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THEOHE!'1:IE 

TO 3E US 

Udy of pIa igonometrv as a 

c..eve:loped strong desir 1 gonometry. 

~t ~he su~gestion of an e d ~iOll wa.s :n.ade 1[. 

~:ia.:·~e ~his work into the development and. comparl of t 

trl~ono~etries of t spnere and. of e ian Geometry 

..... AN OF T:dS PAPER 

31.e rem ~er of ~his chapter will inc a brief 

s:a::eJle of istor uses of spherical 

a statement of so 01 the eore fro pherica eomet,r·· 

"' ...... e-".::; in the folloWing chapters, de and r.er..ninology 

0:' spherical g etry, and a statement of the formulas of 

s?~erlca1 trigonome~ry to be develo~ed hapters I ... , .... ~, 

&. ..ld. I ~ • 

Chapter II ~'fl1 evelop the formulas for r1g p' 

i&~les a~d will contain several exampl wOl"ked out. 

Cr.~n-: 11 consider so of the DOSS e methods of 

obll..". S"Dh trl~,t..les and Cha:pter IV \.;111 CO:l­

~~ln mo~e advar.ce' th chauters will ir.cLU ex­

~~ples of solutio ptar V will - 8-voteci. to discussing 



.) 

3 1. tohe appllcatio ot" spherlCB..L trlgo eT,r., • 

ante 1 evelop th rigonometr;s.1" of e-

G "C ana s e valent to that of sphe. 

~c~l trigonometry 

Footno~es. Foo~no~es used t..h -.4:0-· ~l of 

,,:.;:; tyoe used in ma of the articles l l neri­

~j:~~}{ ~ il1he mber or numbers followln~ tne semicolon will ~ive 

"C~le p r or nu s of the sour ell":g re 

IGONOHEI'RY 

~rigonometry 1s one of t 01 " t branches of mat' 

Iu.tics o~m to T,he world at lar~e, not by name but by i~~ 

s)plications to the measurip-g of heights, depths, distances 

..-~ e,~s, ana. the like. In early centuries, it was the custom 

-.:.') c;Sll t:he seasons of the year and the ti~e of daY fr 

cast hi' a tree or soree other uprig 

G2'eeks called the '.l'ori,~ht object used for this purpose a 

tor if) • ana. the shadow was called an uno 

)The winter soltice occurs when the ~mbra(AC)i 
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, 

e 

the sun(S)ls farthe_0~.Ji;eS 

he summer sol~ice ace 

~'men e u~ora ~s shortest. 

1Ir-.... igonometry" coces 

~!-'y"o h ree 

'"mea­

's').:'e I, ) or :ne tre '::'0 sure" ) • A" 
~ 15 In this three-angle-mea­

Slr8 cta.t is f one of th 

:"'::'::':i(: ~ 'es of trigonome 

'229, • y a cen'Gu a,w::o su als we in frequel:. 

In OUT coun:.ry are st~ll in Bene~a some orien1:al 

cou~lr;rle idence of the us • t onome ~::> a mea 

and :'15. tof mes.s'~rerr:en n I , 3a"" D, 

:r.early 4000 Y ag..... 

he Greeks, at one time the S~ scholarly of ~he 

1.:r:cieY"l"C peop of the Mediterrane region, developed tr~g-

CO:!lstry a nee. Hlpnarchus(about 140 C. )and Ptole 

(JOG years le.t tudied both plane and spheriCs. trigonooetry. 

kne-tl a nu eT Oi' the presen'C formulas. inc ing 

=. :- 2';r + cos2 
"- ./.l." =: 1, although using different name d 5j"m­...... 

ords instead of sines). ~enelaus, who lived abo~t 

iCC A. D., both in Alexand a an in Rome, -Udied sp~erica 

-
UliUilllO~ry v all... ~ .. ere ~ert his work in both 
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spnerical ~r~gonome was weI v in 

..',,-~ Es.st 115 :210 

on 

SLG:3 or the t ng are segEe~ts 
S' 

~:::;::'t;es " st;:,.n bet-wee wo points 18 on 

·0 polnt-o>. li8t.s.nce beti"leec 

"=~e ~rigono~etry, tr:angles are 

linear units. 'he sum of tI1e 

C:.~-: - 1 e;::J plane tria~ e 18 ahrays 180 0 

e, theI :sts a. 1" in the plane parallel to 

~~ '~"'e11 ine in e p.1a. geome Y of P tri.ll:ono try 

is ':;..;.clid.ean. 

pnerical trigonomet triangles a ra~....'11 on a 

S:::":C:..i.. v. s of the spherical trian~les are arcs of 

~(.;::t ~1rcles. The shortest distance bet~een two points is 

on a ~reat circle containing the t~o points. Distance be-

t:jean h:o points is measured in ~~gular units. The sum of 

L.=. :neasures of -.:;he anp;les of a spherical triangle is &.1 way 

gri3_..ce~ an 180°. .."hrou.Q:h '1ven poin~ on a sphere, the 

C.O-J;::; nc a Kreat circle parallel t nothe eat cire 

on 'S·(18 era. geomer,....· snnerlC21 tri~onometry is 

no~-2~clideanl4;5r. 

Uses of uerical tri~o-
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try 1s used b n6ineers and geolcgi , des. it 

geodesy, an 1:0 physic , cnem!.st 

, an etallurglsts, i~ thei 'tudy of crysta.­

Y•, ~ - to Avis.t:'cn oi'ficers, in the s olut 1m 

0:" f:~V pr ;Vli] • 

rveylng, when ling i-: al g eglons 

1;:--.2 sart.. , y be oons~dered nlane first ap • 

eal.S with larp;er rep;lons for which e curv~ture of 

::":d ear ust be taken into account~ 1 hich spherical 

t::'i~c:1ometry be used to obtain satisfactory ap~rox1ma-

tiOLS. E'ere, 1:h th e~ to b pnerlca~. 

In astronomYt ~he earth 1S as the center 

o~ the celestial sp~ere. The line of sight cf an observer 1 

~ne radius of the celestial sphere. D15~ances between ~eavenly 

:es are ~easured in ar-gular measure. Taus, the distance 

t;c"(;wee::1 two heavenly bodies is the side of a sDherical tri­

a::-.::;le on an immense, sphere [15; 5-6.... 
So~e of the uses of spherical trigonometry will 

-·~2JD.1.ned in much fuller detc.-l1 in chapter f1ve. Included will 

88 ~umerical examples illustrating the appllcat10 

p.3:: GE:ONE'TRY~. ;..JIoJU..LJ 

A sphere is a closed su~face wh1ch is "C of 

uoints in space a~ a ~iven di e I-rom POL"1t called 

1 



r 

~ rom the cente:.' to any pain 

spr.ere lS &QiUs; a lin~ seg~en~ whose endpoint 

~{.e points of rsect10n of a line ssl!"~ ~hrough t' 

spnere and. the suhereis called & J!:ev 

ter e n e 

• 

The ect:l0n or a plane and. a s re, T,olhlCu 

l".C-: 2:-'pr.y an at slng pOlr-t, is a circle~ :r t .. 

~l.:.!'.e pas s thrO-.l6 r 01' the sphere t ~he ir.terse,·­

::Oll 1s a great cirole; if t, 'the. L'"ltarsect1on is 1:.1 sma.l 

c~~clc(or les~er circie grest circle has tne ssme cen­

t~~ ~~~ ra~lus as the sune ~n spherical trigonorr.etry, a 

ar~s are arcs of us o DOlnts on a 

sn~~re Which are no~ pOlnts of th e te 

[;. great c~rcle. 

e poles of a ea~ c~rcle of a sphere aTe the end­

uo:.:'.ts ? a.nd pt of t .. a~eter of ~he sphere which is per-

of trle great circle. A given poin-c 

o~ ~ sunere is a pol of exactlY one great circle. 

A s"Oherical 18 1:: angl o by two arcs of 

i;~"Ce:tsect gre&t circles dra 

fr:,= T-he sa:ne point on a spnere .• 

Tn2 point of intersection is 

cc;,:lej t,,",,, of the angle I 

pe~_c..icu:'ar t 

C 

e.~-~d. the: CS 0he sides of th 

r..,.. - :) measure of a spher­c,.._~_""". 

ic&l &r.~le ABC is defined to be ure 2 
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lane a~le DEE ~ormed by the tar~ent 

~~ ana ~~ to ~he arcs AB an~ Be at ttelr poin~ of ir-te~-

sec~ion. 3. (Figure 2 )!'hls 1s numer~cally eoual to the ~easu= 

0:' die ciihectral angle formed by the intersection of the n.Lanes 

cf ~:1e ~reat circles BAS' and. BeS'. If t~e pla~es are per­

pc!lC-i c J.la!' , sngle ~~C is a right spherical aug 

A spherical triangle can be Qescribed in two eauivs­

:'t:.:-~"C ways. First, e. spherical ~r~angle is formed by three 

&. ...., " of great circles. Secondly, let A, 3, and C be three_v~ 

-P01!.ts of a sphere not all on ~he same ~Teat circle of ~he 

s'7"J:--.cre. Then, the three arcs of g~eat circles connectL. 

E, &nd C form spherical triangle P3C.(F1gu!'B 2) 

ne arcs are the si~es of ~te tria~Kle, the spne 

a~bles for~ed by the intersec~lon of the arcs are the angle 

of the triangle. and the ooints of intersection of the arcs 

a~2 the vertices of the triangle 

planes of ~he sides of the s~heric&l trian~le 

for~:l 0~e trihedral anp;le 0 -ABC. (Figure h '" 01- a 

SDlaric3l triangle is measured by the cen~ral a~ of the 

s~~are which intercepts it. s, 81 n has the measure 

cf central angle AOC, or the corresponding face e of 

t(':e 

....co:n.:non nota:'l0 o .. a~lng ~he sides a a_ e 

o~' 8. sr;herical trian,Q:;le ABC 1s to let A, 0, and C represeu .... 



~r 

at -~J B. and C, respect.ively, and ~o let a, b, 

c r2:~:::.'esent -:.he correspond.ing opposi"Ge sid.es. It is a 

gree:ne~t, al~ho~gh no~ essential, to consider only 

es and. aruz::l esc 9SS 1:han 

1SG 0 6; 177-1 7 t 9;213-215,. 

e fol101~~in e ,ons will be useful in the Kork 

t~a-c folloNs. 

e~ ACA', Slh c 

be s.~-.y -cr.ree anes !1ClV: or:ly tr center of the sphere in 

cv~~on. (Figure 2)These three p~ divi the s9here in-co 

ei;[!t suherical triang~ ce of the 11 errr ~ u~ere 

A-::;C3'C' is divid.ed into four suherical triangles: AEC, 

P.3 t C~ An'C', and REC'. ~ch u~rt of each one of che !a~ 

t:-.:-ee -crianp;les is equal to or 1s a supplement of the pa~t 

0: ~r:angle ABC. E9.ch one of the four trian.'l;les in the herni­

s~:;ere A"-BC3'C' is symmetric t.o one of the trlan~les in 

r.e ,~sphere A-BCB'C'. Each of these eight sonerical tri­

&~;les has only parts ~hat &r th 0 0 . 'U 

t:'i8~gle3 are conve n tne ',( ~ ~hat follO~' only conve 

s~~~ric~l trian~les will De considered. ~~y rei ence to a 

s·::-.l..2.~ic.al tria!lJ2:le sha.ll :ne convex spherica: tr 

ntlv, when no COl s::'on cant..;.~... ~i;S tnerw a~e\,,4. 
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t triar.,J":le S 0 or \;WO r "C a~gle If either 

_-P
'--'.:... ntrant ~g.le is extend hrough the vertex t 

e::" :C:-8 "the ·ia e. rts of a reentrant tr~an~le 

ecs:ly deter~1ned from e part S 01" 't t-!S triangle, as 

jl~C.-1LH1.52-153J• 

ur:e. A lune is the part of a sphere enclosed by two 

g~8~t se~icircles. Tte s.r.~le of a lune is the an~le forme 

bJ' -ct.e semicircles [14;156J • 

pherical excess of a spherical 

tr~~~~le is the a~ount by wtich the su~ of the three an~le 

e}:::;2i2QS 180 0 or iT radians L14; 19 

·:,,.~es Of Snherlcal 'rriangles 

uherlcal ~rlangle, like a plane t~iangle, may be 

r:.~n·c , obt;use, or acute. It oay also be classified eouilat­

6:-.:.1, sou ular, scalene, aT :s05ce1esI15;188,. 

Hi -----v-e. A spherical triangle is ri~ht if it 

... 
ta~ a~ leas~ one angle a 'v 90° • 



1 

soscel a <= 

1101 

o
adran~t or 90 • 

ng 

~cal trian~le is 

nerica 

1 to a 

~ sDnerlcal ~riar~le i~ 

A spherical 

etch e 

lp;ht a~gles 

ual. 

............ _.I,.j..."" ..... e. A 

w 

_ _-_=le. A sp 

it has three right aIL"'lC~ 

___ 2-----.----~ ~k~-._~e. It spherlcal triangle is tri­

Tri-rectan 

~~0~rantal if ~wo sides ar 

tl~:" -:r"&ctangule. 

Ie. A spherical trlan~le 1s obl~oue 

:~ is ~ot a right triengleL3;126_ 

suherical triangle is quaQ­

r~~~21 if a: least Ohe side is e~ual to a ~uadrantt or 90°17;761. 

if t~o of its sides ere 

r~0~~~gUla~ if it ha 



~1.j,:~..e 4 

poL•v ... 

and CC', respe,·­

..talr.1np; 5 t C' ; 13 ar..d B' are on tne same side 0 

he grea.t circ:,e conl;aining A'C': c and. C' are on 

~e same side of ~he ~rea't circle contalni~g ~'B' 

e­ el 
c 

C to me 

are three colunar t~ 
0 

, ... - , - .",,0­
C, and AB 

alrs of sides of 

and C· to fo 

1 

L A "";:l and. Care, resnecl;;1vely, poles of the a:::-ea't-- , ~, 

ircles on ~>lh i ch B' C' • At C· • and A'B' lle 

nd. AI are on the sam.e s~de of the neat ci~c 

-.:..- , 

t:vely. (Figure 4) 

tr~f;:r_sle ;: 

c'lgure J 

l'J.~as ~'t.P_', BE 

• t 
,ro. , 

by 

Ie A'B'C' is called the polar triar~le of ABC. 

It is ~lso true ~hat ACe 1s the polar tria~le of 

Col'illaar ~ria~las. AS50­

cL ~3C. -;.;i t;h any snher1cal ~r i-

arol.,3 L2: 1-_ 
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The relationship bec~een e par~s of trian~l 

ar~s of one of ~he co _ triangles is easl~y se 

, -crlanp:le C and _~'C, for exampl In lune 

3 = ar-gle B' and ~ne sides o~ ~ne ne eacl. a~ 

"	 ,• ..J
.1uv • 

• ::: 130 - c ., S'C = 180 0 
- a 

b ., / BIAe ::: 180 0 
- LEAl: ., 

AC::S' = 180 0 
- LAC3 : B = B' 

If atormation is 1mmm of a suherical (colunar) 

g In:rormat:i is also known f tLtr~~::~.~ he corresp 

co~~~::.~:~ (o:clglna r~a~glell;6J4-635 

herical Georr:e~:'v 

o rom spherical geo~etry will'I'h 

be s-ca::ed v:i proo 

y s1de of a spherical triangl ->-e -1'1 

~he sum of the other two side 

he sum of the sides of a spherical triangle 

less than 361'\0 

III.	 The sun of the an~les of a spherical ~ri-

e is greater than lBO u and less than 5~hO 

IV. In any isosceles spherical trl~~gle the an~le3 

p~oslte the equal sides are equal. 



~/ 

v. If' t,.,o angles of a spnerlcal tria.ngle are 

a.l, the s~des o"ODosite -:;hese equal an~les are 

equal,	 ar.d the trla~~le is isosceles. 

V7... In any sphericsl t~ia~~le, if two a...n.~les ar 

~""e the onnoslte sides ar neaual, ~he ~reete 

ein.!": op!,oslte the greater nngle. 

VI If t,,:o siies pr.erical triangle are un­

quai, ~he opposit~ angles are unequal, the greate 

ngle bel~g opposi~e the oreater sidef9;215-21v,. 

II. If A'3'C' is ~ne polar trlan~le of ABC. th 

~~C	 is the polar tria~~le of A'B' 

. Each si~e of triangle ABC is the supple~ent 

~ o he correspon .g gle oiar tr:"angle 

~'B'C'; each angle of A3C supple~er-t of t~is ~he 

correspondin~ side of AIB'C 

. The difference between any two angles of a 

pherical triangle is less than ~he supplement of th 

hird angle ~1 ;201. 

v. 131-..8 

FHERICAL T 

he followin , essential to sclu~i of 

s"'::.e';'~~Cd.l triangles I are develo~ed in cha.pters t\'l0 tnrou 

fiY6. 



