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PREFACE

The primary purpose of this thesis is to develop
fbherical trigonometry from both the Euclidean and Non-Euclid-
j8n sets of postulates and to show the results eguivalent in

@ cese of right triangles, The first five chapters develop
ical trigonometry using the famillar postulates and theo-
ms of Euclidean Geometry. Any sﬁudent with & basic know-
idge of plane trigonometry should be able to follow the
svelopment of the first four chapters and to appreciate the
solications illustrated in Chapter V. Chapter VI develops

4é erical trigonometry for right triangles using a set of
jostulates of Rlemannien Geometry as a basis., At least a
pesic knowledge of Riemammian(Elliptic)Geometry is needed by
iy person desiring to read Chapter VI.

Only with the guidance end help of Dr. Donald L. EBruyr
B8s this work been possible., His helpful suggestions and hils
ust criticisms have added immensely to whatever desgree of
pality this work possesses., Few students are so fortunate

B8 to work under an instructor who willingly sacrifices nis
Beation to help a student. Thank you very much Em: Bruyr.
Dr. Marion P. Emerson is to be thanked for the time
Wwing suggestion of using special footnotes and for his help
B selecting this topie. Dr. John M. Burger is to be thanked
BT reading the final draft and for the suggestions he made

) improve the final cdraft.
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Special thanks must be expressed to my wife Nancy
and my little boy Daniel. Nancy spent countless hours typing,
editing, and retyping this manuscript. Without her efforts,
this work would have been much more difficult. Daniel has
had to spend many hours entertaining himself while his mother
and father have been busy working on this manuscript. The
last six months have been indeed trying on our family rou-
tine but as the end seems near, I am sure we will be able to

look back on this work with a feeling of accomplishment.

TIROH.
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CHAPTER I

THE PROBLEM, THEOREMS AND DEFINITIONS
TO BE USED

The study of plane trigonometry as a college student

Weloped a strong desire to study spherical trigonometry.
¥ the suggestion of an advisor, the decision was made to
Xe this work into the development and comparison of the

igonometries of the sphere and of Riemammian Geometry.

I. PLAN OF THE PAPER

-

Tne remainder of this chapter will include 2 brief
atement of the history and uses of spherical trigonometry,
';tatement of some of the theorems from spherical gecmetry
‘%oed in the following chapters, definitions and terminology
' ‘spherical geometry, and a statement of the formulas of
pherical trigonometiry to be developed in Chapters II, III,

d IV.

Chapter II will develop the formulas for right spher-
fél triangles and will contain several examples worked out.
gapter III will consider some of the possible methods of
@lving oblique spherical trliangles and Chapter IV will con-
3in more advanced methods. Both chapters will include ex-

iples of solutions. Chapter V will be devoted to dlscussing



me of the applications of spherical trigonometry.
Chapter VI will develop the trigonometry of Rie-
nian Geonmetry and show 1t equivalent to that of spher-

@l trigonometry.

Footnotes. Footnotes used in this work will be of
¢ type used in many of the articles in mathematlical peri-
flcals, Two groups of numerals, separated by a semicolon,
iGlosed in brackets will indicate both the source and the
gge number or numbers of the source referred to. The first
;}ar, to the left of the semicolon, will indicate the
férence source listed in the references at the end of this

brk. The number or numbers following the semicolon will give

l7page nunber or numbers of the source belng referred to.
II, SPHERICAL TRIGONOMETRY

Trigonometry 1s one of the oldest branches of mathe-
stics known to the world at large, not by name but by its

pplications to the measuring of heights, depths, distances,
ress, and the like. In early centurles, it was the custom
) tell the seasons of the year and the time of day from the

hadows cast by a tree or some other upright object. Tne

peeks called the upright object used for this purpose a



pngest and the sun(38)is farthest
guth; the summer soltice occurs

hen the umbra i1s snortest.

"Trigonometry® comes
Pom the Greek tri("three")+ Gromon
Pnnia("angle" )+ metron("mea-
gre” )or metrein("to measure”). A
3 Uwmbra C
£ is in this three-angle-mea-
Figure 1

fire that is found one of the
irst traces of trigonometry
f ;22é]. Only a century ago sundisls were in frequent use
n our country and are still in general use in some oriental

guntries. Evidence of the use of trigonometry as a means

sl

if measurement in India, Irag, Babylon, Egypt, and China date
sarly 4000 years ago.

The Greeks, at one time the most scholarly of the
zgﬁent peoples of the Mediterranean reglon, developed trig-
pometry as a scilence. Hipparchus(about 140 B. C.)and Ptolemy

e

00 years later)studied both plane and svherical trigonometry.
fhey knew a number of the present formulas, including

@Jx + cos?x = 1, although using different names and sym-
3ls(chords instead of sines). Menelaus, who lived about

0 A. D., both in Alexandria and in Rome, studied spherical

®igonometry sclentifically. Thereafter, his work in both



gne and spherical trigonometry was well known, even in the

P East [15;230] .

Comparison of pnlene and svherical trigonometry. In

.G? trigonometry, triangles are drawn in a plane. The
-ﬁ% of the triangles are segments of straight lines. The
Srtest distance between two points is on the straight line
Hféining the two polnts, Distance between two points is

‘ red in linear units. The sum of the measures of the

en line in the plane. The geometry of plane trigonometry

In spherical trigonometry, triangles are drawn on a
=3§. Tne sides of the spherical triangles are arcs of

B circles. The shortest distance between two points is
i great circle containing the two points. Distance be-

N two points is measured in angular units. The sunm of_
geasures of the angles of a spherical triangle 1s always

gater than 180°., Through a given point on a sphere, there

jhe svhere, The geometry of svherical trigonometry is

gnglldean[&;5]-

Uses of spherical trigonometry. Spherical trigo-




metry is used by engineers and geologists, who deal with
Fveying, geodesy, and astronomy; to physicists, chemists,
neralogists, and metallurgists, in their study of crystal-
raphys; and to Navy and Aviaticn officers, in the solution
navigation problems[?;vii].
Surveylng, when dealing with small enough regions of
e earth, may be considered plane as & first approximation,
ecdesy deals with larger reglons for which the curvature of
g8 earth must be taken into account, in which spherical
igonometry must be used to obtain satlsfactory aprroxima-
ns, Here, the earth 1s considered to be spherical.
In astronomy, the earth 1s considered as the center
the celestial sphere. The line of sight of an observer is
gtradius of the celestial sphere. Distances between heavenly
4j§es are measured in anguler measure. Thus, the distance
ifween two heavenly bodies 1s the side of a spherical tri-
igle on an immense sphere [15;5-6] .

Some of the uses of spherical trigonometry will be
ned in much fuller detail in chapter five. Included will

numericael examples 1llustrating the applications.

III. RESULTS FROM THE GECMETRY
OF THE SPHERE

A sphere is a closed surface wnich is the set of all

f;ts in space at a given distance from a2 given point called



& center. The line segment from the center to any point
the sphere is a radius; a line segment whose endpoints
’the points of intersectlon of a line passing through the
of the sphere and the sphere is called a diameter,

Tne intersection of a plane and a sphere, which is
fenpty and is not & single point, is a circle, If the
dhe passes through the center of the sphere, the intersec-
Pis a great cirecley if not, the intersection is a small
’fie(or lesser circle). A greet circle has the seme cen-
d radius as the sphere. In spherical trigonometry, all
§ are arcs of great circles. Thus, any two points on a
igre wnich are not endpoints of the same dlameter determine
fnigue arc, or great circle,

The poles of a great circle of a svhere are the end-
P and P' of the diameter of the sphere which is per-
jdicular to the plane of the great circle. A given point
& sphere is a pole of exactly one great circle.

