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line y = mx + b approximates the function f on the set S 

(contained in the interval) with exactness ~ithin £>0 if 

and only if jf(x) - (mx+b)! ~~ for every x in S. The prob­

lem is finding a line that best approximates the function f 

on the given interval. It is sufficient to seek the lines 

which approximate the function, within given exactness, at 

all possible trinles of points of the interval, and it then 

follows from the theorem that there is a line which approx­

imates f within € on any finite number of points of the 

interval. Together with the continuity of f this implies 

the existence of a line which approximates f within E on the 

whole interval. 

Using Hellyts theorem for space, the following theorem 

can also be proved. , 

THEOREM 4.22. Let S be a finite collection of parallel 

line segments in the plane. If for every ~ members of S 

there is a parabola which intersects all four, then there is 

a parabola which intersects all members of S. 

By analogy with the preceding discussion, it is suff­

icient to seek the parabolas which best approximate the 

function f at all possible quadruples of points of the 

interval. In general, the straight-line transversals in 

Theorem 4.21 can be replaced by nth-degree polynomial curves 

as follows. 
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THEOREN 4.23. Let S be a finite collection of para-
I 

lle1 line seg~ents in the plane containing at least n+2 

members. Suppose every n+2 segments in S are intersected 

simultaneously by some polynomial of_ degree n, 

y = aOxn + a1xn-1 + ••• +~. Then all the se~aents of S 

are intersected by such a polynomial. 

The proof of this theorem corresponds to that of 

Theorem 4.21, except that (m,b) is replaced by (a ' ••• ,an).O 

~mereas in the former proof a duality between points in a 

plane and lines in a plane was used, the proof of this 

theorem utilizes a duality between points in Rn+1 and nth-

degree polynomial curves in the plane. Similarly, Helly's 

theorem in Rn yields the following "fitting theorem" of 

Karlin-Shapley (see [1)). 

THEOREM 4.24. Suppose f 1 , ••• , f are real-valued n 

functions on a linear space L; x1' ••• , Xm are points of 

L; a1' ' ••• , ~ real numbers; and e1' ••• , ~ are real non­

negative numbers. Then the existence of a linear combination 

of the fils which fits each point (xi,ai) within ei (i.e., 

If(Xi ) - ail~ei) is guaranteed by the existence of such a 

fitting for each n+1 points (xi,ai). 

More general results relating to the approximation of 

.a function by polynomials of arbitrary degree have been 

obtained in a similar way by the Russian mathematician L.G. 
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Snirel'man with aid of Helly's theorem. The well-known 

Russian mathematician P. L. Tschebyscheff obtained the SlliQe 

results with an entirely different method. Together with 

further generalizations, similar results have been given by 

Rademacher and Schoenberg in particular, using Helly1s 

theorem. Theorem 4.23 is apparently due to Rademacher and 

Schoenberg (see [4, p. 80J). 

VI. JUNG 'S THEOREM 

The following is the plane case of Jungfs theorem. 

THEOREM 4.25. (Jungfs theorem for the plane) Every 

point set of diameter 1 can be enclosed in a circle of 

radius 1/13. 

The approximation given in Jungfs theorem cannot be 

improved. An equilateral triangle is an example of a figure 

of diameter 1 which cannot be enclosed in a circle of radius 

less than 1//3. It is of interest to know that this theorem 

is used in certain number theory problems (see [5, p. 18]). 

The theorem is illustrated as follows: If there is a spot 

of diameter d on a table cloth, then it is certain that it 

can be covered with a circular napkin of radius d/J3. 

PROOF. Let S be a point set of diameter 1. Accordipg 

to Corollary 4.11, page 62, it is sufficient to show that any 

three of the given points of S can be enclosed in a circle 
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of radius 1/13. No side of a triangle ABC foymed from any 

thrBe of the points of S is greater than 1. If this triangle 

is obtuse or right-angled, then it is completely enclosed by 

the circle that is constructed on the largest side as dia­

meter. The radius of this circle is not greater than 1/2, 

and is therefore smaller than 1//3. If the triangle ABC is 

acute-angled, then the radius of the circumscribing circle 

can likewise not be greater than 1/J3. for at least one of 

the angles of this triangle, say angle A, is not less than 

60 0 
.' Hence the side BC, as chord of an arc not less than 

1200 but less than 1800 , is not smaller than rJ), where r 

is the radius of the circur~circle of the triangle ABC (the 

chord of an arc of 1200 has length r/3). Hence BC ~ rJ3, and 

since BC ~ 1, it follows that ri:;~ 1, and thus r 6: 1IE. This 

completes the proof. 