CL_ ~ = cos a cos D (1 ) cos E = tan a cot c (6 

__• a = S.ln c sin A (2 ) sin a = tan b cot B (7) 

C03 _-, ~ can b cot c (3) cos 3 = cos b sin A (3 ) 

S~~ c = tan a cot A (4 ) cos A = cos a sin B (9) 

si~ b ~ sin c sin 3 (5 ) cos c ; cot R cot B (10 ) 

I.	 The stns of any ~idd1e uart is equal to the 

product of the tangants of the adjacent part~. 

II.	 The sine of any middle par~ 1s eoual to the 

product of the c:ls1nes of r.he opposite ps.rts. 

sof 

Rule 1. . ,1 ar-g and ppo 

f 

ules 

are always of ame spectes. 

Ie	 2. the hypotenuse ess than 90~, 'Ch 

~ oblique angles (and therefore the two 

sides)are of the sa~e species; if it is 

grea~er than 90°, the two angles(and tho~--

fore t~e two sides)are of different species. 

?o~-;J,l~E 0 es 



----

-- --

5 

- -~ .. ~= 

-.:i of slnes 

(11) 

W~~ of cosines for sides. 

os a ; cos b cos c + s~~ b sin c cos A (12)
 

cos b = cos a cos c + sin a sin c cos E (13 )
 

cos c = cos a cos b + sin a sin b cos C (14)
 

~aw of cosines f 
~ 

s A = -cos 3 cos C + sin B sin C cos a (15 )
 

cos B = -cos A cos C + sin A sin C cos b (16
 

cos ~ = -cos A cos e + Sln A sin B cos c (17 )
 

of cosines in terms of haver~1nes. 

9) 

(20 ) 

(21)
 

(22) 
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b a 

(2)) 

(34 

(33 

OT'llu!a 

he-half 

..... '" slmila 

cos "2 

cos iA = 

0 

cos ~(A+~) cos tc = cos ~(a+b) sin ,C (41) 

in *(A+B) cos tc = cos ~(a-b) cos tc (42) 

tan '2a :;,...., v v 0::> \1,) 

,., ... ) through (4.J::) 

t~e .s':"!1e~ cosine, end taolOl::ent of 

c. 

an .~ h. ~ ~ I ~ ........... \... ... l .... •• \.., ~, (24)
;c:­ A. - ~ - s sin ( s -a) 

.2or:::lulas (25) through ()O ) are sl~1lar for~~las for 

HI:: ::;~~!'le. cos:'ne, and tange~t of one-half of the angles B and 

c. 

Hs.lf side 

i(A+E+C} = S . ~(B+C-A) = B - A ; , 
(31) 

....."'-D) = S - B ; ~(A+B-C) = S - C 

sin .;La =~w OJ ... ...., ... , ..... - ... , ()2)j;! ... ~ .... "::J ~~.... ,., 
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cos ~(A-B) sin ~c = s~n ~(a+b) sin ;C (4) 

in t(A-3) si~ ~c = sin ~(a-b) cos ~c (4 1 

tan !(A+B) = cos 
cos 

V\~-.o). 
O§(a+:J 

cot ~c (45) 

tan kCA-5) = ~~~ i~~~~( co't ~c (46 ) 

an ~(a+b) = ~~; ;(A~B) tan ~c (47) 

( -b)a == sin *(A-B~ ... -1 '" ~/' ...1..::::' t;an ~c (4 

E = A+B+C-160 o 

Area of ~ spherical tr~ang~e. 

== 2""/16 5 

Girard's Theorem. 

H = 2;;­ (51 ), 

-:'.30 

Theor 

53"3'E 



I;;. 

4).,;;:: ......-an 

v .... ~ o _ fo rOT a very aciI-1C a.nnllc 

lso developed. ~-.i thin'Gh1s 1,;ork but a!'e net 01" a­

or ~h~s reason are not 1r-cluded in this 



flla..?TE3 I I 

_Gt!1' SPH.2RIC.l· 

eveloo~ent o! methoQs of solving snherical ~r'-

• a", I'nll be initiated by f ':"::-st exall:"ning rlgn t 5pher:' cal 

trJ..c_t'~les in which the sides adjac.e~t to -:=he righ"t EL'lgle EL 

each l.~se than 90°. Trte ten ba~ic formulas commonly &5S0 

atet ~ttn solvln~ rlght spherical triangles will be deve 1 ­

oped~ :irst for th ~ecial case ~entloned above, then sec­

ond.lJ to the general case of no rict the 

sic.c.3 of ~h ~rlang Napier's rules of circular ~a~~ ~ri 

lflbe: 3t~"C and sho to -asy de't e to e ­

be,....;""'i ..... ,-i 
.&. .. ", .. ~ v. rrr.ulas les ~or de~erm1nlng ~..lad.r 

spec~es)of the Darts obtained so~vlng rlgh"t spherical 

r :. ell: <:. e s ~F stated ana shown ~o be valid__' 

xa~D18S cf solutions of triangles wil e g n 111ustratin 

he use of Kap 93 rules. 

"I"'.l.u, 1'•• ... s1. FORlYIUL F 
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="gure 5 

erssc~:on of ~he two planes BOC and D~F both perpend1cul 

s neroendicular to plane AOe. Hence, ZL" 15 

t ot~ nd DF. ~tis makes tria~~le DE 

t 6; 180 plane A d bsrue!'ld..icular 

c perpe cular t , irr.p
 

. ­ha. t ,:;.~-.o_e aog A h&ve ~he same ~easur~. 

.rt.ngl.e as ~. measure o~ , an}l;.le AOE b 

he :2S:::'3ure of side c, and an~le BO as e ::neasure of si 

/,;2:;' ?-218J. 'I'rlangles ODF, ODE, and OFE are right-angle 

t D, J, and F", respectively. These relationships and the 

olloKi~~ proportions give the desired res~lt 

~ _ OF on or cos C : cos a cos b ( 1 ) 
~s - OE • OF 

1;" DE E2 or sin a = sin c sin A (2 )0-:;: = OE • DE 

- DF OJ) 
or cos A = ~m1 b cot c (3= OD • D~
 

..... EF D3'
 
~ = ~ or sin b = ~an a CO~ A (4 )•... ~F 

r.l. 

0.4.., 



",
.::1.-. ....cos 13 = cos (6 ) 

-!terchanging A a. and a anrr b, (8) beco~e 

COS a cos b = CDt A cot B 

~si~: cos a cos b : cos c fran (1) the final result i 

cos c ~ cot A cot B (10) L9;218-219] • 

Equations (1) through (10) are tte ten basic formula 

used ~c solve right spherical ~rlang 

Fo as(1) woo --ro'. 

~e provea. w the s~ric~ion tr-a~ botr.(1 ) 
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ss than 90°. ~wo other uossib es exis 

Y OLe of sides a and b could be less "'n 90 0 a:1 

reater than 90°, or (11) both a a cou 

cl"1E!ll 90° • 

• uw to exaOlne ~he firs~ possib~lity. Without 1 

assu that a is Rreater th 0 0 ile b is 

t;-. .A::'-! 90 \J 01 Extend.. al~CS
 

LC of riv.ht spherical
 

~ REC throu.w::h A and. C
 

Iv to meet in point 

- ,out the lun ...J • 

a 1ol:reate he.
 

180-a less
 

i~ure(1) through (1
 

thus be a~plied to r1~h
 

~"B'C. 

..ext to pro d to sho .at formulas (1) t 'gh 

arc 3.180 valid triang; ~BC. Applytng (1) to tri ­

•.~ - C Si 

cos (180-c) = cos(180-8.) cos b 1~Th i ch is
 

-cos c = -cos a cos b
 o~ 

cos c = cos a cos 

is is for!'1lula (1) eD~lied to tr~an~le P~C. In a 

... ·l~r ,:.:&n~eT, formulas (2) t~rough (:0 ) will be sno1,ffl t 

6
 



:;) ~. 

-~ 

,.. ,1 ___nK~ g ..;3C.applied t 

~,.. (2) , sin(lSQ-a) = s:'~1(180-c) s _t).­

herefore, s~ a. :: sL'1 c s: .... .r_. 
._ a ) t COS (100-;..) == tan b cot(130-c 

-cos A = tan b(-cot c 

I!herefore~ cos A == t~~ b co~ 

;r,--"".." (4) ) sin b == tan(130-a) cot(lBO-A) 

in b == -tan ~(-cot A) 

i1erefore, sin b == tan a CVv 

= s.1n(18o-c) s~n B' 

_..ere:!"are, sin b ;; sin C sln ~. 

~~::co::n (6 ) , cos B' == tan(180-a) cot{180-c) 

cos ~ = -ten a(-cot 

"-erefo!'€ • cos B = tan a cot c. 

From ( 7) , sin (180 -So ) == ta.n b cot B' 

T'l1eref:)Te, sin a == ~an b cot 

F:::-om (8), cos B' = cos -0 sin {130­

Tnerefore, cos B ;; cos b s1 

kl-.............." .... J..v.:... (9 ) , cos(18o-A) :;; cos(180-a) s 

-cos A = -cos a sin 3 

Therefore, cos A == cos a sin ~. 

Eo-'Ton (10) , 00s(180-c) = cot(1BO-A) cot ;::,e 

-cos C = -cot A co~ 

'I':1erefore, cos c = cot A cot B. 
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the remaining possibility, that is. zuunose 

r.:.angle 

.;:...."i;end c B 

.er1esl tria~~le 

~ and A resuectivel­

gure 

~ach 

80-0 wll ach be ·... ess Figure 7 

Jaw to apply formUla 

0) to ~ight sOuer-

Fro:! ( 1 ) , cos c = cos(le.O-a) cos (18.. -

s c = -cos a~-

'lh~reforE, cos C = 008 a cos b. 

F'rom (2), 5111(180-a) = sin c sin( 18", Hi 

..erefore, sin a = sin c sin 

Fran:: (3), cos(180-A) = tan080-b) cot c 

-,·os A = -tan b cot c 

mherefore, cos A ~ tan 0 cot c. 

.:;...,.... flm (4) , sin(180-b) = tan(180-a) cot(180-A) 

sL1i1. b = -tan a (-cot 

""'herefore, sin b = tan a cot A. 

(5) , s:'n(130-'.J) = sin c 

!'e, sin b = sin c sL 

.d b gres. ter thot. 

c 
7)~nt' 

. 

greater than 90o~ 
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(6), cos{180-~ = t (100 c- - 0-'. 

-,~os an a c o 

Therefore, cos 3 = ~an a cot c. 

__ om (7), sin(180-a) = ~an(180-c) cot(lbO-3) 

sln a = -t~n b(-oot B 

Tnere:';:,re, sin a = t9T- b cot B. 

'-;-·:..~on (8), cos(180-E) = cos(i80-b) sin{180-A) 

s B = ~cos b S 

~herefore, cos b = 
:Tom (9), cos(180-A) = cos(180-a) sin(180-3) 

-cos A = -cos a Sln 

refore, cos ~ = cos a sin B. 

?rom (10) , cos c = cot(~80-~) CQ~(180-B) 

cos c = -cot A(-cot B) 

·..... erefore. cos c = co~ A cot -

Thts completes the ver~fica~lon of form~lae (1) 

._ OU;:l (10 ) for a.ny right spherical triangle JlJ3C wi. th rip;ht 

,...r'4·,- .....-+- v - t"""-~ ...., 

=_ .. u~lER'S 3UL~S OF CIRCUh~~ P&~TS 

John Nap1er(abou~ 1614)dlscovered two sim~le rUle. 

O~ ~JCalLing the ten fo~mulas just dar~ved for solving 

i~~t ~~ier:cal trian~les. : ~3C is a right s~herical tri­

.~la ~,~ _\:;-angl e:i at C~ he ~arts 0: the triangle a~c v, 

t ~) c. ~, b.{Figure 8 C is omitted. for it is not lr~-

..... 
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ten	 formulas, a 

eo-o
 

~u-n respectivelY. 'ehe
 

OJ:" tr.e rl2;ht
 

becorn.e at CO-.i..lt 

• (Pigure 9 }~~o
 

that 1s, co­

o-function of
 

~rue ror co-c a
 

",vt ice that it is possible
 

_ 01 chese I-ive part s as
 

- ~~~ar.ged around a cirel
 

iangle AEC w~~h tne
 

·c/!'eserved I For a.nv cir-
 Figure 9 

_ ,=-~t) usually ~errea. to 

a.rt, l;h two parts ad.1.s.cent to i.t ~md. tc:<. 

are called opposite parts T:\'l.US, w~ re ­

\;0 the w£u~~e part cO-~J co-c and a are the adja~ent 

'::(,116 co-A and are 'en pposits parts. 

Usl~g this terminology, Napier rules of circu 

... ",-"" 

I.	 '!'he sine of any middle na::-t :'e e~ual to the 'Dro­

of the tllll((ents of "the adJacent parts. 

,	 I ~he sine of any midd:e p&r"t is equel to 'ti'le pro­

of the cosL~es of the opposite partsr9;219-22 

::'·ig~e 8 



helpful device in re~ecrbering Napier's rules is to 

in tangent and ~~jacent and the 0 in co 

37] · 
TTT RlJ~ES CF~Ui_DRJ.":>J~S(SPEC::ES ) 

'IliO smgUlar quanti ties, sides and/or ang~es, ere 

of the same species if their a.ngular measures are bot 

0::' both obtuse; and two angular ~uantitles are or UlI­

one of "their a.ngular measures is acute andec.!es l:r 

;181]. The following rules are useful in 

species of Darts of a right spherical trian~le. 

obliq~e angle and its opposit .e 

of specie... _ 

_ If t ypotenuse 15 ss "t'r.a.. , ::.ne 
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ique angles(and therefore the t~o sldes)are of 

-~e sa~e species; i "C ~s greate "han 90° t the tlW 

'""es(and there'" e .8 ~wo sides)are of ffere 

~ :-,Ecies [3; 1)8J 
Io verify rule 1, ~est:gat9 ~~e forillula sin b = So 

Dna. ~he formula sin a == tan i::: COI; B( 7) • Sin b i 

so that t;an a. and co"c A musi both ha.ve the 

ivalen't to saylng a and. A a!"e 0
 

s·)e81es. US~ sin a = tan b cot B and a slm:la
 

~v .~ cbv10us that b and B ~ust also De of· t11e s
 

s verlfies rule 1. 

mo verify rule 2, recall ~hat for~ula (lO) reHl..l;eS c 

3 bTl I~OS C = cot A cot B. Flrst, if c is less t:ha.n 

is Dositlve ~aking cot A cot 3 n~s~tlve. 'U1US 

.l.J. I.,;U\., D have [;he saale s:.;;n making A and :3 of the 

Fro!!"; rule 1, ~h~s makes a and b of the sa:ne 

[;!llS case. Secondly, if c is greater [;h~n 90°, 

in Yec~llin~ cos c = cot A cot B, cos 0 is negative maKL~ 

C0t ve 0pPoslte si~ns "'hus a B are of 

S1:.-acles, ar. mnloylng rule 1, it is cbVl0US 

'Y'e of di:'fe!' peelee-. .::"s verifies r'..1 2. 

IV. 30L-j-- IG::T SPffERIC'- Ik..'JG:.E 

-~ order to solve a spherical ~riar~le it 

~'lo 
~.

[;0 o pa f th :'a.fI..gl ,,­
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Ie. A result, the... e possib cases 

r C:assify~n~ them th the glvera par~s, 

-·ven thE typotenuse and an ang
 

~~. ~iven the typotenuse a~d a si~e
 

1I2. Given the ~wo angles
 

Given ~ne two sides.
 

1ven an angle the adjacent side.
 

an angle and the opposite 51 J;139 

_l" ot ne sary ~o refer to for as (1) th gh 

-0 

v.	 cOtr.putat:o eQui.:. ·~'-o stead, N.::::.o1 rut ~ 

slred relacionshlps. Depending Qpon ~h 

vel'!, e.r..y g sphericsl triangle will fla o 0­

c.Olutions, s ·tionI6;182, • ch of r;h· 

:'l1~ ~ _llustrated ~n examuls ,~ -llo~I 

_..~ follo~rlng steus rna the scluticn of ri~ht s 1­

tr~~tl~les a lo~ica na orde~ly proces~' 

(a)	 U "spier's rules to ~xpress each cf the three 

Imo parts ~s a function of th 5iven parts 

ranee ~he runc~10 c>.) :'0 O.ll:Srir;rJ:lllc com­

atiouo 

01 ~omDutg using logarithms but ~eing careful to Ree 

tl'<..ck of negs.~ ... _ac;:;o~s. 

··se th O~	 \"ules	 species ~ .....' sp 

E	 _
 



J
 

eC?or of the u~_ ....Zl if its species is no~ 

ned by the sig~ of tr-e result 

~ __ ) If a check :s !:::sired, use llapi rU..1es 

relatlonshiu -he unKGO~~ parts, 

~he~ carry thig relation~hlp ~hroagh steps (b), (e), 

and an an,rl e • Let ABC 

soherical triangle with C = 90°. B = 58 Q~o ~ 4 an 

u'.(?lgure 10)~ne J~l~O~
 

and A. Us1r:
 

Sin ~ = c08(co-3)
 

= tan(co-c)
 

(co-o) = tan(co-B)
 

h~ needed rEla~ion
 

-·rts and A
 
_ts. .aearrar~gIn,g; and
 

tha co-function ident~-


Figur
I;;-=<, I-'':~'''l;' 4. I:>latlonships become 

Sln 0, n a = co 

C J - ••1d cot A ~ cos C t6. 

in the values of nd c, ~hese eouatlon ecom 

8 ~oLLO_ ~ = sin 58°20' s' .J ' t n~ a = cos seozo' t~n 85°40' 

CC.; .r. = cos 05°40' -can 58°2" t Using four-place log~rithms 

c:~Dute~lon is as folIo; 



, 

s_ 

st and 

!Lakes a and 

les and \::l"1e un­

re eac~ posit .... 

at 83°1 , 

esults I-or 

n a ten(c,J-A) \) 

ann cot A are 'DO 

-,;he second quadrant 

pie.... t 

= 7 .. (/.....,....., v 
- .-->. -­= 

= S'.7201 - 10 
- 1 1201) 
= 0.8406 
:= 21 °47' 

ga.tlve 

y ru~€ 1 of species wr.lch says ~ 

comput ing 't-'-­

= 58°5'. 

ubsti~uti~ in 't-he 

°47' and A = 8~o~. 

t an 

sin 58°5' = tan 81°47' 

og cos 25°40' = 8.878'3 - 10 
og tan 58°20' 

lo~ Cal:; A_ 
",,­

, and A to set sin b = 

€lcome 

, 

tnereI-ore 

a cot 

... ~ua 

e sine function 1s pOEitive in both the 

a and cot A are also positive • 

le and its op~osite side a~e of ~he same sneCles 

3... 

~al 

,,'10 check the results t use 

Tt'le -r.angent ar.d cOi:,anger~t funct.i~_. 

o~a~~t~s tne ccrr:putD~ion ~ 

oe; 1:-£>-=1 !:)1°47 , = 
log cot 83°1 

leg tan a + log cot A = 
lo~ s~.n 58°~' = 

'- 1.3 

cs~ ~s el~rnina. 