A svherical angle is the angle formed by two arcs of
lersecting great circles drawn
| the same point on a sphere.
- point of intersection 1is

the vertex of the angle, ' L

PPthe arcs the sides of the

The measure of & spher-

gle ABC is deflined to be Figure 2



‘;*measure of the plane angle DEE formed by the tangents
and BE to the arcs AB and BC at thelir point of inter-
g*ion, B, (Figure 2)This is numerically equal to the measure
'the dihedral angle formed by the intersection of the planes
fthe great clrcles BAB' and ECB'. If the planes are per-
mdicular, sngle ABC is a right spherical angle.

A spherical triangle can be described in two equiva-
it ways. First, a spherical triangle is formed by three

8 of great circles. Secondly, let A, B, and C be three
gnts of a sphere not all on the same great circle of the
,gie. Then, the three arcs of great clrcles connecting A,
end C form spherical triangle ABC.(Flgure 2)

Tne arcs are the sides of the triangle, the spherical
formed by the intersection of the arcs are the angles
fhe triangle, and the points of intersection of the arecs
the vertices of the triangle.

The planes of the slides of the sphericel triangle

pil the trihedral angle 0-ABC.(Figure 2)Each side of a

lerical triangle 1s measured by the central angle of the
re which intercepts it. Thus, side AC has the measure

v;;tral angle AOC, or of the corresponding face angle of

E{ihedral angle.

A common notatlion for indicating the sides and angles

sspherical triangle AEC 1s to let A, B, and C represent



8

Bngles at A, B, and C, respectively, and to let a, b, and

Spresent the corresponding opposite sides, It is also a
gon agreement, although not essential, to consider only

@rical triangles whose sldes and angles are each less than

2[63177-178], [93213-215].

i

The following definitions will be useful in the work

t follows,

Convex spherical triangles, Let ABA', ACA', and BCB*

y three planes having only the center of the sphere in
mon. (Figure 2)These three planes divide the sphere into
spherical triangles. The surface of the hemisphere
CB'C' 1s divided into four spherical triangles: ABC,

€, AB'C', and ABC', Each part of each one of the last
triangles i1s equal to or 1s a supplement of the parts

Eriangle ABC. Each one of the four triangles in the hemi-

fles has only parts that are each less than 180°, Such
*ﬁlees are convex. In the work that follows only convex
grical triangles will be consldered., Any reference to a
gérical triangle shall mean a convex spherical triangle

£ss otherwise stated. Freguently, when no confusion can



from it, triangle will mean spherical triangle.,
Any spherical triangle wnich has a side greater than

as. ABCA'C', will be made up of three or five convex tri-

385, Such a triangle is called a reentrant triangle. A
f?rant triangle has one or two reentrant angles. If either
#8 of a reentrant angle is extended through the vertex, it
@rs tne trlangle. The parts of a reentrant triangle are

3ily determined from the parts of the convex triangle, as

;Eﬁ;lSZ—lS}].

Iune. A lune is the part of a sphere enclosed by two
i@t senmicircles., The angle of a lune is the angle formed

’é semicircles [1‘4'3156] .

Spherical excess. The spherical excess of a spherical
inzle is the amount by which the sum of the three angles

eeds 180° or Tfradians [1&;191] .

88 Of Spherical Triangles

A spherical triangle, like a plane triangle, may be
fht, obtuse, or acute. It may also be classified equilat-

’A; equiangular, scalene, or i1sosceles [15;188] .

Right triangle. A spherical triangle is right if it

least one angle equal to 90°,
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Bi-rectangular trianzle, A svherical triangle is bi-

itangular if it has two right angles.

Tri-rectangular triangle. A spherlcal trieangle 1is

=rectangular if it has three right angles,

Isosceles triasngle., A spherical trilangle is 1sosceles

Bwo of its sldes are egqual.

Obligue triangle., A spherical triangle 1is oblique if

is not a right triangle[&;lZé].

guadrantal triangle. A svherical triangle is quad-

«Efl if at least one side is equal to a guadrant, or 900[?;76].

Bi-quadrantal trigsngle, A spherical triangle is bi-

irantal if two sides are each equal to a quadrant, or 90°.

Tri-gquadrantal triangle, A spherical triangle is tri-

@drantal 1f all three sides are each equal to a quadrant,
"’[3;126].

Polar triangles. If ABC 1s a spherical triangle, 1t

possible to construct the three great circles that have A,
8nd C, resvectively, as poles., These three great circles
9 intersect to form eight spherical triangles, exactly one

them labeled A'B'C'(Figure 3)and having the following prop-
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1, A, B, and C are, respectively, poles of the great
circles on which B'C', A'C’Y, aqé A'B* lie,

2. A and A' are on the same side of the great circle
contalning B'C'; B and B' are on the same side of
the great circle containing A'C'; C and C' are on

the same side of the great circle containing A'B'.

G Bl

Figure 3

Triengle A'B'C' is called the polar triangle of ABC.

8 also true that ABC is the polar triangle of A'B'C'[6;179].

Colunar triancles, Asso-

ed with any svherical tri-

€ ABC are three colunar tri-
g8 A'BC, AB'C, and ABC' formed
Xtending palirs of sides of
igle ABC to meet in polints

B', and C' to form the

} AA', BB', and CC', respec-

Ly, (Figure 4) Figure 4
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The relationship between the parts of triangle ABC

ie parts of one of the colunar triangles 1s easily seen.,
-g‘e BB', triangles ABC and AB'C, for example, In lune

ingle B = angle B' and the sides of the lune each egqual

Thus,
AB* =180 - c 3 B'C=180° -a
b=2b3; Z£LB'A = 180° - /ZBAC ;
Z ACE' = 180° - ZACB ;3 B =B' .
If any information is known of a spherical (colunar)
-:§e, the corresponding information is also known for the

gar (original )triangle[l ;634-535] B

ms From Spherical Geometry

I. Any side of a spherical triangle is less than

the sum of the other two sldes,

II. The sum of the sides of a spherical triangle

is less than 360°.

III. The sum of the angles of a spherical tri-
gngle is greater than 180° and less than 540°.

IV. In any isosceles spherical triangle the angles

opposite the equal sides are equal,



[
0

V. If two angles of a spherical triangle are
equal, the sides opposite these equal angles are
equal, and the triangle is 1sosceles.

VI. In any spherical triangle, if two angles are
unequal, the opposite sides are unegual, the greater
side being opvosite the greater angle.

VII. If two sides of a spherical triangle are un-
equal, the opposlite angles are unequal, the greater
gngle being opposite the greater side[?;ZlS-Blé].

VIII, If A'3'C' is the polar triangle of ABC, then
ABC is the polar triangle of A'B'C'.

IX. Each side of triangle ABC is the supplement
of the corresponding angle of the polar triangle
A'B'C'; each angle of ABC is the supplement of the
corresponding side of A'B'C'[?;l?é].

X. The difference between any two angles of a
spherical triesngle is less than the supplement of the

third angle [11 ;20] .

IV. BASIC FORMULAS OF
SFHERICAL TRIGONQMETRY

The following formules, essential to the sclution of

gal triangles, are developed in chapters two through
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fgas Of Right Triangles

e = cos acos b (1) cos B = tan a cot ¢ (6)
'8 = sin c sin A (2) sina = tan becot B (7)
A =tan bcot ¢ (3) cos B=cos b sin & (8)
b = tan a cot A (4) cos A=cos a sin B (9)
b = sin ¢ sin B (5) cos ¢ = cot A cot B (10)

_Napier's Rules

I. The sine of any middle part is egual to the
product of the tangents of the adjacent parts.
II. The sine of any middle part 1s equal to the

product of the cosines of the opposlite parts.

