Jung's theorem for the plane) Every
point set of diameter 1 can be enclosed in a circle of
radius 1/43. |

The approximation given in Jung's theorem cannot be
improved. An equilateral triangle 1s an example of a figure
of diameter 7 which cannot be enclosed in a circle of radius
less than 1//3. It is of interest to know that this theorenm
is used in certain number theory problems (see [5, p. 18]).
The theorem is illustrated as follows: If there 1s a spot
of diameter d on a table cloth, then it is certain that it
can be covered with a circular napkin of radius a’/3.

PROOF. Let S be a point set of diameter 1. According
to Corollary L.11, page 62, it 1s sufficlent to show that any

three of the given points of S can be enclosed in a circle
g e
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of radius 1/43. DNo side of a triangle ABC formed from any

three of the points of S is greater than 1. If this triangle
is obtuse or right-angled, then it is completely enclosed by
the circle that is constructed on the largest side as dia-

meter. The radius of this circle is not greater than 1/2,

and is therefore smaller than 1//3., If the triangle ABC is
acute-angled, then the radius of the circumscribing circile
can likewise not be greater than 1/+43, for at least one of
the angles of this tfiangle, say angle A, is not less than
60°., Hence the side BC, as chord of an arc not less than
120° but less than 180°, is not smaller than r+3, where r

ls the radius of the circumcircle of the triangle ABC (the
chord of an arc of 120° has length r+3). Hence BCEBrJ§;.and
since BC<1, it follows that r+43 <1, and thus r<1/43. This
completes the proof,.

It is also true that every figure of diameter 1 can
be covered by a regular hexagon inscribed in a circle of
radius 1/+/3, but that éven this hexagon is not the smallest
figure possessing this property. The following problem, the
solution of which is unknown, is closely related to Jung's
theorem: Find a figure of least area which covers every
plane figure of diameter 1. It has. been proved that such a
figure exists (see, e.g., [5, pp. 100-10L]).

Here is the n-dimensional version of Jung's theorem.
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THEOREM L.26 (Jung's theorem) If X is a set in RI
with diam X<2, then X lies in a Buclidean cell of radius
[2n/(n+‘z )]1/3, ITf X does not lie in any smaller cell, then
cl X, the closure of X, contains the vertices of a regular
n-simplex of edge-length 2,

PROOF. By Helly's theorem, this theorem can be
reduced to the case of sets of cardinality<n+l. For con-
sider XCR® with card X =n+1, and for each x € X the cell

= {y :ly-x| € [2n/(n+1 ﬂ‘{? . If this theorem is known for
sets of cardinality £n+1, then each n+1 of the sets By have
a common point, so that () B}g is nonenpty by Helly's theorem
and the desired conclusii:czixfollows. Therefore suppose X CRD
with card X<n+1., Let y denote the center of the smallest
Buclidean cell B containing X and let r = r(X) be its radius.
Let {25 eee 5 258 = {x€X :ly-x| = r}, where m&n. It is
verified that y & C(zpg, ... ,2Zy), and it is assumed without
loss of generality that y = 0, whence

%aizi = 0 with %ai = 1 and a;2>0.

4
For each i and s let djgy = |zy - zj[é2, whence
2 . 2
For each j,
> 5 agad/y
1 = g = a; a A
d 1;53 o ‘
.2 m
=r</2 - (3 a.z ¥ )/2 = r2/2,
5 i 23

Sunming on j (from O to m<n) leads to the conclusion that
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the circumcircle of a set is tyovical of this sort of problem.

DEFINITION 5.18. A set of lines is called bounded if
it includes no parallel lines and the set of all intersection
points of pairs of lines from the set is bounded.

3 3

According to this definition, a single line would

constitute a bounded set of lines (since the enmpty set is

bounded).

DEFINITION 5,19, The intersection radius of a bounded

set of lines is the radius of a smallest closed disk that
intersects all lines of the set.

DEFINITION 5,20. The diameter of a set of lines is
the diameter of the set of all intersection points of the
various pairs of lines involved.

THEOREM 5.21. If each thres lines of a bounded set of
lines are intersected by some disk of radius R, then some
such disk intersects all lines of the set.

PROOF. This theorem is a special case of Theorem L.10,
page 61; for the lines can be replaced by sufficiently long
segments,

THEOREM 5.22., The intersection radius of a set of
lines of diameter D = 1 is r< 1/2¥3. (Dual to the plane case
of Jung's theorem) )

PROOF. By Theorem 5.21, it suffices to prove the

assertion for a set. of diameter 1 consisting of three lines.
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2

These lines form a triangle of perimeter P<£ 3 that is circun-
scribed about the smallest intersecting circle. Since the

equilateral triangle of perimeter br43 has the smallest

19

perimeter of any triangle that can be circumscribed about a
circle of radius r (see e.g. [9]), it follows that 6br/3 £P <3
and hence r<£%43. This completes the proof.

The more the various ovals of a system are drawn
together, the less the possibility that the members of the
system can be separated by a line.

DEFINITION 5.23. A system of ovals is said to be
separable if there 1s a lins that-intersects none of the
ovals, but such that each of the two open halfplanes deter-
mined by the line contains an oval of the system.

DEFINITION 5.2l If an oval has interior points, it

s.sald to be proper, otherwise to be degenerate.

(8

The next result is a good illustration of the close
connection among various groups of theorcms and methods of
vroof in convexity and combinatorial geometry, especially
since it is of Helly type. EHadwiger-Debrunner [3, p. 18]
state it picturesguely as follows: If each two members of a
system of congfuent disks can be pierced by a needle, then
three needles suffice to pilerce all the disks of the system.

LEUMA 5.25. A point set of diameter D=1 can be
covered by an equllateral triangle of side s = 3.