~~~drents indicating b could be 58°5' or 121°55' 

:,.; = 

t ".. ;;) ,:> .. 
... \.1 . 

,,,' :::"c:...ije, or a 

o~r:-.. r:,.s. rt 

.... 'Vt;!, 

O:A.:'-"Jlc.. 

nQ s~~cs all factoTs 



s 

J 

ABC 

= 

= 0.0752 
= 9.624 

?= 9.0999 

B = joU10' 01' 
1~ ... OCQ!- r:> • 

A = :5 0uCA ' or12064, 
6 
9' = 

gure 11 

81",,­ __ • 
~ 

OQ" ~l n n = 

hus. the conclus1o 

and 

cOUld eas1iy nroauc 

c = 90 0 
, b = 49 0 56', 

~og sin , . 
-,--OIZ. S~. 

= 

c 9 

g 

og tan 49°56 
n) log cot 67°09 

log cos 

o-c) 

results. 

of b 

= 

49°56' = 
12°51' = 

O!-r loss 

'~re correct. 

,..... ; B, a.n 

49°56' = 
.,;in 112°5'1 = 

t 
co 

four-Dlace 10.'(<=<.­

• \ 5'lp;ure 11) The 

com~uta~ion is as 

inIco-c) = cos a 

ij,'l lohe 

sunerical ~riangle 

= cos c/cos b. :SU,,­

i roundi 

·.-.."ise II . Given 

Solving these :or ~ 

parts glves cos A = 

c. Sln B = sin bl 

~~~11 difference 

_..:.:-ts 2. 

-::...ntco-c) , 5L. 

.'...:pie:r ' 

":) = 10 

slY". C = 10 

c s.nci us L 

tE:Yl b = 10 
cot c = 10 
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log os 112°51- = g cos 67°09' = 
.... = log 1'"9 0 c:.h t = g cos 49°56' = - 03 cos a ­

a = 

-:'r.e (n) in ation is a reml~der t
 

it is
 cOlIl-outa t1 on of ... 

cont;aine ee -a'Clve factor tns.~ 

.!:.. ani cos Je nej;(ative, l;rlU and a 1:. be t 

The acu value for is chosen since b 

s.cute. 

'~he c quires relatlonshin twe , 1c1 a. 

E-ro",,,, in -A) = a-B) cos a y~e~Qs 

,I" O.= S i n 50 1'; cos 127 u 6 . i four-Dlace 10gari'Chms, 

c.::::;DUto. t i c- .• ~ 

l8S Sll '0.. "° 10 , = 1·og SLn ~'-6°1 = 
los cos 127°6' = (n) log cos 52°54' = 

10 s - + log cos a = 

10; cos 12004~ = log cos 59 u ,6 9 = 9.6999 10 

':"his completes "Cha crie • 

,.Be be a right 

phe '~-; ceol "-1"'" !3-nc-le .. < --h C = 90° 

C~se III. GiTen t 

• _ _ ~ v_ .1.-"--0 W.l. v , 

= 4S vZO v , ~nd B = 10~o .....i.'!''.lxe 12) 

isnlre 12 







!"lag­

~6 

....ns..:ers "'­

s for sDeclesr 

e':'l -{'( 

= 8.4194 - 10 

= 

= 
- /--- ,­ .... ­X ; 

posltlv 

esuLt 

n si~n and is satisfactory 

_Je co~uuta~lon 1A co:' 

e check formula !s si~(co-c) = ta~(co-A) tsr-(co-3) 

e check aoree 

he sigr-s of the fin 

It is not necessary ta refe~ to t 

" = c 

~ot .~ = log cot 92°7' 
~O~ co~ 3 = log coc 100°27' 

_os cot ~ + :03 c 

lop; cos 88"""30· 

_~c~ors are r-e~ative. Cos c 1 



.:ot putation i 

ta~ a ~ 106 tan 32U 28 , = 
. cot c = log cot 104°25' ­

lo~ tan a ~ loS cot c = 

cos B = log cos 99°25 1 = 21 lv. 

.a.:--:o1' 15 atlve Cos B is negat~v~. 

_eCK is cO~Dle~ed. 

s Case. Given an an~le and the 

Let _~C be any rlgh~ spherical trian.~le Wl"L 

o 

o 
o 

= )0° s.nd ~n Tl1hich a~ angle, 

~ .... ",,". ",he s':'de opposite 

o~m. (Figu:re 15) The 

-'J 

~,o so.tva for a., 

u'::' .0. :::lTc :=>..l.,u a ;; ~an b tan (00-3) , 
Figure 1.5 

:J =- cos {CC-C J cos (co-B) 
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= cos o cos (co-A) • In a more appropr1aXB I-arm 

o~in 9. = tan	 ~ c'.)t B, sin c ~ sin b/sin B, a."1'" 

ookin.il: ~'C each one of these fo~Ula~, 

___ ~';;'pectiv91y 

s can os illusL.rat;e 

sr. If arcs 3C 

_.• each be prodt:.c8::l. -.:; 

" ..... i-..l'i "'·,1.Q;le B 0:: s.np:1E: B 

he two trianll'les 

., ",ach 01' \\'nich :"as 
/

~gure o 
It= iven, 3 and b, have 

e.r:swers;, at c, a 

"_ "t:' iangle ABC, and. c 

00-[;, s.na co-a in trianJZ:l 

'c. T~USI it is possible "'ve "tWO se'ts of ~~wers wn 

510.e opposl' ~e l:L.Yl.O 9;227 ample 

of -~~ls :'0110r;s. 

= 1.14°20' and = 96°15'. Fro v. .i. orr::..ulaC' 

above. substitutions a co:npu"tat1o:.. ve; 



..e si,g;ns 0 ..e resul t () no~ e y lndica:ion 

to do with the resulvs. t is necessa o empl~ 

f .species t up t1:e a.r:SNers rrectly. j.<=!­

::i := ... 4°1' is c e o ABC, 'the!. y r 

= ~50191. ~y rule 2 tenuse must be obtus 

~ = 11)0 "':-J.e sol-cttior.. of tr~angle AB I C is: a = 

'. ,J ~ 
~...,) )) c = 66°27 = 164°41 • hess S-o'ler-s also 

5~~_~:Y ~he rules of spec1es 

hec the antH~ers 1nvolves substl tuting to 

= 'O)I" sin a 

-':.8 ct:.eCjr om:plete. 

Tt: may also occur "that ..[hen g~ve. n.'!:le and t1 
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~ite it, no solution will exis~. _.e us ex­

•• 0 b ~ the a~i<:le an ~e d pposl ..:; ­."-v 

of \.:'if~"' e tI'l1S, 10 8. = 
-/:: COS '0, f d.eveloped 6.:00V 

Dart is les 1 OI~;17 

..-. uoh s OOV~ s co:n~ 0\:;1 can de lop when an 

~fi c/sln B must be greater than or equal to the numerator. 

5'Jt !sin B! 1!:...13in bl if end. only it 190 - B , ~ 190 - b I. A s1m 

lar s.r,ll;ument can be used for A and a us1!lC{ sin c = sin a/slYl h. 

It is possible to s~ate this result as a theore=. 

neorem; In a right spherical triangle, a.n oblique 

ar.~~B ~lways differs from a ~ignt an~le bv an amount less 



to the a~ount the s~de opposit t differs 

at:2: Le 

~o illustra~e the precedin~ theorem ~tempt to so 

herlca:, ~_BC L = iO o , B = 45 nd b = 60 

= sin b/s1r. E, sin c = (~J3/2)/(~2/2) =AlJ/ 2
 

is eater ·cha.n 0 This ~s a co~tradictlC
 

oor el.l C he:­

to t1-tis prabl The precedinp; exaJmles used 

te cas es I t'1ro 1so serve to substantiate 

c ~ o < c < 

V,. SOLVI1ra ISJSC:::LES S?H:EB:::Cf<": TEIA"~&L=S 

sose" pn~rlCE. t!'ia:2c;:le (r'~.o=~ 7}h tt'l 
__6S 

- also has tr.e angles 

u ide US..:... 

gure 17 
= ...J.J ::;: ~c, and CD is per1Je~'-

9;229J. Th1S 

Ia:"rly easy me ...hod ""e.O sGlve n obli~ue snherica 

1·~ C'16p-sis !C10~. b l~ cales 



t-a
 

ami the rue e 0 e -':;";0 e 1 sid.es (OI' 

cf one otn8T part of the _ne prv 

rop tne peroe:1 r ~h e:n:ex fO!"!Iled 

tne th~rd. sid.e. ce tl':lS 1J 

ects -.:;he :.hi side and ~he verte "the 

f I; cong!"uent r~ght sp~eric ,,~ ­

li~~ solution of isosceles spherical triangle p~C is 

= ~ = 05°32' and C = 117°2 • = 114
u 
28' and ~c = 121 v 29 

ated bv observ~- he si;;:ns of factors in 

~O' Also, C is .!ess 80 thus !c st 

90° =~r ache e cos = ('-ot; A cot ~C." 



c 

J 

.~ 

ure 18 

Wl.<gure 19 

1" error 

In polar 

y:e 

trlar:gle 1s a trlan~le in 

f 
t 

gure 

~et spherical t~lan~le A3C ~a 

B ;; 1:9°40 

0)0_ 

VI. S01V:)W ~.UA3P•.A~:rn· 

, a, 

illus't::-atl0 

for:.!lulas relate 

.:....; 

o~ co~ A = 105 co~ 65°)~' = 
lo~ cot ic= log ~o: 5S~31' = 

O~ cot ~ + lo~ cot ~C = 

o~ cos b ~ 1C3 C03 73°50' = 9.4447 - 10 

1e Ghec1~ is sat1sfacr;ory conside~inc:: the ffi.-c1::..:>r 0 

the above relation-=-._ 

part s (A·, B·, 

__ CO!!lP'.lt ing C incresses t1i.e amoun 

._ quadre..ntal soherlC 

~ica.l triangle 

., 
i", 

:'ollot-. _ 

'-~S~ one sice is e~ual to ')Ov. ~le polar ~riangle 

triar:.~le is e. ri;<:ht-.::.;17;led spherical trlang.le. 

an be solved ust.n;::: wapler l s ru:..es and th­

converted in~o a solutio~ of ~he uriginal t~iangle. 

polar 'triangle 

179J. (Fi 5Ure 19 

= l80-A I 
; a' = lBO-A ; 

..: :::: 180-3'; b' = lBo-B 

c = l8o-c· c/ = lBO­

h=: 

~ -' ;.V J a = 151°30', 





!j. 

= 18o-a' = 180-2.5°:.6' = 1540 44 1
;
 

b = lEW-B' = 180-?6u20~ = 10)°40';
 

C = 180-c' = 130-63°24' = 116°)0
 • 

It 1s ""',)osslble t altnough usually flot the most convcn­

to solve o~har oolique sDherical tr~a~~Les US~. 

s and ~aD1e~'s rules. A large os.rt. or" -ens 

--ill	 ·08 devo~ed to solving oblique spherica.l trl-angles 

arcs. i'lost or the next two chapters will dea 

ving oblique spherical t~ian~les by ~ore el&borate 



en: :-:l~ E. 

c._:. TRl 

The m~thods 0_ Ivln~ obll~ue spheric trian~les are 

'rin'l;>d.. T'nls cha":)te~' -.·.. i co~slder solu~1ons oy. 

gles, (2) the law of si~es, 

aw 0 oaines in l:erms of haverslne5 

ethods will be considered in the nex~ chapter. 

ules 0 pecles obliwue sphertcsl triangles will 

o that 6X~l!l!Dle f solutions can b arrled t. 

0:' t:h ~s of 1 e bive~ in the next 

·-Pte:' t;he for:r.ulas essen1:.1al for L.hei~ broof hG.ve 

01)8 

-::'va.:llol <' solut s will not nUffiero~s e~o~gh to 

_Jb v::'i:1te each method of soluti:m 'oJi th each ot the 51
 

c casas olv OD.!-1·J\.(8 spherical -r: s Al
 

possible cases ~il e considered by a~ leas~ one
 

... _;;~:oa. ot' solut 10 

ml1e s" 

o.::s:1"ole cas in solving ob:iq,ue spherical triangles are. 

Given ~he thr~e sides.
 
G_'Ven 'the t~1.re.:: a!lsles.
 
Given trte two sides and ~he included angle.
 
Giyen two ar:gles and t.he included side.
 
G:ven tKO sides and the angle opuosit.e one a
 
Given two an~les and t~e side oUDosit:e O~
 

[5; 1891. 

~. 
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s'~nd 

y 

" p
"­

"­

" 

ases I 

can be con­

0:' 

ight -ansl ed 

x:d 

Umre 21 

and II. 

-._.-....WL3S 

obli~ue s~herical tTl 

~ 

''''u 

d3D of i:=hese rtght tr1a~gle 

~Y 

.for C.9..5es 

Tffied are ACD and ECD s bot 

T 

is possible to solve 

~ and N res~ectlve 

speci 

bel the par~s AD 

~s par1;s of angle 

F1p;ure 20 

Tespec1;lvely. where the al~ebra1c S' 

is, m + n = c. Label tne ~r.gles opposite the parts 

,;;;:;w he:'p "co make the soluljion e~ s 1er 1;0 perform. The 

e follows. 

_nrou~h any ver~ex C of a spherical triangle ABC pass 

n or tne great circle that is perpendicular to si 

slde AB extended(?i~ure 21)a~ D. 'l'iie "two 

\.~c 

., 

.... 
~ oJ. 

..... J "criangles 

si':'c_ 



4 

to the develop~ent of a sneci!ll !"ormu_ 

their solutions m~ch eas1e~. :~ each of r'l>rures 

us!.n~ l'~apierf r:,; :ules O~ parts b, 

~CDt COS ·0 = cos n cos p. LH:~\'fise, i!1 r~f.l:n-

os a = ccs p cos m. u~on solvi~5 each of 

hios for cos p, ~~1 ~hen equat1n~ the reSUl~ 



9 

s"Onerlca~ 

(~ii ) 

(1) 

(i1 ) 

- 9~rts of 

, 

he !!leans to 

After the narts 

A 

of 

• 

sing 

are ~osi~lve ~ak 

the p~oper values, an 

'he re::alnde:::- of tne 60­

~(a-b) c' 

~ J8040', ~~d c = 63°30 • 

spec'tlvely. Recal: that 

:l- I , 

"'''''d 

~ules ~o rind ~ne re 

• ~he rig~: triangles .~D and BCD ca 

~a~ ~(a+D) :an ~(a-o) cot ~C 

) , 

CD perne~dicula= to side 

A3 ..las ext ended or l;ot 

.iven the thre~ sides. Let A3C be 

~ example will seTve to be~ter illustra~e 

anU. ..D 

d - 23°?Q' ~ Tn -_IJ. _01.1.1. ,_ 

mul 

--ur-place logari&hms the computation 1s: 

ta~ -i:! (a+b) = log tan 44° : 9. 9o!j45 - 10 
~ac ~(a-b) = log tan 5°20 1 = 8.9701 - 1 

~c ~ log cot 31°45' = Q 
og tan ~(~-n) = 9.1033 ~ 10 

, I ) ;:; 801?'.~~m-n 

~~her~cal triangle of case I or 

~ section, substitutin 

~~ which a := 49°20', 

'- (m-n) ;:; tan -~(a+b) t;a 

= -'0 + e(~-n)~ an 
,.. 

= io - i(m-n) 14 ;169 

~~c si~ila~ to Figu=e 

't 

_" ..us t from 1L. == ~c + ~ (m-n) a:1d n = 1c - tCm.-n), 

"l-j e s 

"t 

11 

= C Hnd that the sign 0:' !l1 El!'lQ 0: n ~:ill icdicat 





.l 

.)1 

= 97°36'. 

all six ~ar~s o~ a snhe~ical trL­

~l in checking solutions of t~iangles 

develo~ed in the ne7.~ c~ap~e~ so ~ha~ no check 

at tais ~l~e 

the _u --9._es. Le t .tW3C b Sphi;::'­

ch A, , E..nd Car:;; knol'lTI. ?errorm ­

se = O~ polar tri~n~le A'S'C' t obta.1n1n~ the 

~~iangle P~CIJ;170 ~ exa~ple of this case 

v giv or tr.1S olu"t~o 

the included an51p. 

triangle '-:'l~Ch the values of A, b J 

00 t~e en~s o~ one 01 the sides(b 15 use~ a 

the arc CD perpend~ ar t;o ~he opp t 

C~ opnos1te side exta 'See Figure 20 or Flg~re 21). 

) -'-~" rlgnt spherica.l t 

se III. Given tw 

e ACD, a are Kno~-m. s 

.. , p, d can be ~o~nd ~sin~ Naoier's rUles, 

vlng the sa~e species. Thus. m = 

'hen a is les han rn sho\\,ing D n s~de :aC ex-

Then, p and mare :-Q1own in triangle BCD makin.cr 

::>f B, a, ar-d M Dossible by Napier's rules 

A 

t 

_..s ... ~:.p.1.e ot" ~he next case will partlEl.llY nelp to l.L.. us'(,r 

~:= ~~0~~a aescribed in this case. 



~? 
-'" ... 

--e IV~ Given two __ ..•__ S E:.!'1d the includei side .. (; 

a.l triangle it: ~:'11. c1: b., "0, Si.r.d C are knOi~-n 

ex of o!:e of the an~le5(C ~s used here)p 

cUlar to tnEJ oopcsite side or onDosite e',-­

22)In ~igh~ spherical triangle AC~, kno 

J.'~aDier·s rule 

to solve for D, ~ 

P to have the
 

as and l~tting
 

",he fac'Cors
 

Th; 

a negative val~e 

Ie BC:) is re 2 

tr i /a.ttg1 e .8.BG 

Ie Be:::> p and. 11 are kn':)W!l so that m. e.. El..TJ.d CE 

,C ::.our~dl?;171-172J. An exa~ple follows. 

uupose A = 142°10', b = 55°40', and C = 105°30'. 

ri~ht snherlcal ~riangle ACD, sin p = sin A sin' 

= cos A tan b, and cot N = cos b cot A. Th e C om:cu ta­

'"'our-place lO,Q;arl th,~ 

- ~og sin 142°10' = log sin 37°50' = 9.7877 - 10 
• ___ b = lOti sir.. 55°40' = log sin 55°40' = 9_9169 - 10 

og S2.n P = 9.7040 - 10 

=yo?P:,. orP 
.... 49°34' 

...... 
..... 

....... 

Co 

c 



~J 

bless 

= 

= 

= 
::; 

= 

cos 55° 
tan :37°50 

O;i: cot 

co 
an 

log ...= 

o90 implies p = 149 .... )1' 

1 
log 

o 
) 10­

Z010 
55°40.' = 

Q. ,55 ~o = 
_42°1('1' = 

fit A grea~e 

cos 

that p and A,eac~ greater t~en 90 0 a 

10 
o 

or the factors deternlne the species or n an 

tic 

l.­ = log cos 
= log t 

~lies that nand N ~ust each be greater th~n 90 

1,;;; check the results ob~ai!led so f=.. 

= C - N ~ C = 105°30', a!ld N = 113~J9 t , the resul~ 

= -80 09' means th~t D is on Be ex~ended ar-d th 

xter10r to triangle ABC. Thus, in i\'orldng with 

_c ~CD it must be noticed that ~ W1ll oe ac 

1 is acute and negatlve 4 ana tha~ an~le ~ in 

~eally the supplament of the angle B in tTi­

th&t 1s beir:.g sought. The negative sign of M 

'iC "'\ gr~ored. ~·men sOlving !'i£,!lt triangle BCD so the 
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og cos 8o~. = log COE 8°9' = 
~ log c~t 149°34'= (n) log cot 30°20' = 

log cot. ~ = 
c := ~..1..!- n!' 

• 

_cg Sln 1'+9 u J4 1 = log sin 3,:>°26' = 9.7046 - 10 
= 10i=!: tan 8°g' = log tar.. 8°9' ~:;.lS60 - 10 

o£ tan !1 ::: H.~bO/) - 10 

ill ::: .L~ or 
,'''r:05~'.:> •• 

-4°9' since 
M 15 negakive and 
aCl..l:;e. 

~- -::: log cos 1'+9°34' ::: (n) !.og cos 1U 0<::0' = 
-_~ ~ = lo~ sin 8°9' :; log si 

1 -

CEO = 

.8 snecies of s an~ CBD are determinea oy 

Since triangle 3C~ is exterior to ~rian6~e 

g 1'1 is acute, the conclusion is that m ::: -4°9' 

E = 180 - BCD and m + n ::: C, SO tha~ the co~pleted 

.. t;O triangle A..9C is: 

= 149u 19'; B ::: 82°59 1 
; and c ::: 126°42' 

'::;as~ V. Given two sides and the angle onposite one 0 

et JGC be a 5uherical trlan~le in which At o. and. a 

hroul2:h C, the ver~ex of ~he i~~erseGtion o~ the 

si~esJ pass "tr:€ arc p of the grea~ cuc.:...e 'Perpej:. 

_c~L~: ~o third sine or third side extended ~~ D.(Fig~re 2J 



8°20' • 

:15 

=nJ 

""y De "two 

'tan ill = cos 

1 

or 

3°1 

!:"1.JZUre 23 

.."". ~ 

= 

"auler's r'J. 1 eo:. , 

A.. aJ 

va.lUf; onJ.y bet\.;een p a.­
-oe one solut::'on. 
value between p and 
will be possible, 
ution--a ri!Zht 

and. p iGhe 

o 

, 
t 

h~reforeJ for two solu~lons ~re:> p, a < b, a < 180 0 
- b.< P t B. > b, a > 130

0 
- b 

elue bet~leen p and. bo L,n 

A = 5 

- 0, '{;he~e ~.: 

ter~ed..i&te i 
, no solu"tio 
will be one so 

le 

05 cos 48°20 
og ~an 58°30' = ~.---r 

log C o"t i1 = ­ -
_ )2°)."