- Rules of Speciles

Bule 1. 4An obliaque angle and its opposite side
are always of the same specles,

Rule 2. If the hypotenuse is less than 90°, the
two oblique angles(and therefore the two
sides)are of the same specles; if it is
greater than 90°, the two angles(and there-

fore the two sides)are of different épecies.

glas Of Obligue Triangles




Law of sines.

sin 2 _ sin b _ sin ¢ (11)
sin A sin B 8in' €

. ILaw of cosines for sides.

cos a = ¢c0S bcos ¢ + 8in b sin ¢ cos A (12)
cos b = cos a cos ¢ + 8in 8 s5in ¢ cos B £13)
coS ¢ = cos a ¢cos b + sin a sin b cos C (14)

. Law of cosines for angles.

cos A = -cos Bcos C + sin B sin C cos a (15)

¢cos B = -cos Acos C + sin A sin C cos b (16)

cos C = -cos A cos B +sin A sin B cos ¢ (17)

. Law of cosines in terms of haversines.

hav a = hav(b-c) + sin b sin ¢ hav A (18)
hav b = hav(a-c) + sin a sin ¢ hav B (19)
hav ¢ = hav(a-b) + sin & sin b hav C {20)

Half angle formulas.

z(atb+e) = s ; Z(btc-a) =s -8 (5
21
s(a+c-b) = s - b; %(a+b—c.) =8 -Cc .

s A = Av[éin(s-b) sin(s-c) (229

3in b gln ¢
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13 sin s sin(s-a) o

e AJ[_;in b sin ¢ (23)
3y = gin(s-b) sin(s-c¢)

T 5A AV/ sin s sin(s-a) (2%)

Formulas (25) through (30) are similar formulas for

Hne, cosine, and tangent of one-half of the angles B and

Half side formulas.

Z(A+B+C) = 8 3 &(B+C-A) = S - A ; -
31

#(A+C-B) = S - B ; #(A+B-C) =58 - C

< -cos 3 cos(S-A)
sin Za = gin Bsin C (32)
(S-B) s(8=C)

203 éa J cgin B slgoc (33)
tan %a =,/ =C08 S cos(S=-A) (34)

cos(8=B) cos(S-C)

Formulas (35) through (40) are similar foramulas for

gine, cosine, and tangent of one-half of the sides b and

Gauss's Equations or Delambre's Analogies,

©os %(A+B) cos %c = cos #(a+b) sin 2%C (&1)

‘sin 2(A+B) cos #c = cos #(a-b) cos 2C {(42)
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cos 2(A-B) sin 3c = sin #(a+b) sin 3C (43)
sin #(A-B) sin #c = sin #(a-b) cos %C (44)
Napier's Analogles,
tan (A+B) = 208 i(rg;gg cot iC (45)
tan £(4-B) = :iﬁ i?g:g% cot 3C (46)
tan #(a+b) = gg: igﬁ;g% tan c (47)
ten 3(a-v) = SR =L oy 4o (48)
%cal Excess
E = A+B+C-180° (49)

Area of a spherical triangle.

H = || 22E/180 (50)

Girard's Theor=sm,

H = r2F (51)

Lhuillier's Thneorem.

ten iE =4ftan s tan 3(s-a) tan 1(s-b) tan #(s-c) (52)

Cagnoli's Theorem.

Alsin s sin(s-a) sin(s=b) sin(s-c)
sin 3E = 2 cos Za COS 2D cOS zC (53)




18

o sides and their included angle,

~

tan 42 tan b sin C
E = 2 2 ;
tan % 1 + tan 5a tan b cos C (5%)

f;veral other formulas for & very specific applica-
*ﬁialso developed within this work but are not of =

Bture and for this reason are not included in this



CHAPTER II

RIGHT SPHERICAL THIANGLES

The develoopment of methods of solving spherical tri-
& will be initiated by first examining right spherical
igles in which the sides adjacent to the right angle are
less than 90°. The ten basic formulas commonly associ-
With solving right spnerical triangles will be devel-
I first for the special case mentioned above, then sec-
gxpanded to the general case of not restricting the
Of the triangle. Napler's rules of circular parts will
ited and shown to be an easy device to use in remem-

g these formulas, Rules for determining the guadrants

I. FORMULAS FOR RIGHT SPHERICAL TRIANGLES

 Let ABC be & right spherical trianzle with angle C a
ngle. Let a, b, and ¢ represent the sides opvosite

dles A, B, and C respectively.(Figure 5)Restrict a and
Basures less than 90°.

At any point E on 03, pass a plane through E perpendic-

© OA cutting OC at F. Since plane DEF is perpendicular
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JE and DF are each per-
to OA., Plane DEF is
:Lflar to plane ACC,

stane DEF is perpendlicu-

@ line in plane AOC.

BOC perpendicular to
Thus, EF, the in-
n of the two planes BOC and DEF both perpendicular
@ A0C, is perpendicular to plane ACC. Hence, EF 1s

ar to both OC and DF. This makes triangle DEF

gle EDF and angle A have the same measure.

Angle AOC has the measure of side b, angle AORB has

B and F, respectively. These relationships and the

Mg proportions give the desired results.,

;~= %% " %% or cos ¢ =cos acos b (1)
. g% . %% or sin a = sin c sin 4 (2)
" %% . %g or cos A=tan b cot ¢ (3)
=EE DE .. sinb-= éan a cot A (&)

- o L g - |
0= EF
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Since the labeling of right spherical triangle ARC
Bbitrary with the exception of angle C, interchanging

3 and a and b gives:

sin b = sin ¢ sin B (35)

cos B

tan a cot ¢ (6)

tan b cot B (7)

sin a
2), (3), and (4) respectively.
PMultiplying (2) and (6) yields:

8in a cos B = sin ¢ sin A tan a cot ¢

cos B =8in c sin A sin a cos ¢ cos ¢
sin a cos a sin ¢ T cos a

sin A,

m (1) cos ¢
pas) cos a

cos B=cos b sin A (8)

= ¢0s b, therefore:

rterchanging A and B and a and b, (8) becoxes
cos A =cos a sin B (9)
Multiplying (4) and (7) ylelds:
. sin a sin © = tan a tan b cot A cot B
¥iding both sides by tan a tan b, this becomes
cos & cos b = cot A cot B
ﬁfc'cos a cos b =cos ¢ from (1) the final result is:
08 ¢ = cot A cot B (10) [?;218—219].
Eguations (1) through (10) are the ten basic formulas

3 Solve right spherical triangles.

;fneral proof of formulas (1) through (10). Formulas

g
*CJL

gh (10) were proved with the restriction that both
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Were less than 90°, Two other possibilities exist:
£ly cne of sides a and b could be less than 90° and
@ greater than 90°, or (i1) both a and b could be
than 90°.

oW to examine the first possibility. Without loss

?f90°. Extend arcs
goof right spherical
B ABC through A and C

rmulas (1) threough (10) Figure 6

to proceed to show that formulas (1) through
PBlso valid in triangle ABC. Applying (1) to tri-
IBfC gives:

cos(180-c) = cos(180-a2) cos b which is
-cO8 ¢ = -COS & cos b or

cos ¢ = CcOS & cos Db.
fﬁls is formula (1) applied to triangle ABC. In a

manner, formulas (2) through (10) will be shown to



#d when applied to triangle ABC.

S ¥rom

(2)y sin(180-a) = sin(180-c) sin(180-4)
Therefore, sin & = sin ¢ sin A,
(3), cos(180=-A) = tan b cot(180-c)
-cos A = tan b(-cot ¢)
Therefore, cos A = tan b cot c.