It is also true that every figure of diameter 1 can 

be covered by a regular hexagon inscribed in a circle of 

radius 1//3, but that even this hexagon is not the smallest 

figure possessing this property. The following problem, the 

solution of which is unknown, is closely related to Jungts 

theorem: Find a figure of least area which covers every 

plane figure of dim~eter 1. It has been proved that such a 

figure exists (see, e.g., [5, pp. 100-104J). 

Here is the n-dimensional version of Jung1s theorem. 
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THEORffi14.26 (Jungts theorem) If X is a set in Rn 

with diam X~ 2, then X lies in a Euclidean cell of radius 
1 

[2n/(n+l)J~. If X does not lie in any smaller cell, then 

cl X, the closure of X, contains the vertices of a regular 

n-simplex of edge-length 2. 

PROOF. By Helly's theorem, this theorem can be 

reduced to the case of sets of cardinali ty ~ n+1 • For con­

sider XC Rn with card X =:: n+1, and for each x E X the cell 

Bx = {y : !y-x! ~ [2n/(n+1 D~. If this theorem is known for 

set-s of cardinali ty ~ n+1, then each n+1 of tt.e sets Bx have 

a corrunon point, so that n B ' is nonerapty by Hellyt s theoremx 
xEX 

and the desired conclusion follows. Therefore suppose XCRn 

with card X ~ n+1 • Let y denote the center of the smallest 

Euclidean cell B containing X and let r == reX) be its radius. 

Let {zO' ... , zm1 == [Xf:X :jy-xj = r}, where m~n. It is 

verified that yE C(zO' ••• ,Zm), and it is assumed without 

loss of generality that y = 0, whence 
m m 
La. z· == 0 wi th La. = 1 and a· ~ O.lo l l	 o l 

For	 each i and j, let d·lJ. == IZi-Zj[~2, whence 

2 2d. . == 2r - 2 ( z . , z . ) • 
~J l J 

For each j, 
m 

1 - aj == L a· ~ .L. a· d? ·/LL
i~j l 0 llJ ­

2 m 
=r/2- (La.z.,z.)/2=r2/2.o l l J 

Summing on j (from 0	 to m ~ n) leads to the conclusion that 
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&n &rc; erfecting this construction fo~ all pairs or ovals 

of the system, a fmuily or arcs is obtained, each smaller 

than one-third or a circle by the condition on subtendeci 

angles, and each tHO intersecting by the existence of a trans­

versal for each four ovals. Thus all the arcs have a cor~Qon 

point Q by Theorem 5.7, and the antipodal point ~c is not in 

any of the arcs. Hence the line determined by the points P 

~~d ~c yields a direction not corresponding to a transversal 

of any two ovals. The system is totally separable by lines 

in this direction, and from Theorem 5.15 there follows the 

existence of a line that intersects all the ovals of the 

system. This establishes the theorem. 

COROLLARY 5.17. If a family of disks in the plane is 

so sparsely distributed that even the disks with the same 

centers but doubled radii are all disjoint, and if each three 

disks of the family have a common transversal, then there is 

a transversal cor~~on to all of them. 

PROOF. The set of' all points at Hhich a circle sub­

tends an angle of at least ~/3 is a concentric disk having 

twice the radius. Thus the hypothesis that the disks with 

doubled radii are disjoint implies that at no point of the 

plane does more than one of the disks subtend an angle ?~/3. 

Conse~uently the result is a corollary of 1heorem 5.16. 

The next few theoreIils are some examples of covering 

and intersection problems. Jung1s theorem (see page 76) on 



102 

the circ~~circle of a set is typical of this sort of problem. 

D~FINITION 5.18. A set of lines is called boundec if 

it includes no parallel lines and the set of all intersection 

points of pairs of lines from the set is bounded. 