- &.(" ...... 'w' 

, ::j?0';Q ' , . 

values OJ 

= 
= 

_ c 

p = 
e. 

1e condition 
acute-I 

..... obtus 
must be tnt 
1800 

us~rat 

eXEl.ctly one sol 

t:l trla~gle ABC. 

; 129 Jgives -the f 

05 co 
og tan 

and solutions oo~a~ 

'0 i 

_':::~ht spherical triangle ACjJ" USln 

= !<::1T1 A sin b, co"; 1'1 ;: C O:.::i 

... ~-. 'l'ne comp:t;;a"t i on is:.... - ...... 

log sin A = log sl~ 58°30. = 9 
lo~ sin b = log SLn 48°20 

log sin p = 

0 = 



Th 

are: 

.0 
~.ac 

:r.. 3 ::::; 

lble.(Figure 2J) 

ound above !e 

ar rela::lon­

10 

10 

give 

e p 

o , 

d. relat_ 

C:J(s 

u 

~O 

. _ -­ I _ 10 
- 10 

__.c 

o be acute i'1hlC 

)the ne 

as a~d ~he value 

y sol~t1or.s will be possible 

st 

n ::::; l8oSE.· 0-''' 

161 oG2' 

cos 43°10' ::::; 
cos ~. 'O~~, ­

... )..) -
Og cos n ::::; --~---

COZIluu,tatio 

sph.eric8.~ 

1 

lnter~ediate be~ween the values of 

19~~ of i~s ~actors also ind~ca~e 

S, 1;WO SOlU t.io..._ 

t:::-ianv,le E' 

lue of :p is e.cu 

56 

C02 A : log cos 55 u JO = 9,.7181 - 1 
ta~ b = lo~ ~aJ 45°20 = 0.0506 

O~ tan m "" 9.7687 - 10 
_ ... C"4 __ 

::::; 

to see 

s lntermedlate be~ween the val~es of p and b a 

• 

~ 

cos a 
co 

u 

= ~os a/cos p, cos ~ ::::; tan n co~ B. a 

-'-­

.:,/51.. 

.l.~ './~-b 
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- 10log 0.42430 =
 
colog sin b = colog sin 54°20' =
 
colo~ sin c = colob sin 69°23' =
 

log hav A = 

A = 96°44 9 
• 

Therefore, the solution ~o triangle ABC, without nee 

to refer to any rules of species, i 

A = 96°44'; B = 125°41'; c = 110°37'. 

ase VI. Given two angles and t~e included side. 

Dages 54 and 55 of this chapter case V was discussed and found 

~o be ambiguous as to the number of solutions possible. Con­

ditions were Given for determining the number of solutions 

under the method of solution of introducing an auxiliary arc. 

Case VI is also an a~biguous case. The law of sines 

Lakes an analysis of the number of solutions under cases V 

or VI relatively easy. 

Let ABC be a spherical triangle in which A9 B, and a 

are kno~~. Solve for sin b by the law of sines obtaining 

sin b = sin a si Isin A. 

Depending upon the given parts there may be no solu­

tion, exactly one solution, or two solutions. With the 

parts as given there are the following possibilities: 

1.	 If sin b > 1, there is no solution. 

2.	 If sin b = 1, there is exactly one solution, With 

b = 90 • 
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3.	 If sin b <1, there may be one, tw~, or no solu­

tior"s. 1,.Jhen sin b <1,) an acut.e ar:.gle a~d. i1::S 

~up~le~ent are oath possible sclutio~s for b ana 

~ust be cr-ecked by r~les of sU8cies or ot~e~ ~6e~s 

for	 deter~ining rel&tions~ips between s~des a~d 

ungles of apherical ~ri8nslesJ6;197 

~s ar. illus~ra~ion let a = 72°9 B = 118°~ and A = 57°6 c o 

T~e	 CO~Dutat:ion for sin b to deter~ine the nU~Der of sol~tions 

-:. C • 
_.;J • 

los sin a = log sin 72 0 = 9.9782 - :0 
log sin B = log sin 62° = 9.9459 - 10 

colog sin A = colog sin 57°6'= 0 0759 
log sin b =10.0000 - 10 

b =	 90°. 

Since b = 90° there must be exactly one solution to 

vrlangle A3C. It is i~Dossible to use the law of sines to 

wolve for c and C since neit~er one of them is known. The 

laws of cosines and haversines are also not useful in this 

sltuatio~. It would be possible to pass an arc through a 

vert:ex nerpeniicular to the op-

pOSlt:e side ~s was done in the 

first section of t~is chapter. 

~1is	 would be the only possi­

~llit:y ~ad b not been equal to 

90°. Bu~ b = 90° implies ~hat Figure 26 

~O~~~ t~iangle A'B'C' is right-

q 

C 
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..... ,",ngled. E...t D • T~us, usins 1'~3.n· ~ rules on rl~~~ ~r_-

--
0 ...nt;le A~n'C' i n 1J~n i c~ }3' -:0 ,= 900~ = lOb , b' = 02 , .3.,_ 

r' _ 12 ?0~~, tOne -"0­

r 

.:< - -J", -- las needed. e.o sol'Te -t or C' &::'".:. c' 

:=>ov. 
cos C' = tan a' cot b'; ar-d cos c~ = cos bf/COS a'. 

7ne co~putation is: 

log t~r.. a' = lo~ tan 122°54' = (n) log tDn 57°6' = 0.:'S92 
:"Og co~ b' = log~ cot 62° = log cot 62 0 

9.72=17 - 10 
103 cos C' = 9.9l.-+j - i 

v -:l/t0"?"" --~ ......__0'" 

1 1 50 . .- ,"'"':" ~u. 

10E, cos b' = log cos 62° log cos 62 0 = 19.6716 20 
log cos a' = og cos 122 0 54' = (n) log cos 57°6' = 9 7~SO 10 

log cos c t = 9.9300 _0 

c' 30 01 '), 0= 
149°47'. 

The odd number of ne~ative factors deter~i~e the species 

o~ C' and c l
• Thus, in tri~ngle P3C, ~he solution is: 

c = 340 42 ' ; C = 30°13'; and = 90 0 
• 

The nex~ cnap~er will be devo~ed to developinY 

_or~ulas for s01ving spherical tria~gles of all types and 

~o be able to give ~omplete solu~ions of these tr:ansles. 

_.. ~re ~ ill also be for::lulas th3t are easily solved by log­

~rithffis, one of ~he disadvantages of using the laws of co­

ines and haversines. 



~:';'?T~l-~ =.v 

Si-3CIlc.L "'l:::T:-:OD3 (.,? ~0LUT.!>J:'­

This cnapte~ ~ill be devoted to ~evtlonin~ 3ueci&l
 

or~~l~s for ~~e solu~ion of sphe~lcal ~risE~les. So~e of
 

tr-ese :oy~ulas ~ill have &s a Du~pose t~e solut~on of a 

r-z.Y-:ic-..ll~r pGrt o:~ tr_8 tY'i.s.!:sle ,'7hile ot!1.ers '::ill be 'lset'.11 

in find~n~ a co~plete sol~tion of a spheric&l triar-gle ­

ar a certain set of conditions. Formulas will be developed 

thSl:; a ::Lost useful in cnec:.l.:ing the !'esults of a solutio~~. 

T~e r.a~es of so~e of these fo!'~ulas are: hal~ ansle for~u­

; hal~ side for~ulas; Gauss's E~uations; Dela~~re's Anal-

o..:ies, and Napier I 5 J.Jlalo£ies. Spherical excess ~ill be 

a':'scussed. The t~eore~s of Girard, Lhuillier, a~Q Ca~nolit 

~nd a :ormula ~seful in cO~Duting snherical excess will be 

iarived. The rules of suecies for obliQue snherical tri-

I.ar:.o::les stated i e last chapl:;er will be proven. li:ni l:;€d 

:r.:'J.llber of exa:rrples 'Kill be consid.ered so that the use O!' eac .. 

~v~e of e~uation, for~ula, and theore~ can be illustrated. 

I" FO:~L'1UL.n.S FO.fi i-:J...LF J...l.JGLES 

"'he for:nula.s for \;alf angles ~~ ve "Che solut_on to 

half c~ a~y a~3le o~ a s~r-eTical tTia~g:e t~en all thT6e 

id.es of the triar-gle are 1{nOW~1 ~alf of any angle can be 



Th6 derivatio~ of th~ hal~ ~~3le for~~l~ :or ~~~le __ 

Us:n~ the aaditio;­ ider.t~ty cos(x-y) = cos x cos y <~ 

'i 
I 

• 

o 

r:'f-: es e 

-sin X, so 

• 

o 

"r) sin c - cos 9. 

cos c 
:1 C 

__ c~(b-c) - cos a 
- S121 b sin c 

cos 

= sin 4(~~b-c) sL~ *(a+c-b) 
sin b sin c 

_ -2 sin }(b-c+a) sin ~(b-c-a) 
- sin b sin c 

= cos b cos c 
si 

1 - co 

- cos X = 2 sin2 ~X and sin(-X) 

cos _ 

sin2 ~-
G 

1 - cos 

':'he_> , 

But, 

Proceeding as above it is seen ~hat 

1 - cos 

~ou~~ by the sine i cos~n~1 or ~sn~ent f~nc~io~s. 

t ~ v"th for~llD ("2) ~~1··-c." ~n~ c-~ r ~~-r iS Hr~;:> .,1 " ._~ ~ _ ~·.... _v~ _ .... _ u::.> .'i.., V ••_IJ _S 

Using t~e prod~ct fornula cos x - cos y = 

sin ~(x+y) sin -~(x-y) on the numerator of the last e~~a-

tion, the result is 

sin x s:n y on t~e nu~erator of ~he right hend side of the 

This result ~ill be condensed after expressions for 

oos2 tA ar-d tan2 ~A have been develoned. 

last e~uation, the result is 

the last ~~ua~ion becomes 

:or~~l~s era Dar~~cul&~ly usefal in a casa I solu~i0n. 



75 

cos a - (c .:;in :J sin c)-'- cos A = 
s:n b sir. c 

U,.,.·y,..,· O'=' '..,-, ) - c ~ y , - y _ ~~.,., .. -\.., r;--::> -.::.­.:>1'-0 C ~\ ..... TY - 0.:> ~_ c ,:, A i:>_-,-. y, .., ...... _'­

sul~ is 

1 + cos A = cos ~ - cos(c+c) or
sin b sin c 

2 ~~ _ -2 sin ~(a~~~c) sin ~(a-b-c)2 cos W:'1 ich is2-- - S:"l: b sin c 

= sin ~(~+~+c) sin ~(b+c-a)cos 2 "2A 
s2-no s2.n c • 

. ?J./2,OU7., tan2 iA = Sln- ~A cos ~A, therefore 

t D r. 2 ~ = sin }(a+o-c) sin ~(a+c-b) 
c.:A • ::3 

sin ~(a+b+c) sin ~(b+c-a) 

If the peri~eter of spher~cal tria:lgle ABC is given 

"he value 2s, then ~he following relationships allow a use­

ful sioplification in the results just obtained. 

If a+b+c = 2s, 

sin2 ~A = sin(s-c) sin's b)
s11':. .~ sin c 
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(28 ) 

(26 ) 

(25) 

(22 ) 

(27) 

(23) 

., 

15;2081. (24) 

,~ = 

=J~in(S-b) sln(s-c) 
sin b sin c 

;B = ISir:(~-a) S~Yl(s-c) 
2 Aj' ~ln a Sln c 

? 
-C8.!!­ ~-L = 

cos.:: 

ts.n is = 

• ISin S s'·n(s-b) 
cos zB =~ SiL a sin c 

sin 

sin E­

S ~~ = cco 2-­ ''-0/ Sln D v 

~ /Sin(S-b)
tan 2~ =,. sin s s 

Interchanging 3 and C and band c in (25) through 

, . i ' ,.. <1" 0 0 _'A _1~ ,', < '"' ,,' 0 "" . 'r' ~ ... ~ -",,-" C' i;:) L,~e H. 0 , ~_.... jv, ~YEl "'C •• L!.:.> Lj,)=. 2:\. lS :90..,_­

By symme"'Cry, that is, i~terchangiLg A and B a~Q a and 

side, U:e Tesul tL'1g ~~s.lf 9.~-:s1..e f':)::, _1.o.12o.s ..:,... or arl3;le A aT 

tive as is ;:;an -tAo Taki!02; t!-:.;; ~T:"!2G~";)9.1 S'lW1Te TOO;:; of each 

b in for~ulas (22), (23)~ and (24), the half angle for~ulas 

for angle B areg 

(27), -che Tesu1ting half ar-gle for~ulas for angle Care; 
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cos -~c =
b (29) 

tan }C = 14;1771c (30) 

_" part iC-.llar advant2.2;e in us iqs tr..e talf c~:1t;le I-O~!:l"-

las is -cl-:at rules o:~ slJ8cies ?leed not be referred to. Ax:. 

cu~e value ar-d a~ ob~use value will be obtained fo~ hal_ 

o~ the a~gle being sought. The obtuse value is rejecL;ed 

Since this Ko~ld make the whale angle greater than 180 0 • 

_~e acu~e value of the half a~gle is doubled to ob~ain the 

solution to the angle. Another advantage of the half angle 

for~ulas is their ease of cOffiuutat:on With logarithms. A 

isadvantage is their snecialized application, that is, all 

~hree sides must be knoTJm. T'his is not really a disadva,,­

tage since otter formulas will be developed for solVing 

other cases. 

II. FOR~UL~S FOR HAL? SIDES 

The formulas for half sides give the solution to 

half of any side of a spherical triangle when all ~hree 

angles of the triangle are kno~n. Half of any side can be 

found by the sine, cosine, or tangent functions. These formu­

as are particularly useful in a case II solution. 

The derivation of ~he h&lf side for~ula for side a 

tayts with for~ula (15) solve~ for cos a, ~hat is 
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COS A • cos ~ ~os Ccos a 
si~ :3 Si~1 I:; • 

The;}, 

c - cos ::: css C - cos A , - cos -'" -­ s~n 3 sin 

--sing the additi.Ofl iden"City cos(x+y) ::;: cos x cos y ­

in x sin y on the nu~era"Cor of the right hand side of the 

las~ e~uation, the result is 

1 _ cos a = -cos(E+C) - cos A 
sin .l:i sin C 

Usin3 the product formula cos x + cos Y = 

2 cos ~(x+y) cos ~(x-y) on the numerator of the last equa­

tion, e result is 

a ::;: -2 cos 1(A+B+C) cos i(B+C-A)1 - cos 
sin B sin C • 

But, 1 - cos x = 2 sin2 2x, so -che las"C e~uation be­

comes 

1 -cos ~(~+B+C) cos ~{3+C-A)sin2 2"a = sin B sin C 

This result ~ll1 be condensed after expressions for 

008 2 ~a and tan2 ta have been developed. 

Proceeding as above it is seen ~hat 

1 + cos a = cos B cos C + sin D sin C + cos ­
o 

Using cos(x-y) ::;: cos x cos y + sin x sin y, the re-

SUit is 
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(34) 

(31 ) 

(33) 

()2) 

15;210 

Knic. 

o 
9 

0:''' 

'~(";:'..!..C-.1)- -.JI ,... 

-J(A+C-2) 

-,"(A~C-D) 

C 

(~OS 

cos 

,... 
'" 

., 

J -~os S cos(S-A) 
=/'.:. cos(03-B) cos(S-Cl 

cos~ L~.+B-C) 
-cos .. _..:.."::l_(')

\ ".­ ~ 

, 
~a. 

~ cos - -­

tan 

l _JCOS(S-P) ~os(S-C) 
cos ~a -. sin 3 Sln C 

I-cos S cos(S-A)
sin ~a =~ sin B Sln C 

, 
~~a 

t ~n2 ~.~ 
G.. 20.. 

:L + cos a = 

cos2 

l~ 2 CDc.
·2-0.. = 

Let A+3+C = 2.3, 

'C:-J.en &(A+B+C) = 

i(3+C-A) = S - A, 

~(A+C-D) = S - B, Jand t(A+B-C) = S - Cg 

Ey sy!!l2Jletry, that is interch90Ging A and 3 and [. and 

rf''1us, 

2 cos 2 

~ ~~ :or~ulas (J2) thr~ugh (34), the half side for~ulas for 

the resulting half side :ormulas for side a are: 

side bare: 

If the appropriate :ormulas in group (31) are SU"­

sti'Cuted in the results obtained for sin2 ~a, C052 2a, a~d 

tan2 ~a; and the principal s~uare root of each side is taken, 
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(36 ) 

(35 ) 

;cos 2"b = 

s~n -~b 

_ ... / -cos S cos(S-3)tan ~b (J7 )- ~ COS(S-A) cos(S-C) 

Interchanging Sand C aLd band c in (35) throu3h 

(:;7), the resul~ing hal~ side formulas for side c aT 

sin 4s-c = J -cos S cos (S-C) ., (35 )
- ~ sin A sin B 

cos -;l;-c = J co~ (S-A) _cos (S-B) (39)Sln A Sln jj 
9 

~an ~c = / -cos Seas (S-lV)
- 2 .1...' #_ ,,( \ 115;210-2111. (40)J-. 

r[he ide for~ulas have the same adv8n~ages a~ 

t:sadva~ta~es stated for ~he half angle formulas, they ~!"-

c.Ll.de: all "three angles must be lmOl-m; the co:rlDutat; ion is 

readily carried out with logarith~s; and "the Quadrant of the 

", de fou knOl~ without reference rules or snecies. 

~II. GAUSS'S EvUATIONS OR 

DELPJIIBiiE t S A~~ AL OGI ES 

~e four e~uations~ 

u"inJi.Ccos ~(A+B) cos tc = cos ~(a+b) _ "'=- , (41) 

sin ~(A+B) cos EC = cos ~(a-b) cos -EC, (42) 

.:L .:I..( b) . lCcos ~(.A-B) SIn ~c = Sln ~ aT . Sln ~ , (43 ) 

. _ - 1 ( ) 11z(A-B) Sln 2C =Sln 2 a-c cosz-C, (44) 
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.' - ~:=11e":; l,p"S""S ";' ·'a... l· C' 0"" -""-l-==m' T'~'''' t4\""'lO'''"~,:>sl'':: 1~-c..rt:: l.,;r._ .... \...... J,_".A. U ---''1.''''- t", u __ , '_ l...J~._-.•lD_c v ... _-'-_ b-." ....i, ... ::>.) 

':'"~e derivat;ion of (4~) ~3 a2 :'ollo;-:s: BY?.rl rrd·ii:;ion 

d..e!:L:::" ~', , 

1.( --e' lJ :L-,cos 2 A+~) = COS 2~ COS 2~ - Sir: ':If!... si!! -5.:i , 
~ . 

and s~~s~itutihg i. fO!'.:!ulas (23), (26), (22), a~d (25), ­

esu1t is: 

l 'O'in s ""'l"\/~- s:.n s sin(s-b}~- -_.-­cos i(.-...,.S) = 
sin b sln c • sin 9. si::~ c 

s:~(s-b) sin(s-c) sines-a) si~(s-c) ;sin b sin c 0 sir:. a sin c 

_ sin ~a!' cos t(A+3) 
si~ c 

sin(S-c)JSLn(s-a) sines-b) 
sin c ' s in a S .in . 

or cos ~lA+B) =~si~~s-a) ~in(s-b) 
s::.n a Sln a 

Upon usi~g (28) and the ider:ti:;y sin x - sin y = 

2 cos t(x+y) sin ~(s-Y)t th ast equat;ion siL:plifies to 

(S+8-C) s:n ~t~~s+c)cos !(A+B) = sin ~c sin c 

But, cos ~(s+s-c) = cos(s-~c), sin ~(s-s+c) = sin 2C, 

n~ sin c = 2 sin ~c cos ~c. ~~~S, 

L(A~)- - 'cas 2 +~ = Sln ~ 

C02(S-~C)cos ~(ATD) = sin }C 
cos ~c • 

; or 

_~lso, s - ~c = '~(aTb), and the last eq·.lfit;ion beco'!les 



p ..,
.JL 

., 

-;­

-;­

; 

; 01 

; 

J--c , 

, 
3,in -~'3 

ccs f;(a-b) 

cos 

( 
Sin S +,sin(s-C)). 

Slfl c , 

sin s sin(s-b) 
" C 

-=5C cos ~c --­ - ­ - -) ; 
~ -

a sil: c 
!"\ <:'i~,("'-"")J "-'" _ .... _ -..J. V 

sin 
sln(s 

" 

";§-': 

, J ( -)cos 2C =:: cos ~ a-o 

s sir~( S-3) 

os OJ (A-;-5) =:: 8i':-1 

1(1.--5) = sin 

sin b 5i::"_ c 

sin -~'(A+B) 

sin ~(A+3) =:: cos 2 

COS 

T;tn(s-?) ~in(s-c) •k:/ ~sin 0 Sl!l c 

cos l(f ~) - ceq ~A "OS ~~ + sin ~A Sl"n ~B •2 J4..-.w - -:2 v ;2J-J _ .. ­ 2 .4 2 , 

J C' i·.... ( s - b) ~ ~ 0' -' -,' -) v ••~(L~~ = "02 _.' - Sln 

cos ~(A,B) COS rC =:: CJS ~(a+o) si~ ~C, 