(4), sin b

Il

tan(160-a) cot(180-4A)
sin b = -tan a(-cot A)
Therefore, 8in b = tan a cot A.
(5), sin b = sin(180-c) sin B'
Therefore, sin b = sin ¢ sin B.
(6), cos B' = tan(180-a) cot(180-c)
cos B = -tan a(-cot ¢)
Therefore, cos B = tan a cot c.
(7), sin(180-a2) = tan b cot B!
Therefore, sin a = tan b cot E.
(8), cos B'" = cos b sin(1830=4)
Therefore, cos B = ¢cos b sin A,
(9), cos(180-A) = cos(180-a) sin B
-cos A = -cos a sin B
Therefore, cos A = cos a sin B,

(10), cos(180-c)

cot (180-4) cot B!
-c0os8s ¢ = =-gcot A cot B

Therefore, cos ¢ = cot A cot B.
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i0onsider the remaining possibility, that is, suppose
Sbnerical triangle ABC has both a and b greater than

end arcs CB and CA of

Spherical triangle ABC - . lgof& '
.f"g end A respectively, C &
B at C'.(Figure 7)With 1g0-b
B each greater than 90°, b A

gnd 180-b will each be less Figure 7

. Now to apply formulas
pough (10) to right spher-

angle ABC',

I

fFrom (1), cos ¢ cos(180-a) cos(180-b)
cos ¢ = -cos a(-cos b)
Therefore, cos ¢ = cos & cos b,
‘From (2), sin(180-a) = sin c sin(180-4)
Therefore, sin a = sin ¢ sin A,
Frox (3), cos(180-4A) = tan(180-b) cot ¢
-¢os A = -tan b cot ¢
Therefore, cos A = tan b cot c.
‘From (4), sin(180-b) = tan(180-a) cot(180-4A)
sin b = -tan a(-cot 4)
Therefore, sin b = tan a cot A,
‘Froz (5), sin(180-b) = sin ¢ sin(180-B)

Therefore, sin b = sin ¢ sin B.
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from (6), cos(180-B) = tan(180-a) cot ¢
-cos B = -fan a cot ¢
Therefore, cos B = tan & cot c.
om (7), sin(180-a) = tan(180-b) cot(180-B)
sin a = «tan b(-cot B)
Tnerefore, sin a = tan b cot B.
From (8), cos(180-B) = cos(180-b) sin(180-4)
-co08 B = -cos b sin A
Therefore, ¢cos b = cos b sin A,
om (9), cos(180-4) = cos(180-a) sin(180-3B)
-cos A = -cos a sin B
Therefore, cos A = cos a sin B.
‘From (10), cos ¢ = cot(180-4) cot(180-B)
cos ¢ = =cot A(-cot B)

Therefore, cos ¢ = cot A cot B.

is completes the verification of formulas (1)
B (10) for any right spherical triangle ABC with right
cfius165-166].

II. NAPIER'S RULES OF CIRCULAR PARTS

John Napier(about 1614)discovered two simple rules
Balling the ten formulas Just derived for solving
Spherical triangles. If ABC is a right soherical tri-
Pight-angled at C, the parts of the triangle are C,

By 8, b.(Figure B)If C is omitted, for it is not in-
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M the ten formulas, and

il A are replaced by co-E, /\

8d co-A respectively, the a
peular parts of the right
B) triangle become a, co-B, Pigiie B
A, and b, (Figure 9)Now

B0-B, that is, co-B rep-

‘the co-function of B.

g is true for co-c and

ged arcund a circle

#hd triangle ABC with the

peserved. For any cir- Figure 9

pBrt, usually referred to

@dle part, there are two varts adjacent to it and two
parts which are called opposite varts, Thus, with re-
0 the middle part co-B, co-c and a are the adjacent

1

fiile co-A and b are the opposite parts.

ok

Using this terminology, Napier's rules of circular

I. The sine of any middle part is equal to the pro-
duct of the tangents of the adjacent parts.

I, The sine of any middle part 1is equal to the pro-

duct of the cosines of the opposite parts[é;219—220].
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Wlising rule I and co-c as the middle part:

sin(co-c) tan(co-4) tan(co-B), or

cos ¢C cot A cot B.

Mhis is formula (10). Using rule II and co-c as the

cos a c¢cos b, or

sin(co-c)

COS ¢ = ¢0oS a ¢os b.

A helpful device in remembering Napler's rules is to

£8 the a in tangent and adjacent and the o in cpsine

osite [3 ; 137] X

III. RULES OF QUADRANTS(SPECIES)

FOR RIGHT SPHEERICAL TRIANGLES

Two angular guantities, sides and/or angles, are said
S the same specles if thelr angular measures are both
Eboth obtuse; and two angular gquantities are of dif-
;ﬁ?cies Af one of thelr angular measures 1is acute and

T obtuse[6;181]. The following rules are useful in

the species of parts of a right spherical triangle.
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Bblique angles(and therefore the two sides)are of

Bhe same species; if it is greater than 90°, the two
@ngles (and therefore the two sides)are of different
necies [3;138] 5

6 verify rule 1, investigate the formula sin b = tan a
Bnd the formula sin a = tan b cot B(7). 8Sin b is

tive so that tan & and cot A must both have the
;gfmhich is equivalent to saying a and A are of the

gles, Using sin a = tan b cot B and a similar argu-

i$8 obvious that b and B must also be of the same

BBy cos ¢ = cot A cot B, First, if ¢ is less than

& 18 positive making cot A cot B positive., Thus

geles, From rule 1, this makes a and b of the same

Mh this case, Secondly, if c is greater than 90°,
galling cos ¢ = cot A cot B, cos ¢ 1s negative making
nd cot B have opposite signs, Thus A and B are of

Bt species, and agaln employlng rule 1, 1t is obvious

il b are of different specles, This verifies rule 2,
i1V, SOLUTION OF RIGHT SPHERICAL TRIANGLES

i order to solve a right spherical triangle it is

p¥ to know two parts of the triangle in addition to
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f}'angle. As g result, there are six possible cases
gensidered. Classifying them wlth the glven parts,

I, Given the hypotenuse and an angle.

Given the hypotenuse and a side,

Given the two angles.

Given the two sldes,

Given an angle and the adjacent silde.

Given an angle and the opposite slde[h;lBé].

15 not necessary to refer to formulas (1) through
the computation required. Instead, Napler's rules
fe the desired relationships. Depending upon the
%ﬁbn. any right spherical triangle will have one so-
two solutions, or no solution[ﬁ;lSé]. Each of these

will be illustrated in examples to follow,

ifo) Compute using logarithms but being careful to keep
Brack of negative factors,

f{d) Use the rules of species to determine the species
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Bf each of the unknown paerts if its species is not
f8termined by the sign of the result.,

)EJ If a check is desired, use Napler's rules to
@xpress a relationship between the unknown parts,
®hen cerry this relationship through steps (b), (c),

Bha (a) [3:139-140].

Base I. Given the hypotenuse and an anmle. Let AEC

. (Figure 10)The unknown
&8, b, and A. Using
les, sin b = cos(co-B)
fﬁ; sin(co-B) = tan(co-c)

hd sin(co-c) = tan(co-B) a

£s., Rearranging and
b C
§ the co-function ldenti-

lese relationships become Figure 10

gcot A = cos ¢ tan E.

inng in the values of B and c, these equations become
E;in 58020' sin 850#0', tan a = cos 58020' tan 85°u0',

= cos 85°40' tan 58°20'. Using four-place logarithms

-g'tation is as follows:
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log sin 58°20' = 9.9300 - 10
log sin B5°40' = 9,9988 - 10
log sln b = 9.2258 - 10 2
b = 58°5' or 121-s55',
log cos 58°20' = §.7201 - 10
log tan 85°40' = 1.1205
log ten & = 0.8406
a = 81°47' or 98% 3,
log cos 85°40' = 58,8783 - 10
log tan 58°20' = 0.2098
log cot A = 9,0881 - 10
A = 839 or 96959L.