According to this definition, a single line would 

constitute a bounded set of lines (since the empty set is 

bounded). 

DEFINITION 5.19. The intersection radius of a bounded 

set of lines is the radius of a smallest closed disk that 

intersects all lines of the set. 

DEFINITION 5.20. The diameter of a set of lines is 

the dimneter of the set of all intersection points of the 

various pairs of lines involved. 

THEOREM 5.21. If each three lines of a bounded set of 

lines are intersected by some disk of radius R, then some 

such disk intersects all lines of the set. 

PROOF. This theorem is a special case of Theorem 4.10, 

page 61; for the lines can be replaced by sufficiently long 

segments. 

THEOREM 5.22. The intersection radius of a set of 

lines of diameter D = 1 is r ~ 1/213. (Dual to the plane case 

of Jung1s theorem) 

PROOF. By Tneorem 5.21, it suffices to prove the 

assertion for a set. of diameter 1 consisting of three lines. 
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These lines l~orm a triangle of perimeter P ~ 3 that is CirClli:l­

scribed about the smallest intersecting circle. Since the 

equilateral triangle of perimeter brA) has the smallest 

perimeter of any triangle that can be circumscribed about a 

circle of radius r (se e e. g. [9J), it folloHs that br/3 £:. p ff: 3 

and hence r:ff.~2/j. This completes the proof. 

The more the various ovals of a system are drawn 

together, the less the possibility that the members of the 

system can be separated by a line. 

DEFINITION 5.23. A system of ovals is said to be 

seDarable if there is a line that intersects none of the 

ovals, but such that each of the two open halfplanes deter­

mined by the line contains an oval of the system. 

DEFINITION 5.24. If an oval has interior points, it 

is_ said to be proper, otherwise to be degenerate. 

The next result is a good illustration of the close 

connection runong various groups of theorems and methods of 

proof in convexity and combinatorial geometry, especially 

since it is of Helly type. Hadwiger-Debrunner [3, p. 18J 

state it picturesquely as folloHs: If each tHO members of a 

system of congruent disks can be pierced by a needle, then 

three needles suffice to pierce all the disks of the system. 

L&~1A 5.25. A point set of diameter D=1 Cill! be 

covered by an equilateral triangle of side s = 3. 

PROOF. Let S be an eouilateral triangle that is 
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circlli~scribed about the set, so that each of its sides 

includes a point of the set, and let s-:;c be· another such 

triangle that is obtained by reflecting S in a point and then 

translating and magni~ying, or contracting, if necessary, to 

obtain a second circlli~scribed equilateral triangle. Then 

ei ther S or S~;. has sides of length s ~ J). To see this, 

consider an arbitrary point that is common to Sand S.;:-, a.'J.d 

consider the perpendiculars from this point to the sides of 

the triangles. By a theorem from plane geometry, the SlliQ of 

the three perpendiculars from any point in an equlateral 

tria.'J.gle is equal to the altitude of that triangle. Since 

the set is of dimneter ~ 1, the surQ of a perpendicular to S 

and corresponding perpendicular to S-::- must be ~ 1, so that one 

of the triangles has alti tude ~ 3/2 and side of length ~rs. 

LID~ill 5.26. A point set of diuaeter D = 1 can be 

covered by a regular hexagon of side s = 1/~. 

PROOF. In addition to the proof of the preceding 

Lermna, it is verified that the length of the side of the 

circumscribed equilateral triangle S varies continuously with 

the directions of the sides and becomes that of S~;. after 

a rotation through the angle 11. Thus for some position of S, 

S and So;;- are congruent and their intersection, which contains 

the given set of dia~eter 1, is a (possibly degenerate) 

centrally s~T~etrichexagon in which the distance between 

parallel sides is ~ 1.- This hexagon is contained in a regular 
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hexagon that has tne same center of symmetry and 3~~e direct­

ions for its sides, and in which the distance between parallel 

sides is equal to 1. The regular hexagon has sides of length 

1/)3 and contains tne given set. 

The above proofs follow conventional lines. For many 

other interesting problems of this sort, see Xazarinoff [9] 

and Yaglom-Boltyanskii [5], also Lyusternik [8]. 

The following theorem can now be justified. 