~~~ ... -dirC" .-,-. ~"-OH- \.• .;- ..... <-.. J-_(~ ,:::) t,., '""e""'iv·"~l·or. __ ocee _~ ...~~ C4.~ ,",,""u vt:: .... l".l S_..:..~ 2: :"_'1....", .... f; ........ _.-:""u -­

'" • n )" ( I . ...:..>:.) - C" 11" l. ~ C '"' S '. c::: + ,... r .~a.L 2 _"1..;...J - U . .J. ~..... ...., ~)__ ..... J ..... 

is 2~~~~lo~ (~1)o15;2121. 

in ~(A+~) =:: cos ~C 

~2) 1s as follo~s; 

COS ~(.:"'-3) =::Jsir~~s-a) ~ir...(s-b) 
• 0 Sln a Sln 0 

S ''l1 7>_... ­ ... 

hich is equation (42). Likewise t 
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_ 1- ( ~- 1. -. ~.; n .\ (- .h) )r" ~ __ .._ ~ .,a.T_.
vO::> 5 ~-.:::.) = s:'n ~2 v ( Sl~ ~C 

'( ~) .::... l.' ') ,cos ? ~-~ Sln ~c = sin ~la+o s~~ ~C 

··.."iich is BCll.,;.B-clOt!. (4). As ·G.;:~·o::-e 

., . (::. -).in ~ \ ..-b = sin ~A cos ~E - c~s ~~~ si~ ~3 

f ... ., ',- r ~ I').::. .... J.!. ~-'J .s ~~1 S sin ( s - b). :. (' -)S.!.t!. -;... .?-n == 
sir" G c 

~1'~/~ ~) -i~(M Co)J s in s s i;;"l : s -:c. ) ..:.. ~., ..... -.:;~ ~~ .. .:,)- .,
sl~ b .sin c • oS :'.:.. cl 5 i:r-_ c
 

sin ~(A-B) =~Si~ s Sin(s~c)
 
Sln a sin 0 

}..c (2 cos };(2s-,:;-b') sin 1. , (~-b). )sin ~(A-:9) = cos 2 ,L
r'

Sln ~-c cos ;,;c 
w

1. ( • 
s~n ~ A-3) == cos zC 

sin i(A-3) sin }c = sin ~(a-b) cos }C 

,,:hich is equation (44). !'Jo-cice til.at equations (41) through 

(I.;.L,.) each involve all six narts of snherical triangle A3C. 

This i~vo:vement of all six par~s of a snherical triangle 

ft~kes these formulas most use~u: in checking solutions of spher­

ical ~~ianglesI6;1941. 