"The sine function 1s positive in both the first and

BGuadrants indicating b could be 58°%5t or 121%551,

"The tangent and cotangent functions are each positive
First cuadrant and negative in the second guadrant

foe all factors in computing tan & and cot A are posi-
tan a and cot A are also positive. This makes a and A
Gute, or a = 81°%47' and A = 83°1',

To check the results, use Napier's rules and the un-
ﬁé‘ts a, b, and A to get sin b = tan a tan(co-A) or
tan a cot A. Substituting in the results for a, b,
Pthis becomes sin 5895' = tan 819%7' cot 83°1'., Using

lace logarithms the computation is:

log tan 81°47' = 0,8406

log cot 83°1* = 9,0881 - 10
log tan a + log cot A = 9,9287 - 10

log sin 58%5v = 9,9288 - 10
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PA rounding off loss or gain could easily produce
;F:ll difference in results. Thus, the conclusion is

i answers are correct.

®ase II. Given the hypotenuse and a side. Let AEC

jght spherical triangle with C = 90°, b = 49°56', and
B¥51', (Figure 11)The un-
':-s are A, B, and a.
gpier's rules, sin(co-A) =
an(co-c), sin b = cos(co-c)
B), and sin(co-¢) = cos a -4 .
éwlving these for the

parts gives cos A =

Bt c, sin B = sin b/sin c, A T L
P8 = cos c¢c/cos b, Sub-

fng in the values of b Figure 11

= log tan 49958 = log tan 49°56' = 0.0752
= log cot 112°51' = (n) log cot 67°09' = 9,62L7 - 10
log cos A = 9,6999 - 10
A = QO: ] or
120%4 ¢,
BB = log sin 49956 = log sin 49956' = 19,8839 - 2
3¢ = log sin 112°%51' = log sin 67°909' = 9.9645 - 10
A log sin B = 9,919% - 10
B = 358%0" or



€ = 1oz cos 112951' = (n) log cos 67°09' = 19,5892 - 20
B = log cos 49956 = log cos 49°56' = _9.8087 - 10
log cos a = 9.7805 = 10

©

[
Eﬁ
o

O

]

oo
~J
o

*
L -

ifhe (n) in the computation is a reminder that the fac-

Bwing it is negative. In the computation of A and

3@ cos 2 were negative, thus A and a must be in the

‘guadrant. The acute value for B is chosen since b

I The check requires a relationship vetween 4, B, and a.
ding as before, sin(co-A) = cocs(co-B) cos a yields cos
= sin 56°10' cos 1279', Using four-place logarithms,

piputation is:

oz sin 56°10' = log sin 56°10' = 9,9194% - 10
BE cos 127°%6' = (n) log cos 52°%54' = 9,7805 - 10

b log sin B + log cos a = 9,0999 = 10
g cos 120°4* = (n) log cos 59956% = 9,6999 - 10

This completes the check.

n
‘Case I1I, Given the two angles. Let ABC be a right

gal triangle with C = 909, 8

. c

820!, and B = 100°40', (Figure 12) o
parts are a, b, énd Ce A

fore, sin(co-4) = cos a c

5-8), sin{co-B) = cos b Figure 12
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BA), and sin(co-c) = tan(co-A) tan(co-B). Then cos a =

B, cos b = cos B/sin A, cos ¢ = cot A cot B. The

log cos 48°%2p¢
log sin 79920
lcg cos a

log cos 48°20"

19,8227 - 20
log sin 100°%0*

9.9924 2 10

a = 47%6* or

1 q2°g; v,

(n) log cos 79°20' = 19.2674 - 20
log sin 48%0' = 9.8733 - 10
log cos b = §,3941 - 10

log cos 100°40!
log sin 48°%20¢

.0
b= 2539 or

104%210,
log cot 48220' = log cot thZO' = 9.9494 - 10
log cot 100740' = (n) log cot 79 20*' = 9,2750 - 10
log cos ¢ = 9,2244L - 10

e = 20°21' or

99939°*,

The specific values of a, b, and ¢ to accept are easily
ed by the cosine function and the sign of the result
@termined by the number of negative factors, Observe

BPthe answers still obey the rules of species, A and &,

flso E and b, are of the same species. The second rule
pecies states ¢ should be obtuse since A and B are of
ferent species and this also agrees with the results,

A check involves substituting the results into cos ¢ =

a8 cos b.

a = log cos 47926 = log cos 47°26' = 9.8303 - 10
b = log cos 104°21* = (n) 1log cos 75°39' = 9,3941 - 10
log cos & + log cos b = 9.2244 - 10
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B8 ©c = log cos 99°39' = (n) log cos 80°21' = 9,2244 - 10
The results agree in sign and magnitude, thus the check

plete.,

iCase IV, Given the two sides., Let ABC be a right

triangle with C = 90°, a = 98°15', and b = 100°33".
@ 13)The unknown parts are

Bnd c, Expressing each 8

B8 in terms of a and b c

BRe help of Napler's rules, S
Blationships are: sin b =

$an(co-A), sin a = tan b C
,%é), and sin(co-c) = cos &

These relationships be- Figure 13

A = sin b cot a, cot B =

B0t b, and cos ¢ = cos a cos b. The computation is:

A b = log sin 100933 = log sin 79227' = 9,9926 - 10
t a = log cot 98%15' = (n) log cot 81°45' = 9,1614 - 10
log cot & = 9,1540 - 10
4 = 9¢3¢ or
98°7 1t
na=log sin 98215' = log sin 81°45' = 9.9955 - 10
£'b = log cot 100°33' = (n) log cot 79°27¢ = 9,2701 - 10
log cot B = 99,2656 = 10
B = 29933 or
100%27*,
a2 = log cos 98°15¢' = (n) log cos 81°45' = 9,1568 - 10
B D = log cos 100933 = (n) log cos 79%927' = ¢,2626 - 10
log cos ¢ = B.4194 - 10
¢ = 88%30% or

919391
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i1t is not necessary to refer to the rules for species
Bthe signs of the final results tell which answers to
The check formula is sin(co-c) = tan(co-A) tan(co-B)

B = cot A cot B. The computation is:

. log cot A = log cotb 9807' = 9.1540 - 10
log cot B = log cot 100°27' = 9,2656 - 10
log cot A + log cot B = 8.4196 - 10

log cos 88°930! = B.4194 - 10

metors are negative, Cos ¢ 1s positive.

I The check agrees in sign and is satisfactory in mag-

Case V. Given an angle end the adjacent side. Let

B8 right spherical triangle with C = 90°, 4 = 33%0°,
£ 107°10', (Figure 14)The Pt

Wn parts are a, B, and c.

fgin b = tan(co-4A) tan a, b
B-B) = cos b cos(co-4), B

t?x(co—A) = tan b tan(co-c).

Formulas, changed into a lﬁ

“uj

iWorkable form, become tan a =

B tan A, cos B = cos b sin 4, Figure 1k

BOL ¢ = cos A cot b. The

b = log sin 107°10' = log sin 72950' = 9,9802 - 10
A A = log tan 33°40' = log tan 33%0' = 9.8235 - 10
log tan a = 9.8037 - 10
a = 32928' or
thoagt.