PROOF. Let S be an ecuilateral triangle that is



circumscribed about the set, so that each of its sides

et Sit be another such

l_l

includes a point of the set, and

. = =
19

s -
vI*1 ang

le that is obtained by reflecting S in a point and then
translating and magnifying, or contracting, if necessary, to
obtain a second circumscribed equilateral triangle. Then
either S or S has sides of lengthvsé‘Jg. To see this,
consider an arvitrary point that is common to S and Si, and
consider the perpendiculars from this point to the sides of
the triangles. By a theorem from plane geometry, the sum of
the three perpendiculars from any point in an egulateral
triangle is equal to the altitude of that triangle. Since
the set is of diameter< 1, the sum of a perpendicular to S
and corresponding perpendicular to S must be <71, so that one
of the triangles has altitude £3/2 and side of length <+ 3.

-

LEMMA 5.26., A point set of diameter D = 1 can be
covered by a regular hexagon of side s = 1//3.

PROOF. In addition to the prool of the preceding
Lerma, it is verified that the length of the side of the
circumscribed equilateral triangle S varies continuously with
the directlons of the sides and becomes that of S+« alter
a rotation thrbugh the angle . Thus for some position of S,
S and S are congruent and their intersection, which conta%ns
the given set of diameter 1, is a (possibly degenerate)
centrally symmetric hexagon in which the distance between

parallel sides is £1.. This hexagon is contained in a regular
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mmcectry and same direct-

hexagon that has the same center of s

ions for its sides, and in which the distance between parallel

sides is equal to 1. Thc regular hexagon has sides of length
1/4/3 and contains the given set.

The above proofs follow conventional lines. For many
other interesting problems of this sort, see XKazarinoff [9]
and Yaglom-Boltyanskii [5], also Lyusternik [8].

The following theorem can now be justified,

THEOREM 5.27. If a system of congruent disks is such
that each two of its members have a common point, then there

exists three points such that each disk of the system covers

at least one of the three points.

}Jl

PROOF. A point set of diameter D<£2 is formed by the
centers of the disks of radius R = 1 that intersect pairwise.
It follows from Lemma 5.26 that this set can be covered by

a regular hexagon having sides of length 2/J§t In this
hexagon there are three points, the midpoints of three diag-
onals, at a mutual distance of % such that all points of the
hexagon, and in particular the centers of the given disks,
are at distance £1 from at least one of these points.
Accordingly, each of the given disks includes at least one
of the three points. This completes the proorf.

That the "pilercing number" n = 3 cannot be reduced is

o

illustrated in [3, p. 19] by a group of 9 disks arranged in

such a way that 2 needles would not pierce all of them.
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The following two theorems are characteristic of the

sub ject.

THEOREM 5.28. If a point set A on a circle consists
of at least three points, and each three points of 4 lie in
some closed semicircle, then the following alternatives arise:
either A is a four-pointed set formed from two antipodal
pairs, or A itself lies entirely in a semicircle.

THEOREM 5.29. If in a family of ovals that are all
homothetic to a parallelogram A, each two have a nonempty

intersection, then they all have a nonempty intersection.

The assertion is no longer true when A is a proper oval that

is not a parallelogram,

THEOREM 5.30. If a family of ovals all homothetic to
a parallelogram A is such that for each line there is a
parallel line intersecting all the ovals of the family, then
the ovals have a nonempty intersection. The assertion is no
longer true when A isfa proper oval that 1s not a parallel-
ogramn.

The next result appears to be some guirk of the
imagination,

THEOREM.S.BT. If each three ovals of an infinite
family of pairwise disjoint congruent proper ovals are inter-
sected by some line, then there is a line that intersects

all of them.
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The theorem 1s no longer true if any one of the four
special conditions (proper, congruent, disjoint, infinite)
is omitted. For example, the four segments shown in
Pigure 2l have the property that each three can be inter-

sected by a line; however, no line intersects all four.

FIGURE 2L
THE OVALS ARE NOT PROPER

If one imagines very small rectangles in place of the
segments, each containing a countably infinite number of
dis joint segments of the same length, then again each three
ol these segments will be intersected by a 1ine,‘but not all
of them. The ovals are not proper. For examples showing
the necessity of the other three conditions and a proof of
the theorem, the reader is referred to Hadwiger-Débrunner[3].

Hadwiger-Debrunner [3] have generalized Helly}s
theorem in a form so that one can decide when a given collec-
tion of.convex sets can be partitioned into subcollections,

each of which has a‘nonempty intersection. The fbllowing
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theorem is stated, Its proof can be found in [3, p. 83].

THEOREM 5.32. If the p-pointed subsets of an infinite
set A are divided into k classes, then A contains an infinite
subccllection all of whose p-pointed subsets belong to one
and the same class,.

The following propositions are closely related to
Helly's theoren.

THEOREM 5.33. If each line meets only finitely many
ovals 1n a given infinite famiiy of ovals, then there is an
infinite subfamily consisting of mutually disjoint ovalse.

PROOF. The pairs of ovals from the family are divided
into two classes according to whether the two ovals of the
palr have an empty or nonempty intersection. By Theorem 5.32
the family of ovals contains an infinite subfamily such that
all its pairs belong to the same class. If there were no
infinite subfamily consisting of pairwise disjoint ovals,
then there would e an infinite subfamily whose ovals are
pairwise intersecting. If the ovals of the subfamily are
pro jected orthogonally onto a liﬁe T, the resulting segments
intersect pairwise and hence by Helly's theorem have a common
point P, The line L that is perpendicular to T at P inter-
sects all the ovals of the subfamily, contradicting the
hypothesis.
| THEOREM 5.3lL. If an infinite family of mutually

parallel rectangles does not include infinitely many that