,Mitra 111;60 I states t~at e~uations (41) through (44) 

~ere discovered by Dela~bre in 1807, alt~ough not Dublished 

un~il 1809, and are sometimes improperly called Gauss's 3Qua­

) 

; 

t~ons. Sart16;193 > '1'aylor 114; 182 ~ and C~ockettI3;153 give 

botl-: ._ credit for the formulas. Wentworth I 15;212 I gives 

~he cr~Qit entirely to Gauss. 
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..8.-:ier f s ;'.nalogi8s nro·vid.e uset:..ll ~eans for cb~ainin-

D~r~l~l solution ~o cases II: or IV. Invalvin~ five D~rts 

..... 5D~erical trianRle A3C, "they a:-E: .. 

tan ~(A+B) = cot (l.r5) 

= sin f;:(a-b)tan 2U.-3) cot ¥JC (1.;.6)
sin ,;(a+'o)" 

1 'J ~)tan ~(a+o) = cas c., .-;:. .tan fic , (1.,.7)- ~(~~)cos 2' :,.T.::l 

_ s .'.. n .1.;. ( _,,-- B)tan ida-b) tan ·z·c (43)
in 2-(.·,..5) 

The derivat;ion of for:n·.llas (45) t.'1rough (4:3) is not 

t, all dif:icult having developed Gauss's ~q,ua-cions(Dela.,il.-

~re's ~alogies). For (45) is the result of diVidi~g (42) 

by (41)s (46) is the result of iividir.g (44) by (43), (47) 

LS the result of dividing (43) by (41), and (48) i: tbe 

~esult of dividing (44) by (42). There are o-cher for~s fo 

t~e a~a.logies of Napier, depending upon the parts of the 

t:!'iB.r.gle t~at are ".<.-nownI15;2131. Fo:::- examDle, if A, b, and 

c are the '{nOh"Yl 'Darts, (45) C8.!"l be ~·:ritte!.1 

<-aYl.,.I __ !..(P·C)-JT· 
= cos 1::(b-o). cot ~A2 

cos i: (bTc) 

~~e:::-e the par~s A, B, C, a, and b were replaced by -che par-cs 

-, C, A, c, and c respectively. 
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v. PROO_~ C!" ~lC::::;3 O? S?~·::;I==S ?Oll 

OBLIQUE S.?::E~:ICP-_L ~E3:;_~'i~L~S 

On ;)38;e 58 of Ch.::.pt3!' _:;:I.~ th"O rules of sDE:cies ~...ere 

Eta~ed ~it~ ~~e ad~isslo~ that ~he nroofs o! ~~ese r~les 

K0l11d be gi Vef.L after tr_8 J':.ec~:;sa:-y :~''::'::lul.;;.s n2.i been de­

eloDed.. Tr-.ese r'illes ,:111 be repe.s:.ted and nroofs ~iven a'(, 

-n~s t:iTI6 

Rule 1. If a side(an an~:e)differs 30:-e tha~ ano~her 

sice(angle)fro~ 90 0
) it is of the sa~e species as its 

ODDos1'(,e angIe(side). 

Pre-f), Of o:ule 1. It 1s necess2.:'Y to show that cos a 

and cos A have the S9.:::le sign ~'!he:r.. 'the difference betVJeen a 

and 90 0 is numerically grea'(,er t~an '(,he difference bet~een 

and 90 0 
• olving (12), 

cos a = cos b cos c + sin b sin c cos A, 

for cos A, 'the result is 

cos ccos }~ = 
• 

~he deno~ina'tor of the r~sht side of the last euua­

tion is ah;ays positive so that 'the sig" 01 cos • and of 

cos a - cos b cos c Dust be the same. 3ut, 190 - al:> 

90 - b.I-) leas al> leas bl> Icos b cos c ,. Thus, 

~he sign a! the numerator of the fraction is detar~i~ed by 

tte sign of cos a. Then the si~~ of t~e fraction agrees with 



, 

t. S~~~S 0: COS a a~~ cos __ 50 ~:'1~'C a n:-:- ._ -:lU5 t be 0-' 

the s~~e suec:es. 

~"rnil"'" n""~~esC' "''''-·'1'''''-~ (1"');::.,~".r < u ~_ ._~_v\..;	 ",,-,~ ..... -...J_ .. ,••a. ..::>, 

cos A = -~05 B cos C , sin ~ si~ C cos a, 

:or	 cos a, <the result is 

= COS R + cos 3 cos Ccos a 
silO B sin C 

The deLozina:or of t~2 fr~ction lS al~~ys pos:~ive so 

\;!:a-c -r:;!le sign of cos a agrees 'vii tb the sign of t:"e nu=.e::'El­

to::,. B~t, L 90 - AI > 19 ::.." the' as A I >I cos 31 > 
co.:; :3 cos C a~d as ~e:o::'e t~e sign of cos detcT.::J.l.:'"l8S 

-che sibTI of the nu~erator and of ~ha frac~ion T!:Ere.::.~ore , 

a a!ld A art: of the sa-:.e sU8c:es ;·;hen A dif:ers f.::-o:n 90 0 

y ".lore tr.c.r: B differs froI 90°13;153-1541. 

Rule 2. Half the su~ of any two sijes is of t~e sa~e 

species as half the sum of the op,osite angles. 

P::'oof O:~ aule ~., To sho-I, -cha-c QU... .,..B) and ~(a+b) 

are of -che same snecies. Fro~ the first of Napier's Anal­

°5leu , 

tan ~(J.•.,..B) cos at ic ? (45)
cos 

it is seen that ~c and ~(a-b) m~st each be less than 90
0 

, 

sin~e and a are each less -c~an 180 0 
, so that cos Q(a-b) 

ant cot }c aTe always posi~iva. Thus 9 -can i?(A+5) and 

os ;~(a-r'o) r.:n... S1; agree in sigr~. But, A+B and a+b m.ust each 



i 

::7 

;:;c-S ~·f1a·r. -:;O~OO so :-.;~,-,t. *( ~~-;<.) -::nd. -~,(~~-C) ."1-r;::. ;::';:C;'j L" et.-::: _ ...... _~ v ... __ ,./ , "'_.'-""- % _ ..... _' -- .-; ~. ---- --"- ~~ 

an ". ~:".O _ .,... 't"...... -,..,. ...A.. r., ::) '-'-. i"'" -; l~ ('Co_Ti../.... ) - ~.:: 1""1 -,..... 
~s 1 ::;. C' 

oI _J'-J o.l..1e _ _ 0_ 2~ •• -r-...J __ ~_:~ ~'J ,,'-c.. ",e __• 

tha!: 1300 aYld. t::::.r-l ~(.".+3) ace. Cc>::. :; (::.. '7b ) v aC;:re-9 i~_ s~sr:, 

(A+~) end ~(a,.b) ~ust be of ~ha Ea~e sDeclesI3;15~lo 

VI. :::iCJLtYfIJ_.3 .':'_'!.J C__~C!.:S 

3Y S~ -=C= : .l;.ir:-:JJS 

TKO exa:LDles vllll be c o~3ile:red, OYle of case II a."'l 

._~ 

___\..I.one of C:J.S~ VI, so t"'lat "Che }-.e.-l:t sia.e, half 2.~':.gle~ 

nier's .~alog:es C~~ be il:~8~~d ~a~sS'3 Eo~a~ioLs 

will be used to c~eck ~he resul~s. 

Let P3C be a s~her-

:"c::.l trian~le in vihich -che :'ollm,':'r"s Da!'~s are Knov.. 

= 100°50'; 3 = 00°50'; C = 7~oo 

Half side for~~la 

si- -ta 

~ill be used to solve for a o Fr08 the follo',ving fC!'''!1ula 

or ;J;roup (31): 

c~s~ II. Give~ 0 

C'"' - • • ( ....or.!j-~ C)s = ·t (A+B,Cj , ;:;; ..... = 2' • 

~~ is seen that = 127°50' ana S = 27°. ne CO:IDU~a-

~~on is: 



'0".(0
VI..> 

(n) loS cos S = log cos 52 0
10' = 9.7377 .. 10 

- " 
log cos(~-~) = 106 cos 27° = ';.91..,-99 - :!.O 

~_l~ i n ~ -, c10b-r ". i '-, t.......: 0 0 
r' 0 ~ = 0.OJ56c·..., -_\... _J _ - C ___ J.... .J 

colog sin C = colo:; sin 7..... 0 = 0.0172 
2 10':; 3i::: ,,:3. =19.7004 - 20 

log sin ';ia = 9.8802 10 

~a = 49 0 22' or 
~ ':'0°')"" ,

J ;JC • 

..8.nier's _"_"'1.alogies, ec.u3."Cions (1.;.7) and (43) in teriliS 

of "0 a:'ld c, 

.~.
~ ( -, ) _ cos "::)-'V 1 

t2n -0(b+c) -can 28., and 
cos 2(3+C) 

= sin -h(B-C' .... ~,.,\"c::. __ -2a ,tan~(b-c) 
l_ 

sin ~(E-:'"v) 

will be used wo solve for b a~d c. The co~putation 1s: 

1 0 3 cos ~(3-C) = lOb cos 3°25' = 9 .. 9992 - 10 
c010g cos ~(5+C) = colo~ cos 77 0 25' = 0.b618
 

~og tan ~a = ~OL tan 49 0 22' = 0.OG64
 
log tail '~(bTC) = 0.7274
 

~(b+c) = 79°23' ° 
1 on 0 ..., " , 
- v ;)1 • 

105 si~ 1(B-C) = loc sin 3°25' = 8.7751 - 10 
colog si~ i(B+C) = colog si~ 77°25' = 0.0106 

1 - 0~ /64og t.::::.n 2"a = los "(,a[". !·9 22' = 0.00 
log tan ~(b-c) = 8.d521 - 10 

-1-(b-c) = 40 4' or 
17~0l:'~f;;::> • 

<JThus, b = ~(b+c) + ~(b-c) = 83 0 27-1 and 

c = ~(b+c) - ~(b-c) = 75°19' 0 



O. 

t:'7 

'Iha:~efc!.~e> -:~e S1)lu~:on to ~~~anSLe .l...2C ::"s-: 

- - 900~JI'. b = j-~c?7·· = _.
..;>.- 0 . ..,.., 'J-' c,.i.. ... ""r.'::_\4 C 7)~01 9' 

Using the fourth a~ua~iQ~ of Gauss, (4~), 

S i-"1 -'"-(l:.;.: __-"---JH) S~._';n'~zc -- ~Y1__ :(0~-...h) ~,S~ ~ CO~J 

h9 c~eck	 1s as fellows: 

-_J o 
~ "'.;

~--'--
n --' 

~ 
(A.----'J:: \ = log S:::'::l :o\.,; = 9 g 23j? - 1 

le.:; sin :Ie = log si~ ~7°40t = 9.7,-,61 - 10 
9.025d - iO 

103 sin l(a-b) = lOG si~ 7°33' = 9.1233 - 10 
10o c~s ',,"

~~ -
lor-

VV~
,....... , ~?o 

-
u7·, ~) ~~ 

-
U

-
~ J 

- ;jIJ~;" - "\-

7'~is eo~nletes ~he check a~d ~he Dro~le3. 

Case VI.	 Give~ ~~o a~~les ar-c ~he s:de ovnosite o~e 

of ~heY.:l. Let ABC be a spherical tr~a:!!gle in :·;hich the 

allowing	 paY~s are known: 

8 nO c: , •A 04°.1.;.0' , B = ..J , a = 1260 50'. 

From the	 law of si~es?
 

sin b = sin a sin B/si~ r-,
 

-he c~~Duta~ion ~or b is as follows: 

_03 sin a = log 3iL 53°10' = 9.9033 o 
log sin B = log sin 00°15' = 9.9937 10 

colog sin ~ = colog sin 75°20' = 0.0144 
lo~ sin b = 9.9114 10 

b = 51.}°68 , or 
25 22'g 

~ow to check for the nu~ber of solu0ions. B <: A 

i~plies that b ~~st be less than a and it is seen ttat both 
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.. 0 T\.O soL~tions ~'Jill be possible. I'r.~ fi:-st r~11e of 

o 

10 
10 

tan '.':.-c -,'; 1 1 - . --­

o -::-:e ti'!O sO:Y­

- ... ..-- , [ 
> . 

= 

a~Q ~J = 1 2 =.. °"" 2 ' ~ -./ - ,Te.,­ '0. - c/o-;j,
~- v 1 - ...;-r JC 

:}Cl = 69°51' 

1 = 139°42'. 

og ta~ ~(A-B) = log ta~ 12°12' 
1 ." ( -) 1 -, 9° ' 06 s~n 2 a+o: = og Sln 0 :b 

co10g si~ }(a.-bl) = co:og sin J6°­
log cot ~Cl 

In the firs'C solutio~, ~si~g bl = 5~oJa', t~C C02­

-1" ""~ . C' T~ - ° h "1"" "'; 1"1C"':: 0 cl .... ·-c"!" - "'0° t"'r.Yl ~au \,:;;~ 1 ..... 0_ ~ __ ...... lJ ~ .-.J,J........ _V~ .......... '-'0 '7 . .!..c... toJ ...;;.. 

1 ~, 5403K - 1?-0')?1 1 t'· ?"v-~:'-'8:3 01 0., . ~ arJ.Q. <) ~~ ,a:-~ ess !':.9.n a, 1_0 'JJ , 

e usea -co co::::.nu~a C 3.nd c in ''=:oSlC!'"l. SOl'l::i"••• 

cot ~C = ~a~ ;(~-~) si~ ~(a+b)/sin 2(s-b) (I.rOj.2. ... ­ ~ -­ .j.J 

tan tc = tan i(e-b) - 1.(, "~)/ - l(A. "') (48)Sln ~ h7_ Sln ~ .-n 

In prenara'Cio~: 

= 1C40 1 0'; a = 126°50'; a = 126°50'; 
B = 80°15'; 01 - 5L;-°~c,. °2 = 12-5°22';- ./-~, 

__+B = 184°55'; a..i..b - 1:::1 0 ':>:1" a+b2 - 2-?01?e. . 1 - ",' -, , - )~ ~, 

~-o = 24°25'; a-b1" = 72°12'; c..-c? - 1°');:' , . _ _u, 
-(A.-'-1:J)­ 9?02 rJ '. ;}(a+bi) = 9~0-;L(~; :i. ( • - ) = 120°6' ;_ • .;..J - l-..o ~ , ':~ aTO? 

_(A-B)= 12°12'; ~(a-bl) = 30 0 b' ; -H.st-bZ) = 0°44' • 

_"e sec':i!lC r1;.le St:.p!JC::-"tS 1:,,8 co~cl.l.s~O~ that -c~..... :) so:u"ci.::>::'_s 

putation fo~ C1 and c1 isg 

- '1~106i es, (46) and ( ....3) , solved fo::­ cot {C an 

~or ei~~er v~lue of b_ 

tio~~ can be referred to Kit~J~t con:usion. T~o of Jap:er's 

ar~ Doss~ble since ~(A+3) :3 of ~he sa~e 3necies as ~(a+~) 



01 
/ ­

~ . ~(-')Lv'; "I:.~n: /_ ct- til	 = loS ~a~ ]6°6- = 9.8629 - :'0 
= 10 s~~ 3?03?t0::-::.> "1'''' :;-(.~+;:,,)

~ .... - - - ~ ..... _... f -- = 9.9996 - 10 
lJ-. °-~ T 

.:,).:.

., i"1 .:.- (I\ ;......;~) = colo' s~~ 12°:2' = 0.67'50 
~ -­

-L. <,J ~ :.:?:".­

lo~ ~::t~ ~c: =	 0.5375 

r-.,f',­
.;,..'-'..!.. = 73°49' 

C1 = 147°35 

S ~~o~Cl" sol"~i-r .,~"~~ ~ '25°~2' t~- ~o~-_"'-' _. _lA..l.t_V_ ... ,	 LA"L."oI a '->2 -- _ c. , -Lt v ­

··~a.t~on :'or Cz 2.:11 c2 is g 

"i_ ° 0c- t ",,,Yo -il ( .J. - -::< ) = lo~ ~8n 1_°12' 10
 
log sir: t-(a+b2) = lO~ S~D 53°54' = 9.9')7L:,- 10
 

col05 sin ~(a-b2) = colc: sir- OO~4' = 1. :123
 
lo~ cot ~C2 == 1.1350
 

2"C2 = 4°11 

C2 = 8°22 

10':-; "(.an ,,-(a-b2) = log tarl OOL~4 ' = 8.1072 _0 
l.:>~ sin '~(""_-j-B) = log sin 87°32' = 9.9995 10 

coloS sin ~(A-3) = co10-- c ~_..~'n 1201- 2 t = 0 67:;:] 
10"; t.3n '2c2 = s. 7e51d 1 

,,-c2 = 3°28' 

c2 = 6°56'. 

"'here:'ore, the "(.'j"0 solut.ior.s "(,0 triar:.gle A:2C are: 

'-"".....! .. _-.J	 = 9 .. J~!.ld 

b1 == 54°38'; C: == 139°+2'; c1 = 147°33'; and 

b2 == 5°22'; Cz == 8°22'; c2 = 6°56'. 

~~e checks will each be uade Aith e~uation (44) of 

Gauss, 

Sln ~(A-E) sin ~c = sin ,(&-b) cos ~C. 

nhe cC~Dutatia~	 of the c~ec~ for sol~~lon one is: 

IG6 SH'l ':dA-E) = -03 Slr'J.	 ~2012' = 
7 ~,o" 9' ­::"0:::; sin -~C1 = OO!: SlD .J '"1' ­



- -

5'2 

-'C-_ dn .. :,. ....... 10.... '='i Y , = 9.7703
.J.. ____ 7C:'-ol) - ' ':loC e~ 
- ..L. " o..J ..1.. .. -' 

-03 cos ~C1 = 18S cos 69OS1' =	 0. -)')72
 
'1.]075
 

'''-'his cO:D1E:tes tf-lB cr_ecL o:~ solut ion one. ThE; col""1­

~tet:on of 0he ChE;Ck ~or	 _.:>..
__ ~.( ---.J"::)	 ­~~ o~ _.l.<:'"Yl ;2 __Ii = log 3ir_ 12 01 2 = ').3250 iO 

,:<O?Q.log sin "~C? = log s~n -v = 8.7015 - 10.J 

c.10cS - 10 

~Ob sin t(a-02) = 100 Gin 0°44' = 3.1072 - 10
 
lc~ cos ~C2 = 106 cos 4°11- = \. .(j ~ - -, 0
 

~ 

C).lObO - 10 

Th~ cneck, althouSr. n00 co~plete G~ree~er-t, is 

e~y c:ose co~sidering 0~e size 0: t~e ar-gles and the grea~ 

!ariance of the sine function for a~51es n6&T ze~o degrees. 