= log cos 107°10' = (n) log cos 72°50* = 9,4700 - 10
= log sin 33%0' = log sin 33°%40' = 9,7438 - 10
log cos B = 09,2138 - 10
B = ,'J“O?L'| or
999251,
BA = log cos 33%0' = log cos 33%%%0' = 9,9203 - 10
= log cot 107°10' = (n) log cot 72°50' = 9,4898 = 10
log cot ¢ = 9,4101 - 10
¢ = 28%3c5¢ op
1040251,

The signs of the factors makes 1t easy to determine
88les for each unknown part., The check formula, again
®r's rules, is sin(co-E) = tan a tan(co-c) or cos B =

B¢ ¢. The computation is:

Mog tan 2 = log tan 32928' = §.8037 - 10
log cot ¢ = log cot 104%25' = 9,4101 - 10
' log tan a + log cot ¢ = 9.2138 - 10
Tiog cos B = log cos 99025- = 9,2138 - 10,

is negative, Cos B is negative.,

he check is completed.

ase VI. The Ambiguous Case. Given an angle and the

& side. Let ABC be any right spherical triangle with

?“z@ in which an angle, N e
the side opposite L

gre known, (Figure 15)The B

:;used to solve for a, c, A

e sin a = tan b tan(co-B),
Figure 15
eos{co-c) cos(co-B),
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) = cog b cos(co-A)., In a more appropriate form
®e sin a = tan b cot B, sin ¢ = sin b/sin B, and sin

B B/cos b, In looking at each one of these formulas,

Pand b by rule one of specles must be of the same
the righnt hand side of sach one of these formulas
@ positive., But the sin function is positive in both
et and second guadrants so that a, ¢, and A can each

BB a value and its supplement from sin a, sin c, and

fher manner, If arcs BC
P each be produced to

| B', angle B = angle E'.

#® 16)The two triangles,

@ AB'C, each of which has

Figure 16

Bfe given, 3 and b, have
§éts of answers; a, ¢, and
Eriangle ARC, and co-A,
Bnd co-a in triangle
Thus, it is possible to have two sets of answers when
Igle and the side opposlte are kncwn[?;ZZf]. An example
fiis follows.

Let b = 114°20" gnd B = 96°15', From the formulas

fed above, substitutions and computation give:
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b = log tan 114°20' = (n) log tan 65°40" = 0.3447
BB = log cot 96°15' = (n) log cot 83°%5' = 9,0394 - 10
log sina = 9,3841 - 10
a = 14°1" or
165°59°.

b = log sin 114920 = log sin 65°40' = 19.9596 - 20

§ B = log sin 96°15' = log sin 83%5' = 9.9974 - 10

log sinc¢c = 9.9622 - 10

c = 66°27' or
113°337,
5 B = log cos 96°15% = (n) log cos 83%5' = 19,0368 - 20
& b = log cos 114°20' = (n) log cos 65°40* = 9,6149 - 10
log sin &4 = 9.,4219 - 10
A = 15°19' or
164%41 1,

s The signs of the results do not give any indication
to do with the results, It 1s necessary to employ

files of species to group the answers correctly. As-

= 15°%19', By rule 2, the hypotenuse must be obtuse,
€ = 113°33'., The solution of triangle AB'C is: a =
¢ = 66%27'; and A = 164°41', These answers also
t the rules of specles.
A check of the answers inveolves substituting into
sin ¢ sin A.

log s8in ¢

log sin A
log sin ¢ + log sin A

wonn
NO
=
N
ot
O
I
[
o

9.3841 - 10 = log sin a
'fhe check is complete.

It may also occur that wnen given an angle and the
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ipposite 1t, no solution will exist. One obvious ex-

BF this would be if the angle and the side opposite it

@ifferent species., To verify this, look at sin A =

D8 b, one of the relatlons developed above, If B

Bre of different specles, cos B and cos b are of oppo-

:;w and sin A is negative, DBut this 1is impossible since

ia positive when A is in the first or second guadrants,

iﬁerical example, consider B = 120, b = 45, Then sin A =

20/cos 45 = (-%)/(#@[5}2) & —A&JE72. Thus, A is greater

[80° and tnere is no solution since the study of spher=-

frigonometry is limited to spherical triangles in which

art is less than 180°[§;17é].

& much less obvious contradiction can develop when an
and the opposite side are the gilven parts. To see this,

7{ one of the formulas developed above, sin ¢ = sin b/

B Recall 0 < sin x €1 for 0°< x € 180° and that sin x =

X = 90° and sin x —» 0 as x —» 0° or x —»180°, Taus,

¢ to be less than or egual to one, the denominator of

hﬁ:ln B must be greater than or equal to the numerator.

Bl lein bl if and only if I90—BIS|90-bl. A simi-

grgument can be used for A and a using sin ¢ = sin a/sin A.

3 possible to state this result as a theorem.

Theorem: In a right spherical triangle, an obligue

e always differs from a right angle by an amount less
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Begual to the amount the side opposite it differs

Bight angle.

MPo i1lustrate the preceding theorem, attempt to solve
1 +viancl AT L Ea — an®© s e = 60%
pEerical trlangle ABC 1f C = 907, B = 45, and b = 60V,

(Af3/2)/Af272) =al3/ 2.

B2 is greater than one. This is a contradiction

fe = sin b/sin B, sin ¢

¢ < 1 for all ¢, 0° < ¢ < 180°, therefore, there

gplution to this problem. The preceding examples used

V. SOLVING ISOSCELES SPHERICAL TRIANGLES

IAn isosceles spherical triangle(Figure 17)has two sldes
81t also has the angles
@ the equal sides equsal.
tor of the angle

the two equal sides
@ perpendicular to and

7,,e third side. That

Figure 17

r to AB[9;229]. This
) fairly easy method to solve an obliyue spherical

Bte if it 1s Mnmown to be isosceles, which two sides
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»'ﬁ, gand the measure of the two egqual sides(or angles)

Bmeasure of one other part of the triangle, The pro-
® to drop the perpendicular from the vertex formed
PWo equal sides to the third side., Since this per-
bisects the third side and the vertex aagle, the
s either one of the congruent right spherical tri-
formed.

iConsider the following example. In Figure 17, let
823°50' and ¢ = 110°., Then in right spherical tri-
gD, b = 739507 and 3¢ = 55°, By Napier's rules,

leot b tan %c and sin %C = sin %c¢/sin b. Using four-

PEarithms, the computation is:

log cot b = log cot 73°50' = 9.4622 - 10
Y log tan 3c = log tan 55° = 0,1548
log cos A = §,0170 - 10
A = 65°32' or
31”0281.

log sin 55°

19.9134 - 20
log sin 73%°s50°"

9,9825 - 10

log sin 3¢
l,log sin b

[
o

log sin =C 9.9309 - 10
3¢ = 58931' or 121%29%,
c = A1y=2Y.,

iThe solution of isosceles spherical triangle ABC is
B65°32' and C = 11792', A = 114%28' and 3C = 121929
Bminated by observing the signs of the factors in
Bembutation. Also, C is less than 180°, thus #C must

B8 than 90°, For a check use cos b = cot A cot 2C.
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log cot 4 = log cot 65°32' = 9,6580 - 10
log cot 3C= log cot 56%31' = 9,7370 - 10
log cot A + log cot 3C = G,4450 - 10

'log cos b = log cos 73950 = 9. 4447 -~ 10.

'The check is satisfactory considering the factor of

n computing C increases the amount of error.