THEORE1''1 5.27. If a system of congruent disks is such 

that each two of its members have a common point, then there 

exists three points such that each disk of the system covers 

at least one of the three points. 

PROOF. A point set of diameter D~ 2 is forrQed by the 

centers of the disks of radius R = 1 that intersect pairwise. 

It follows from Le~~a 5.26 that this set can be covered by 

a regular hexagon having sides of length 2/~ In this 

hexagon there are three points, the midpoints of three diag­

onals, at a mutual distance of 'i ·such that all points of the 

hexagon, and in particular the centers of the given disks, 

are at distance ~1 from at least one of these points. 

Accordingly, each of the given disks includes at least one 

of the three points. This completes the proof. 

'That the 'Ipiercing number" n = 3 cannot be reduced is 

illustrated in [3, p. 19J by a group of 9 disks arranged in 

such a way that 2 needles would not pierce all of them. 
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The following two theorems are characteristic of the 

subject. 

THEORE}1 5.28. If a point set A on a circle consists 

of at least three points, and each three points of A lie in 

some closed semicircle, then the following alternatives arise: 

either A is a four-pointed set formed from two antipodal 

pairs, or A itself lies entirely i? a semicircle. 

THEOR~1 5.29. If in a family of ovals that are all 

homothetic to a parallelogram A, each t1~O have a nonempty 

intersection, then they all have a nonempty intersection. 

The assertion is no longer true when A is a proper oval that 

is not a parallelogram. 

Th~ORm1 5.30. If a family of ovals all homothetic to 

a parallelogram A is such that for each line there is a 

parallel line intersecting all the ovals of the f~~ily, then 

~he ovals h~ve a nonempty intersection. The assertion is no 

longer true when A is a proper oval that is not a parallel­

ogrmQ. 

The next result appears to be some quirk of the 

imagination. 

THEOREM 5.31. If each three ovals of an infinite 

fmQily of pairwise disjoint congruent proper ovals are inter­

sected by some line, then there is a line that intersects 

all of them. 
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Yne theorem is no longer true if anyone of the four 

special conditions (proper, congruent, disjoint, infinite) 

is omitted. For ex~~ple, the four se&Qents shown in 

Figure 24 have the property that each three can be inter­

sected by a line; however, no line intersects all four. 

FIGURE 24 

THE OVALS ARE NOT PROPER 

If one imagines very small rectangles in place of the 

segments, each containing a countably infinite number of 

disjoint segments of the same length, then again each three 

of these segments Hill be intersected by a line, but not all 

of them. TDe ovals are not proper. For examples showing 

the necessity of the other three conditions and a proof of 

the theorem, the reader is referred to Hadwiger-Debrunner [3J. 
Hadwiger-Debrunner L3J have generalized Helly's 

theorem in a form so that one can decide when a given collec­

tion of convex sets can be partitioned into subcollections, 

each of which has a nonempty intersection. The following 
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theorem is stated. Its proof can.be found in [3, p. 83J. 

THEOR~1 5.32. If the p-pointed subsets of an infinite 

se~ A are divided into k classes, then A contains an infinite 

subcollection all of vrhose ~-pointed subsets belong to one 

and the Sillne class. 

The following propositions are closely related to 

Helly's theorem. 

THEOREM 5.33. If each line meets only finitely many 

ovals in a given infinite family of ovals, then there is an 

infinite subfamily consisting of mutually disjoint ovals. 

PROOF. The pairs of ovals from the family are divided 

into two classes according to whether the two ovals of the 

pair have an empty or nonempty intersection. By Theorem 5.32 

the family of ovals contains an infinite subfamily such that 

all its pairs belong to the same class. If there were no 

infinite subfamily consisting of pairwise disjoint ovals, 

then there would be an infinite subfamily whose ovals are 

pairwise intersecting.. If the ovals of the subfamily are 

projected orthogonally onto a line T, the resulting segments 

intersect pairwise and hence by Helly's theorem have a cormnon 

point P. The line L that is perpendicular to T at P inter­

sects all the ovals of the subfamily, contradicting the 

hypothesis. 

THEORm1 5.34. If an infini-~e fam~ly of mutually 

p~~Qllel rectilllgles does not include infinitely many that 