VIII. SP:1EnICi~ ~ACSSS 

The spherical excess, E, of a snherical triangle A3C 

:'3 r:urr.ber of degrees by ,'Ihicb the angles of the triangle 

exc~ec 180°. Tnus y 

E = A+B+C-180 0 
•	 (49) 

Let n be 0he area of spheric&l trianGle .~C. In 

8uher~cal geo~etry, it is prove~ that H is equal to the &re~ 

0_.:- ~ 1"""........8 v._ \"n <:ir_~_e ~, . But t::e &.TE:a of a lur:e is nTonOL'­a. "1~"'-:r1 k.l.:;. 

tlo~ ~o the su~face area of the sphere as i08 a~ble, ~S, is 

° 360°. The surface area of a snhere of radius r bein 

.IIT-2 , t~e follo~~ng results are ootnined: 

:.r 1 .....= ,'it, 
, or4iTrL )0 



.7:) 

,-- '/.......,,/ 
I ­


r~~/ ~J~;199 

-; __ c.:.. - v
~ .. s b,~: C::-:9.:-:nle, SUli::i == "?OO = :C:, = v;,-- , 

." V'\n ' sptC~8 o~ rad~~s 15 ~ ... .:.. - .. ,
 
_ .? ~o
 A1?"0 :COo o~ -~~ ,~_v ~ + 130 0 - .... ,- ...... 

~/ ?::..- 1::)2 1 ~ t: ) /-:- ..-J <:'.. 
~~ 

__ ..) _.)0.-.-1 -'":.. 

_l--t..r C'
~herefore, t~8 aTC~ of sU~~6~lCU~ t~i3ngLs isv ... ..:..~ 

..!. __"5:'o,J ? J'... ~q,U:::'2.~L L-.cr.::s . 

(50), 3 is exnressHd in de~recs. -f cae!'! c.n'::;le 

O ~· -'- .... :"''''''-le _t:<." ' .. .=> .... e --'-.,.., ...... es"'"," :yo, ~'a"·"''''C' -~,...,~,."U-l"" (40 )_ v_-~_ ..o- . __'...., .,""_ t:: ... _~_ o-J_",,",,- ~_ ... ..I. _ ..... ~~.o..J, ... v_._ ~ ./ 

i'!ould. be 

S = A-i-3+C- II , 

.,' e'~ "::' ,- '1"' . n ..,..- ~.; ~." • ~'n' ~ ..... -r.u.' ~ (~O) ,',,1.:1 'D ~.1,(1 _ e .... \.01.< a. De 1 __ a~_c:::.__ s, ~._a. .:. o~ __.... .) \,o ..... _1... eCC.,lt::' 

;:r ..--~ 

4'i1r- 01' 
~ " 
'/E = r-E (51) 

This final e~uatio:!:., i';[:ich is equivs.ler-t to (50), 

1s refer~ed to as Girard's Theorem by ~i~ra.l1;115-116 • 

~ 18 possible, kno~ing the radius of ~he spter~, 

to CO~Du~e the area of a sphericsl tri&~51e in Q~Y of cases 

I t~~oU5h VI by first solving the trian~le for all of it 

a~.~.L€:s • T~-~is is ~~ot, ll1. ~os-:. ccses) ~ eyy efficient ~~~~o~. 

~ost o~ t~e rest of thi~ ct~p~er will be devoted to devel-' 

opi~~ ~c-TIula5 ths~ ca!1 i.',e 'Used. :;0 cOur-ute the sDherics.l ex­

~sS of ~ ~ri2-n51e direc~ly from the 3iven p~rts, at leas~ 

~~ ~~z C~3es of t~e give~ bei~g ~:.e t~ree s~des or ~ne give~ 



(52) 

, 

• 

e derivation of for~ula 

n 2(180o-C) 

~(180-C) 

and cos(90-x) = sin x, so that 

• 

sin ~(A+B+C-180o) 

cos 1(A+B+C-180o) = 

tan ~s tan i(s-a) tan i(s-b) tan ~(s-c) 

tan iE = sin
--~---=::...:.-­cos ,. ~. 

cos .:1:. 

tan ";''1:<' _ sin J:.H'4""-' - .:::-~ 

tan iE = sin ~(A+B) 
, 

- cos '2C 
cos 'J(A+B) + sin ic • 

~he problem is to get tan %E exuressed in terms of 

But, sin(90-x) = cos 

94 

Lhuillierts Theorem, 

tan it:. = ~. . 

tan ~E = 

which, upon using the product formulas 

sin x + sin y = 2 sin ~(x+y) cos ~(x-y) and 

cos x + cos Y = 2 cos ~(x+y) cos ~(x-y) , becomes 

tan ~E = sin ~(A+B) + sin ~'(C-180o) . or cos i(A+B) + cos ~(C-1800) 
, 

stitute in for sin ~(A+B) and cos ~(A+B), the result is: 

the three sides of the trianglv. 

a, b, and c. Using for~ulas (41) and (42) of Gauss to sub-

determines the spherical excess of a spherical triangle fr 

Lhuill i ar' s Theorem, Suherical Excess From The Three Sides 

bei~g 0he ~wo sides and the included angle. From the suner­

(52) is as follOWSI 

'cal excess the area is easily cJmputed by ~he method above. 



or 

or*-(s-c) 0 

2(S-C) , 

is: 

• 

o SIn 
o co 

o cot 12C 0 

_ sjn i(s-b) si.D ~(s-a) 
cos ts cos ~(s-c) 

I tan ~s tan ~(s-a) tan ~(s-b) tan t(s-c) 

l ~ 2' 1() 1(),~ cos ~s· SIn ~ s-c cos ~ 3-C 
i(s-a) cos ~(s-a) c 2 sin 1(s-b) cos t(s-b) 

2 · s' '12 J (,.. i..,) co ~ .'" 2 ~ (~ <»tall zE = _..:. -~-; ..;:,-~ w.J..L~ -A ;:..-(... ~ 

cos2 ~s C08 2 ~(s-c) 

t~,r.l 

cos 

tali ~~ =: 

55 

~an ~S = cos '~-' cos ' _ ~ _ ...'­ .... -

C05 :!c: 

=:~ = 

SXamoles usino: Lhuillitr's The~rem. Let ABC be a 

D~ viC. ing !1lli1erc t 8r &..r:.d cie:.J.o:r..:'r:.s.tor by -C~'. 0, recall in'" 

Usi~6 the reciprocal of for~ula (30) a! "Cne ~alf 

::;' -
•. ..-J -

-2 ~i::: J-( Ol.-b..J..;; ) s ~~-_ :;- ~ f}.- C'-c )_ cot .:. n.117 
0 ;Zv

-.-1""; = 
-;;:-( &.+0.,..", ) 

•. / - '­ - ,v.c."._.l -.i...J 
2 cos 

tn. 

3;181-182. 0 

~hich, upon using the proiuc~ ~Jr~ulas, b5CO~8 

ta~2 

s - c = '~(a-l..b-c), ar~d s == ~(a+o7C), tee result i.s: 

the id.entity sin 2x = 2 sin x cos x, ~te result 

sin(-x) = -sin Y9 3 - b = i(~+C-D), s - a = z(b+c-a), 

ar:.gle for~ulas for co~ ~C, sQua~:ng bo-ch sides, and. using 



/~ 

__ -prcc::'lc:.:..l t~iG:.hgle in \:nlc. 

, b = -:q,0 . ..."..... ::: !,.9 u 20 J- -.:"'. 2LQ c = 03v~O'. 

7 .... vt -­
::":, S ~ \ a.. ;--0+ = ) ~J'; ~-s ::: 37°52 

- -:'"'(0.:;" r _ C - 12 v l.::"s - a = 26°25'; s - -./ ./ I.... - - ..J' 

1 ~Oj~?~. ,,>'_u _ , .....s-a) ::: 13°_2'; ~(s-b) = -c) = o
,0

c • 

Usi~€ Lhuillier's Tneore~, 

1 

L;&.~ ~ = . / ~an ':is ta~ ~(3-a) tan ~(s-b) tan 2(S-C) , 

~he CO~D~t~tio~ 1s: 

1 ' 1 ~~O~~.og ~S ::: _0; ./( J~' ::: 9.'5907 10~an ~&r-

lo~ tan ~(s-a)= 10~ tan 1~~~2' ::: 9.3702 10 
_og tan ~(3-b)= log ~an 10 j2' = 9.5253 10 

, /0
lo~ tan 2(S-C)= log tan 0 8' = 9.C;12 1,) 

2 10;"5 tar: ::E =17.b174 20 

log taYl ~.fS 8.9007 o 

••.,...,• - . ..J4°-:'8'. 

::: :3°32 . 

'1'(1 ~ +-' h Y'i ca_1 -~... ~ ~ -vrlLLot;,. -'~ -1- A~"'"-J ...... _._..u'" , vne SD.. e __ eA\.,;es~ 01 t::: __ 18 1 0r, °3? , 

~DD08e tria~gle A3C is on a s~here of r8dius SiK 

feet. ~nen, the area, 3, of triangle R5C is given by 

E ::: II r2~/180 ~ o~ 

H ::: (;.1416)(62 )(18.53)/180 = 11.64 s~. ft. 

'S'rom T""le 

Casnoli's TheoreB, 

(53)S ~n ),,:;'- ~--' 
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also dete~~ines t~e sphe~~cal e~~ess of a soherical ~ri~n~L5 

fro~ ~~e th~e~ sides of ~he tri~~gle. ~~e deriv~t~on of 

l;he f:>r'llula 1s as follo~",s: 

lro 

1-(~ 0 ':l..!...C) - ..... ,._"'T"_, = S an'':' ~~..,..~+:- II -- "' 
si:~~I: = sin (5-8-iT) = -sin(-':!-3) = -cos S o
 

<:In ~3 -cos -1 (lo.+3+C) =
 

sin ~(A+B) sin tC - cos ~(~~3) co :lC •
 

•..e 1<:..5-: expression ws-s obtai:'led by USlE£; C.i1 ad':'ition ide~~i-

~y. ~ep1acing sin i(A+3) and co~ ~(~+B) by their equiva­

len~s from Gaussos E~ua~ions, the result 15: 

.\.4' cos 1(a-b} cos ~C sin ~csin 2-' 
cos :'iC 

cos ·~Ccos 15 (a+b) 

_ sin lc cos ~Csin ~E ( cos ~(a-b) - cos "1-(a+b)- cos ic ' 

which upon ~sing a nroduct for~ula on the expression in­

side the brac]{ets, OeC0:18S 

(sin 
o l . ( lb )sir_ ;1-E -2 81n za Sln -2 ,•

COS ;2C 

or, substituting the ~alf angle for~ulas for sin ;C and 

cos 1C and simplifyi~b9 is 

= J.s;n(s-a) s~~(s-b~ s~n ~ s~n(s-c) 
Gsin ~E 

s1~ a Slh b Sln a Sln 0 

2 sin 'J-a sin '8b)
008;2"c 



-:;"2., 

= 46°' ,- , 

o 

2.0 
10 

~c 

s - b 

::=c 
') 

~,... .., 
.l.~J..;'·-I. 

- a = 10 0 
?0"-/ , 

}b = 37°16'; ~c = 28°15' . 

Cs enol i'.s ·T:-:eo~em. LEt p..:5C be a snns::-i­

]:. 4' 
·10 -J 

o·r(r.u~ ~"Y'Q~o"') = 9.5030_ b - .. "--"'_ ....... LJ -

colag 2 == 9 6990 
= colog cos 55 C2 e = o.2 LJ .!.8 

~ 01 0,", G~C:- -"7o~ 6 1 :::: 0.0992 
= ~oiog c~~ 28°15' = O.OS~O 

1 . 1.,.., = 9.5980og 51TI 2"':' 

;t. ,., _ ?~o? ,
:;; ...... - -.) -­

.... - 46 OIi ?1.!:. - -T_ • 

sir: 

"" ~: -, ( 'O:'_~l.....' v a. 

s = 120°3) 

~E = si~ s s;n(s-s) sines-b) sin(s-c} 
~ 2 cos 2a cos ~b cos 2C 

2 51::: 

sing Cag~oli's ~heore~, 

sL 

64°3'; ~a. = 55°2 

T!1e_~ ? 

=-l.:t, s ir_ 2x 2 s ~r_ }: ~QS _... ~ so ~r..;it 

co!..o,; cos ~'8. 
,,0="0'; cos ~~ 

';01°6 cos 13c 

!~ = 2sir;. -?;=~ 

- c 

t~~ co~p~ta~~on is: 

~og Slli S = ~oIT sin 59°27' = 9.9351 - 10 
log sin (s-a)= log s~n :0°29' = 9.2599 - :0 
log sin (8-b)= log si~ ~6°:' = 9.0570 - 10 
lo~ sin (s-c)= 10; sir: 64°3' = 9.9539 - 10 

2 10g(Lu~era~oT) =19.0059 - 20 

s~ ...... 

cal tTl-angle in "hid: 

a = 110°4', b = 74°32', snd c = 56030' 

.,......... i" _ ,...,. . - - , 0 '""'. ......... • ·1'"' (~ - \.. __ ....... ~ec.L..c ..... .:;, 1;0 _OIf!lU c:. ~.J) 



(54)~ 

= 

;{o cos 
~~'J sin C 

-si~(900-x) = -cos x 

rote Tesul t is: 

~o~ ~C c-~ ;(~+-o) s~~ ~~ ~.~ ~Cv .....,... + .J~ r> a.. _.J.}-o '""" _ ~_,;. :,) 

"'0 shm'] t~e. ~ 

sir. 
cos 

-' ,,,",, 

~.J \.J 

= -cos h(A..LB+C) 
sir~ {-(A+1j+C) 

s ~:1 ·~C - cos ~(":.-+B) cos =""" ("l 
~. v 

cos ";-C .,... cos z(l'_+B) sin ~C 

s E~uatio~s to sUQs~itute in fo~ 

H = I1r<::3/150 • 

Jo':j' 
':~ 

'.:'er::::s Of ~t.TO ~ides l'.l1Q The"' r Tnc 1 t,ded--­ -­

CGS ic 

T-"_I. 

5'::'1 (x-90 0 
) 

tan ~E 

cos(x-90 o ) = cos(90-x) = sin x 

tan 

1. (8 -b) c:)s 

tan tE == 

?xcess 

co 

cos ~;{a-'J) cos .>..: S1.r: ~\C _ cos o').(E• ..L"O) sin ·",C cos ·.s-C. 
cos -~c 

If -che radL1.s of t-~e s~::-sYe :·;as ~no~'mJ t!:6 3.rea 

99 

'sirlg Galls 

?rom the definitio~ of E 

LSL; ABC be a snterical triangle :n which ~he ~easures 

iI'h1J.S J tr.e 3?he~ical e:-:ct:.ss o:~ ·tY:'s!'!.gle ABC is 

2£ = 

le. 

0'-,2 • 

rler:"c8.1 

fa, b, and C £tTI3 k.1'1o~;n. 

_ ~te tYiar:51e c.:Juld. be (;.;:,:::ou.'te:l usi~.-..: l,he :::·o:'~~lUlE:. 

C'iYl ':L(~_-.:.) and cos A(.;;...L:::')
\.J ;.2: '-­ ....J :2 .... ­ 9 

tEL.... 

and the adQitio~ ~ormulas, ~eco2e 

':lhich upon usi 



~ 

, 
c 
cos C 

sin :ib cos C 

= tan;~:a 

1 + ta 

s:'n ~5. sin 
cos ~a cos 

-sin x, cos(-x) = cos x, and sin 2x = 

tan lE 

f -che frs.c"Cion by cos ~a cos zO, t,-e desired re-

Using for~ula "(54), 

tan "2 

'7~e id.en-cit~es, 

,., - • ? -
cos~ ~C = ~(lTcos C) and sin­ ~C = ~(l-cos C) 

1:;0 

a = 83°20'; b = 125°40'; and C = 110°38' • 

..:.... ,~ C';n 'o.-'~ , • =-,.,\.Ian 2~ = '-'_J. ,.l; cos "O::-\.J 

cos -~- (5.-b) cosL 

Ey.a~Dle--Give~ tNO si~es sn2 the included 5.n~le. 