VI. SOLVING QUADRANTAL

SPHERICAL TRIANGLES

A guadrantal spherical triangle is & triangle in which
£ one side is egual to 90°, The polar triangle of a
gntal triangle 1s a right-angled spherical triangle,
frlangle can be solved using Napier's rules and the

g2 convarted into a solution of the original triengle,
llowing formulas relate

ts(A, B, C, 2, b, c)of

fpical triangle ABEC(Figure 18) Figore 18
Be parts(A', B', C', a',
FYof its polar triangle
-*{?;185, 1?4].(Figure 19)
= 180-A'; a' = 180-A ; ¢ Figure 19

A

180-B'; b' = 1B0-B

we

0‘

B 180-C'; c¢' = 180-C .
As an illustration, let spherlcal triangle AEC have
90°, = = 151°30', and B = 119°40', In polar triangle

B', the above relationships yield:
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B0-90 = 50°; A' = 180-151%930" = 28%°30'; b' = 60°20°,
Using Napler's rules on right spherlcal triangle

§ tan a' = sin b! tan A', cos B' = cos b' sin A', and
cos A' cot b'. Substituting and using four-place
Phms, the computation is:

log sin 60°20°"

log tan 28°30°
log tan a'

_'108 sin b'
oz tan A'

9.9390 - 10
9,7348 - 10
9-6738 - 10

mnn

a' = 25°16" or
1 5,!-0““ /%)
Jog cos b' = log cos 60°20' = 9.6946 - 10
log sin A' = log sin 28930' = 9.6787 - 10
log cos B = 9,.3733 - 10
B' = 76920 or
103%0e
oz cos A' = log cos 28930' = 9,9439 - 10
og cot b' = log cot 60°20' = 9,7556 - 10
log cot ¢' = 9.,6995 - 10
c' = 63%24 or
LEFLCLTS
To check the values a' = 25°16', B' = 76°20', and

o 4', use the formula cos B'

tan a' cot ¢'. Thus,

Hog tan a' = log tan 25°16' = 9,6739 - 10
dog cot ¢' = log cot 63°24' = 9.6995 - 10

log tan a' + log cot c¢' = 9.3734 - 10
Blog cos B' = log cos 76°20' = 9.3733 - 10

B8 check for triangle A'B'C' is complete.

' solve the triangle ABC, use the following relation-
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i = 180-a' = 180-25°16" = 154°%4,
b = 180-B' = 180-76%20"' = 103%40°';
¢ = 180-c' = 180-63%24' = 116°9367,

It 1s possible, although usually not the most conven-
¥, to solve other obligue spherical triangles using
$8ry arcs and Navler's rules, A large part of the next
B» will be devoted to solving obligue spherical triangles
#1iary arcs. Most of the next two chapters will deal

§01ving obligue spherical triasngles by more elaborate




OBLIQUE SPHERICAL TRIANGLES

The methods of solving obligue spherical triangles are

Md varied. Tnis chapter will consider solutions by:

'§§t triangles, (2) the law of sines, (3) the law of co-
gnd (4) the law of cosines in terms of haversines.

gTather methods will be considered in the next chapter,
ﬁules of species for obliyue spherical triangles will

fted so that examvles of soclutions can be carrled out.

Wolfs of the rules of species wlill be given in the next

,Eyeloped. ,
" Examples of solutions will not be numerous enough to
rate each method of solutlon with each of the six

Ble cases in solving obligue spherical triangles. All
2 possible cases will be considered by at least one

d of solution.

Solutions of oblique spherical triangles. The six

jBle cases in solving obligue spherical triangles are:
I. Given the three sildes,

I1I. Given the three angles,

TII. Given the two sides and the included angle.

IV. Given two angles and the included side,

V. Given two sides and the angle opposite one of thenm,
VI. Glven two angles and the side opposite one of them
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I, .SOLUTION BY RIGET TRIANGLES

1t is possible to solve any obligue spherical tri-
passing an arc of a great circle through a proper
fforming two right sphericel triasngles which can then
Wed using Napler's rules. Labeling the parts of the
?"herical triangles Tormed in & similar maenner each

88n nelp to make the solution easler to perform. The

1 procedure follows,

Through any vertex C of & spherical triengle ABC pass
¢ p of the great circle that is perpendicular to side

gure 20)or side AB extended(Figure 21)at D, The two

Figure 20 Figure 21

w?triangles formed are ACD and BCD, both right-angled
Label the parts AD and BD of these right triangles
8 m respectively, wnere the algebralc sum of m and n is
hat is, m + n = c. Label the angles opposite the parts
4 n as M and N respectively., Thus, M and N can be con-

gered as parts of angle 0[3;168].

A speclal formula for cases I and II. Cases I and
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fthemszlves to the developaent of a speclal formula

s thelr solutions much easier. In each of Figures

Bel, using Napier's rules on parts b, p, and n of

2
(1.2}
i
@
-
O
&
0
O
7
(8]
]
(e}
&}
)

n cos p. Likewlse, in right
B BCD, cos a = ¢os p ¢os m. Upon solving each of

Blationships for cos p, and then equating the results

cos & _ cos b
cos cos n [j 163]

terchanging cos a and cos n, adding one to each slde,

Bplifying each side obtains

-

cosS nt + COS mM_COS D + COS a
CGS o CGSsS &a .

inverting each side, multiplying each side by two,

Bbtracting one from each side gilves

cOoS 11 + cos m CO0S b + cos &

Z CO8 m e 2 Co8 A 5l

Simplifying each slde to a single fraction gives

oS m - cocs n _ ccs & - cos b

cos m + ¢oS n cos & + cos b .

'Using the trigonometric identities

2 cos z(x+y) cos %(x-y) and

o
(o}
w
ES

It

= cos vy = -2 sin 3(x+y) sin #(x-y) on both sides

-2 sin 3(m + n) sin 5(m - n) _ -2 sin #(a+b) sin Z(a-b)
& 2 cos z(m + n) cos #(m - n) 2 cos #(a+b) cos z(a=-b)

' Thus, tan %(m+n) tan %#(m-n) = tan #(a+b) tan #(a-b),
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i #(m-n) = tan #(a+b) tan 3(a-b) cot %ec, (1)
+

= #c + Z(m-n), and (i1)
= %¢ = 3(m=-n) [u;léé]. (111)

Formulas (1), (ii), and (i1ii) provide the means to

 spherical triangle of case I or II, After the parts

80 by Napler's rules to find the remaining parts of

B ABC, An example will serve to better illustrate,

@11 AD and BD n and m respectively. Recall that

B¢ and that the sign of m and of n will indicate
Bthe side AB was extended or not. Using

tan £(m-n) = tan 3(a+b) tan 3(a-b) cot 3C

31~t section, substituting in thé prover values, and

four-place logarithms the computation 1is:

dlog tan #4(a+b) = log tan 44° = 9,9848 - 10
log tan z(a-b) = log tan 590 = 8.9701 - 10
dog cot zc = log cot 31%Us* = (,2084

log tan 3(m-n) =

9.1633 - 10

#(m-n)

80171,
Thus, from m = zc + 3(m-n) and n = #¢ - #(m-n),
,>%3 and n = 23°28', Both n and n are positive making

e ABC similar to Figure 20, The remainder of the so-



to solve right spherical triangles ACD and BCD

B, and M using Napier's rules on the known paris
’ Z I I

by and m,
in triangle ACD, cos A =cot b tan n and sin N =

Bn b. In triangle BCD, cos B = tan m cot a and

Bein n/sin a. The computation is:

10g cot b = log cot 38040' = 0,0968
log tan n = log tan 23°28* = 9,6376 - 10
- log cos A = 9,7344 - 10
A = 57909 or
1228531,
log sin n = log sin 23928 = 19,6001 - 20
log sin b = log sin 38%0' = 9,7957 - 10
log sin N = 09,3044 - 10
N = 39°36' or
140020
log tan m = log tan 40°902' = 9.9243 - 10
log cot a = log cot 49°20' = 9,9341 - 1
log cos B = G.8584 - 10
B = 43%8' or
136°121
log sin m = log sin 40%92' = 19,8084 - 20
log sin a = log sin 49°20' = 9,8300 - 10
log sin M = 9,9284 - 10
M = 58° or
1229,

Using the second rule of species for right spherical
lﬁles and noting that a, b, m, and n are acute, it is
Bred that, had p been computed, p also would have been
Therefore, A, B; M, and N must also be acute. Thus

dution of triangle ABC is that A = 57009', B = 430&8',
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M + N = 97936°,

iFormulas involving all six parts of a sphericzl tri-
ire quite useful in checking solutions of triangles,
B11 be developed in the next chapter so that no check

@ performed at this time,

fCase II. Given the three angles. Let ABC be a spher-

iangle in which A, B, and C are known. Perform the
Bf case I on polar trisngle A'B'C' thus obtaining the
n of triangle ABC 3;1?6]. An example of this case

Bt be given for this method of solution,

Case ITII, Given two sides and the included angle., . Let

8 spherical triangle in which the values of A, b, &nd
Shown., From the ends of cne of the sides(b is used as
fple )pass the arc CD perpendicular to the oppesite

¢ opposite side extended.(See Figure 20 or Figure 21).
in right spherical triangle ACD, A and b are known Sso
9 p, and m can be found using Napler's rules, with A
fhaving the same species. Thus, m =a - n, and m 1is
Bve when a is less than m showing D 1s on side BC ex-
Then, p and m &re known in triangle BCD making the
of B, a, and M possible by Napier's rules[é;l?l].
¥ample of The next case will partially help to illustrate

jethod described in this case.,
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Case IV, Given two angles a2nd the included side. Let

B spherical triangle in which A, b, and C are known,
ithe vertex of one of the angles(C is used here)pass
perpendicular to the opposite side or opposite ex-

8% D. (Figure 22)In right spherical triangle ACD, know-

& b, Napier's rules

C

gsed to solve for p, n,

3 ph‘\\
gaking p to have the \f

) b \
Bcies as A and lstting . :b
SN + /D
ms of the factors dg’;///

o

@ n and N, Then a

: ! A B e

N and a negative value T
ficetes triangle BCD is Figure 22

i to triangle ABC. In

fflangle BCD p and M are known so that m, a, and CED

'nund[?;1?1-17é1. An example follows.

Suppose A = 142910', b = 55°40', and C = 105930°.

B right spherical triengle ACD, sin p = sin A sin b,
S eos A tan b, and cot N = cos b cot A, The computa-

four-place logarithms is:

BA = log sin 142°10% = log sin 37050 = 9.7877 - 10
b = log sin 55°40' = log sin 55°40' = 9.9169 - 10
log sinp = 9,70456 - 10

P = ')gOf)éu or

149%341,



BA = log cos 142°10' = (n) log cos 37°50' = 9.8975 - 10
Wb = log tan 55°40' = log tan 55°40" = 0,1655
: log tan n = 0,0631
n = 49%29t or
130951,

log cos 55°40°¢ log cos 55°40' = 9.7513 - 10

g
o
o

B

log tan 142°10! ) log tan 37°50' = §,8902 - 10
log cot N = 9,6415 - 10
N = 68%21t or
113°39°'.
Notice that A greater than 90° implies p = 149934,

88rves to double check the results obtained so far.

= Cc - N, ¢ = 105°30', and N = 113°39', the result

B~ -8°09' means that D is on BC extended and that tri-
BCD is exterior to triangle ABC. Thus, in working with
fe BCD it must be noticed that m will be acute and

Bve, since M is acute and negative, and that angle B in
t@a BCD is rezlly the supplement of the angle B in tri-
ABC that is being sought. The negative sign of M

 be ignored when solving right triangle BCD so the

B quadrants will be obtained for a, m, and b.

Thus, usliz Napler's rules in triangle BCD,

¥ = cos 1 cot p, tan m = sin p tan M, and cos B = cos p sin M.

Bmputation is:
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= log COS 8°9 = log cos 809' = 9.9G656 - 10
= log cot 149°34'= (n) log cot 30°28' = 0.2310
log cot a = 00,2266
e =-}G—L—1—O"‘
149%1 90,
= log sin 149°34' = 1oz sin ;0025' = 9.7046 -~ 10
= log tan 8°9' = log tan 8% ' = 9,1560 - 10
log tan m = 8,8006 - 10
m = 4%g1 or
0 =
n = -4°9' gince
M 1s negative and
acute,
= log cos 149° 3#' = (n) log cos 30 926" = 9,9356 - 10
= log sin g% = log sin g° g' = 9,1516 = 10
log cos CED = 9,0872 = 10
CED = 822594.0r
97°01.

$ The species of a and CBD are determined by the signs
B factors, Since triangle BCD is exterior to triangle
.éﬁknowing M is acute, the conclusion is that m = -409'.
{@ B=180 - BCDand m + n = ¢, so that the completed
#en to triangle ABC is:

= 149%19'; B = 82°59'; and ¢ = 126°42",

Case V. Given two sides and the angle opposite one of

Tet ABC be a spherical triangle in which 4, b, and a
pown, Through C, the vertex of the intersection of the
sldes, pass the arc p of the great circle perpen-

to third side or third side extended at D.(Figure 23)
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upon the values of a, b, and p there may be two
fons, exactly one solution,
Solution to triangle ABC.
;gt[};129] glves the fol-
§ summation of conditions

Ble and solutions obtain-

The conditions, therefore, for two solutions are:
A acute: a> py, a< by, a 180° - b,
A obtuse: ad p, 2> b, &> 180° = B,
Or, & must be iIntermediate 1in value between p and both
b and 180° - b,

If 2 is intermediate in value only between p and
either b or 180° - b, there will be one solution,

If a2 is not intermediate in value between p and
either b or 180° - b, no sclution will be possible,
but if p = a, there will be one solution--a right
triangle,

To 1llustrate let A = 58°30', a = 43°10', and b = 48%20°",
lgnt spherical triangle ACD, using Napier's rules,
) = sin A sin b, cotl M = cos b tan A, and tan m = cos8 A

The computation is:

log sin A = log sin 58930' = 9,9308 - 10
log sin b = log sin 48%°20' = 9,8733 - 10
log sin p = 9.8041 - 10
p = 39933 or
hg=23tL,
log cos b = log cos 48%20* = 9,8227 - 10
log tan A = log tan 58°930' = 0.2127
log cot M = 0.0354
M = 42°%q' or

132820,



Jog cos A = log cos 55230' = 9,7181 - 10
floz tan b = log tan 48720' = 0,0506
log tanm = 99,7687 - 10
m = 30°25' or
1),r~01§v'| "

@he value of p is acute since A is given acute. A
Blite implies M nmust also be acute which in turn makes
B8s the slgns of its factors also indicate,

Mlow to see how many solutions will be possible. The
of « ié intermediate between the values of p and b as
8 the value of a intermediate between the values of p

B -b, Thus, two solutions should be possible.(Figure 23)

Using Napier's rules and the values found above for

Bold for triangle B'CD)the needed relationships are:
B cos a/cos p, cos N = tan p cot &, and sin B =
a. The computation is:

log cos 43°10' = 19,8629 - 20

log cos 39933

O

o

€]

=]
o

|

9.B871 - 10
log cos n 9.,9758 - 10
n = 189°58¢ or
"’O‘E'.
bz tan v = log tan 39°33' = 9,9169 - 10
cot a = log cot 43°10' = 0.0278
log cos N = 9,9447 - 10
N = 28°19' or
]
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- 10
co}o; sin b
colog sin ¢ =
- _L_\:
O '3
& = 96 L}‘Y‘;.
Therefor the solution to triangle ABC, without need
refer to any rules of species, 1s:
I, a2 Dy 1 o)
A = G6O44vs B = 125°41'; c = 110737,
Case VI. Given two angles and the included side. On
res 5S4 and 55 of this chapter case V was discussed and foun

>ions were given for

be ambiguous as to tne

determi

numpber of solutions possible. Con=-

ning the number of solutions

ier the method of solution of introducing an auxiliary arc.

Ca

w
®

tes an analysis of

VI is als

VI reletively easy.

Let ABC be a

> known. Solve for si:

£ 7
cGll

ambiguous case, The law of sines

utions under cases V

spherical triangle in which A, B, and a

n, exactly one solut

~ts as glven there

1,

1,

b by the law of sines obtailning

g

ivern parts there may be no solu-

or two solutions. With the

following possibilities:

there 1s no solution.

£]

Nne
e

re 1s exactly one solution, with
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