2 sin x cos x Kere used to simplify the result. Divi~ing 

e9.cn -;:.e~ 

- r\ J-:.,j1'_
wc....n 2:-J - .' \ J' l J ... _, '­ __. .. ... •+ cos ·cda+o) (-;-(~-COS e)1 ' 

,_ 1_'''' , " .. \\
;;".­ .1.-_ 
.... a.:'l :2 t. -, (. . ~ ( .) OJ.. • (. ) L ( ) • 

-~ ~-O)+COS2 ~+D ) T2\COS~ a-a -C08~ a+o )COS C 

- ... 
1 ? Sl'~ .1.C ~o~ ~C- ... n -­R - -­ - ':".1. v''::>'" '" - - - - r 

~a_ 2­ - • 
cos '!i-a cos ~( -"0) + (-8 L--: -:;-6. sin -?( -b)) cos C ' 

aLa -c~e product for~ul~s 8ake ~~e las~ r5s~lt 

Let ABC be a sDherical "Crian;;le in 1'rhlch 

-c co~puta~ion lS~ 

suIt is ~or~ula (54) 3;182'0 

1vhere sin (-x) 



"j.v:t. 

-, "'5 +-"' ...., ?a == 1 D"l" t.,,··, Li'" °l}Ot == 9.9494 - 10- - v....-_. a: - ~ ~ '-'-- J..
 

'0--- ~ 
t~r; ~~ - -- +-e~ ..., -' C.2397
lo~ .~o~o' 
~..:~..., _.:.. .., - ==-

~~~ cos C = (~) l-~ cor 69C~?r_u J . ._ ---...Jc.~ -J """,-_ == Q.5470 - 10 
"-"' r_ taYI s'Y',lo~(.;-'OY',..,c.;.. ... _ ~a 4_..:;..~.-"'"_ _ __ C) = 9.7361 

t;a::--.:. :!s- tat: :--:0 sir4 C == -0.6111 
1 + tan-......;ira h:,.,"...., ...... _... :'-0 -co"'"--..-.., C = 0.3059~ 

og 0.3385 = 9.5898 - 10 
colog 0.3889 = 0.4102 

1 og t ~ Y1 l·a - ... ° - ~.- YJ j i 0 J 0 • _ . :::l.__ ~ -.~ e> ..,c:. - ...... -. = 9.9494 - 10 
log tan 2b == lOt; tan 62°50 1 = 0.Ze97 
lo~ sin C == lo~ si~ 69°22' == 9.9712 - 10 

colog 0.3639 = 0.4102 
log 1:G.:1. 2~ == 0.6205 

.•1<" 
:.::: ....... == 7b oJ2'
 

..., 

.c.. = 1530 4' • 

_..J.s, tne spherical excess of ~Tian~le ABC is 1530 4'. 

SUDDose triangle A3C is o~ a sphere of dia~eter 18 

~~ches. Asai~ usi~g the for~~la H == fTr2E/130, the area of 

trianEle P~C is: 

E == 3.1416(92 )(153.07)/lQO == 216.40 so. in. 

~o5 3.1416 == 0.497:5 
log 81 == 1.90c49 
lOG 153.07 = 2.12489 

col06 180 == ? 74l.i·7' - 10 
log H == 2.33526 

= 216.40 

In the next cha~ter so~e of ~~e ap~lic ons of 

sp~erical tribono~etry will be exa~ined. The apolica~ions 

~: sD~erical t~i6ono~et~y a~e so ~~ny in ~u~ber and so~e so 

ex~e~sive ~nat o~:y a fe~ will be exa~i~ed ana SOIe to a 

7e~y li~ited dc~~e~o 



C=-t:i~'~'~'~ '\1. 

AP?LIC~ri~.~ OF ~~ ~~~~~&L :21G0~C~ET~Y 

T~e apnlications of 3)~eric; ~rigo~o~etry are ~~rge 

El ::'..H~b8r aDd ~nc:u.de ;:::any field.s. ?8~~ayS th~ ~os~ co=~o~~y 

_mO'..L~ anul icat i ':'1:.S are those of Ii :"s;:al'iC2s or" the ea~t~, '::.avi­

g:':.1:io_1., a:r..d astrD:t:orn.y " T~e3e nD~l~ca~io~s as wall as 3038 

of the no~ so co~~only knolffi aD~lications will be exam~~ed. 

So~e ex~~ules w~ll ce g~ve~ ta ill~stra~e these apDlication~. 

• LhT,rI'tJDi: J._~\TD ~02rG:::::'TJ:::rs 

L~ ?lane ~1alytical Geone~ry, it is cus~o~ary to ~ive 

tne location of any poir-~ i~ a pl~n8 by a p~ir 0: co~rdinates 

~~~ch indicate dis~ances GIld directions fr0ill the coordirr~te 

9..:es. A 8::'::1ilar procedure :;'3 1011o',;ed for loca'c i~g any 

o:n~ on t~c eart~'s surface. 

Let A be a~y pol~t on t~e 

€&rth's s~rface) ~~ich can be 

~ssl~ec to be a snhere of radi­

us 39,:;9 :.:tiles. (.?igure 27)Let ;,; 

re~rese~t the north uole, S the 

0~~~ uo~e, 0 tr.e ce~ter of ~~e 

~''1ez-:-::.n, ,:;'1, G.:.~eat, circle ,,~t.;~ ?igure 27 

E 

--­re :;:"5 S t~ l'l:' a 

~o:es 0~ t~e e~ua~c_ :e ~\! ~..... _ ~. ?or an o~server st~~~ln 



'· "o._~.C:i-J~~ _ =--_:. v. 

iJ4P?.LIC.'j.'lt=0;.\~·d 0:-" SlJ~~~j~~~ .. _L J:r:.iGU.. IJU ·~E,£2Y 

rn~a apolicatioD2 of sD~erical Tr150~o~eTry are :~rS3 

in nu~ber and include ~bny !ields. ?e~~aps t~8 nos~ co~~o~:y 

':~nO'.·r!1 apulicatior;.s a::-e t}-~Dse of li:i.-s"CaY"~ces OE the eert:" ::.av1­

gm:::ion, a.~ld astrono~ny. '!'~ese :::lD~l:"catiorls as .,,:ell as 80'1e 

of The cot so co:n'2o:11y 1cIJ.01om e~:;nli..;a't;ions will be e.:w.mi::..eu.. 

So~e exa~1Jlas will ce g~V€~ to ~ll~sTra~e these apnlications. 

I. L....TITUD~ J...lJD --JOi:TG::LT".JJE 

In .?lane ::"''1alytical Geonet:ry, it is CUSTOr.1ary to 03 1 -,.7e 

the location of any point i~ a plar-e by a pair of coord~nates 

~hlCh indicate dista~ces and directions fr0ill the coordinate 

=es. A s1nilar urocedure ~s follo~ed for locatin3 any 

oint o~ t~e eartn's surface. (Ii 
-et A De a~y point on -ete 

e&rt~ls surface, ~hich ca~ be 

ass~~e~ to be a snhere of radi- ,# 

us 39J9 ~iles. (?igure 27)Le~ ~ 

re~~eseDt the nort~ uo~e, S the 

so~~h pole, 0 the center of ~he 

e&r~h, ~~~ ~reat circle ~3C3 gure 27 

_e~~ese~t the e~u~tor. Tne 

~O~8S of t~e e~ua~c: :e ~\i E... _~i s. For an observer sta~di~~ 



.J..V 
, ,, ­

t ~ ~~i faci~~ Nt the dir2cti~n of N is north and t~~~ of 

; s 2a~'th '~ile the narpenjic~1B= ~~rec~~an ~o :te riZ~~ 

s called e~st and the oppcs~t3 d~rec~ion is called west. 

~ =erldi&TI circles ~re ~hOS8 ~re8~ c~=cles co~t8i::~~b 

l~ a2~d. s. 1"_ is t1:e se;'TIi·~ircle i~_':_':' 

-',
~~~ S as a~dp~i~~s~ ·.!.' ......l~ .,p.rid,i~,n i s ~~:e 

eridiE::TI ~~GCb co::..taining G, Gr.::;;n'/.ic~, ;'t-;gl-3.!:c.. The ::"oc..::..­

t~c~ of a~y po~~~ o~ ~he eart~'s sur~ace is gi.en i~ r~fer-

ecce to GreenKioh fer its e2s~-~bst loca~~on a~d in refe~-

ence to the e~u&tor ~ its north-soLth ::"ocation. 'It:e 

coord~nates of a poi~t O~ t~e earth's surface are called 

the lon5it~de and latitude o! ~~e point. 

The loncitude of a poi~t A is the a~sle of i~tersec-

tlon o~ the meridian of A and of tr.e pri~e ~eridian of G, 

-re:;n-;':::' cr.• ongitude is ~eas~re~ fro2 0° ~o l~Oo ir-clu­

s!ve, east or west of Greenwich. ~~e lon~itJde is ~he s~all-

es~ ar-gle of i~~ersec~ion of tne plsnes of the meridians o~ 

L:.nd G, Nr:ich is equal to the meaS'.l.::'B of ~nble -'Joe or of 

t~e ~inor arc Ee on t~e e~u~~or. 

is t~e a~gula~ ~eas~re o~ the arc 0: the 

~eyidi3~ of A fro~ ~~e ecu~~o~ ~o A, ~~ .!.ngl e AO:S so 

gives the latitude of ~. Latitude is I:leas';.~~ed. fro~:J. 0° ~o 

9C o , ~oyth or south of the e~~ator. The co-lstit',lde of a 

pG~nt ~ is th~ cO:JulBffient of ,8 la~itude of A, or ~~e angu­



---- ---

-4­

__ v 
, "Y''''

~~~l~ ot .-, 1: =- :~-:: 01' s~["_':le ~-..V~-,. .. _1- P;j~r:-cs 01"'2 

t~3 ear~h's s~~f~Ge ~:~vi~g ~he fiJ~~ latt~~de lie ~n n s~all 

C_TC::"0 calie:i a Ci~cle AD~ is ~ D~r~~-

_B.!. o~' lei it"J.c ::~ough _~ 2..£"ure 271 0 ;20:-202J. 

e au-i ·~~-..o::" .1i18 i s :ie:~:[~eQ 

~3 ~rie :e~sth cf a~ arc of ~~e ~~~u~e ~e&3UY2d ~long a ~re~~ 

ci~~le of the ed~~h. ~aut~c~l Iile ~s aDDroxi~~tely 60co 

:eet o~ 1.15 ordi~ary la~i ~ile3_ 

A k~ot is a r2~e of speej ~~d ihQlc~tes 2 JGVe~E~~ 

:;".... - ",r'uti V""'-~~l i1 t: - l~10v,-'-"""1 c 1/'/_ exar:p:'e, a~0.:. ~'~ ".:."'- ~ __ - pt:r ~) ail"'­u;~e 

ul~ne flying at 200 lrriODS is flying ap~~oYi~ately 230 ~iles 

per !lour. 

3ea~in~ and azimuth Let ~.~_ be ~he merid~a~ Dhr~u3 

i''''~ /} (-"-'~ Z"")m'r. ..,., ...._'7 •a no_~_'" __ I rl5u-,-e ;.) _.le c.~l_l.4.:". 

tV 
or cou~se of a PCLct, as 3, ~ro_ 

\T'. ~lA ls tne soherical angle J _,.1:: 

meas~~~d i~ a clockwise direc­

tion using NJ as the in~tial 

sid.e. Azi~uth is an an~le 

C 11·~-:'r:c.- 0.0 ...." .... r.o"" ~o",Oo_~u... ::> :...J...A.,IJ .. IJ../ • 

ceas~~ed fr~~ 0 0 to j6Jo, 

'!:'r.U.::i , 

in­ 5 

?i~ure 28 

_ 1.'" t:.,r.C, of' ,... fro''ll I:' is 1 ,0 0 . ... ..., vU) ..... v _ .L.... _.../, 

t~e au~roxiQ~te azi~u~h of B from 

a~d o~ E frc3 A is 230 • ~l ~rcs are arcs of great circles. 
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lG5 

1 - :':).,CI- ~ ­ .L-,.... - ~ ;:)·__'~,;.8 tJsa1 i:"1b at 3.. '0o:"!"".:.: ~ 2.'crn is o.c_..l..nea. l,..v '-'_ t!~1.--:-' 

.~ ~ .... -c - .1"'-""- ~. -""1 7'~ ,-' ",. - - -I f:... ?'"'I? ';.O~i-£C_ v~ ...... v q:,_.;; ....."v vl..:..v e 7Jd.v(l _ro .. ~ ...~ vV .::. v,-'..J_-_ J.e -"­

g:Lven as ~ne ::lCU te sD':1e2..~":.cul 4~~le frox eit~e~ N or 3 -':0 

-+sing ~he approx~~a~~ons of ~zi~uth5, ~he be~ring n~ ~ 

~ 
, <:.':'1"011 -~ 

or' ~-o~_ ~s ~l~~_...... ~ _ ~'0° --',~ ~ v _ _ ._.....! ~~ )~Oo ~..... , ...... o~_ ;,...;.J ~-0~.. ""'_ 

4 f"_"1\ 30° vI. :I'he az i 111 ~Il of 0.. DO~r..~ -~ ~OTe com:-c.o~lly g::"V;;;!l 

t;hB.!":.. i-cs oei~ ngt B; 176 I • 

II. G3.~AT CIP.C:'J G=:::';_'l~\jC~S 

Ii'Ihe shortest distance be"G1'lee["_ aY1Y L:;'lO D01!lL:S n!1G. ~ 

on -che ear-ch SQrface 1s tte le~gtn of -c':1e ~inor arc of L:he 

greG-I:; c :!.:-cle con!:ec t ing "Ghe "C",,':> Doi!: l;S. In angUlar 3easa~e 

this dista~ce car~ot e~ceed 180°, a~d tD8 tis~&nce in TI&uti­

cal 3iles is equal 1:0 the ~n~ula_ e~su~e eXD:-essed in m:~~L:e3. 

-rea1: circle QiSL:a~ces a~e of ~articu18~ value in 6e05Taphy 

and navigation, w~etner ~y se~ OT by ai~. ~lso of value is 

-.;,ne cou~se 01" aziI~th of a~y p0~nt on tne 3~ea1: circle route, 

p~Y-cicularly at A a~d ~~ B. Ir-(~ e irl~tial course is giveYl by 

t;he aZi::nut!1 at A and the fi~1al c·)t-lrse is glven by ~he aZi~u-ch 

of ~~e direc~ion a~ 316;203,. The ~ollo~ing ex~~~le will 

~:lust~ate how snherical trigo~cmet~y can be used to compute 

-~aL: circle dis1:~nce as well as the ini"C~al and final course 

0:'" two po:"!lts. 

:E",-:-:a'T1.ule. ~o cc~p~te tr.e ~rea~ circle cistance r:a IJ -
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icrr:J. ::11l88, tl ir-iti8l cour3e, a~d ~he fi~~l COJrse in 

tr~v~ling _'rom oydr.ey to SF~r.. F'.:canG.isco il~ "Gr!8 10.ti tude ~(~d 

_o~~it~ie of the two cities ~r~: 

'ydneY(330S2' S, 151°:'2 c ~); N 
San ?Ta~clsco(37°47' ~, 

, ,;>?026.I.- t ,') •__ ,1 

'The nu'Uerical infor''l~tio~ 

:',&8 ohtai!:ed from Eart 16; 204J • 

~et A represent Syfuley 

~~d ~ Tepresent San Francisco. 
Figure 29

(Figure 29)~hen, in suherica 

:-:"&~12;le ABl~, 

8~ = 3J v 52' + 90 0 
=: 123°52' ;
 

fL'''''' 3" 0° .'., 1?? ° ?... , )
___ t..O
~!) = ° - (151°12' 86°22' 

..... 20,. r-,,~B~ = 90° - 37°47 Q =::> l..Jv 

AS = great circle dis"Gance betwee P_ and B 

..LA.J3 = initial course , 

A3N = 180° - (final course from to B) • 

'Japie:-ts first tw'o 2.nalogies, 

.1 • T/ ' ( .)tan ·1-(A+3) = cos -~(a-b) CO"G ":jill cos -2 a+D and. 

-.q"rl ~-( .. 3)l,..._...... ::: _'"1.- = s1::1 -~(E..-b) cot iN/sin ~(a+b) 

-ill ~e ~sed ~o solve for A and B. ~he co~putation is~ 

.a+b = 176°5' -} (a-rb) = 8e02 
~ 

a-b = -71°39'; ~(a-b) = -35°50'; 

}'j =: 86°22' ; ~-N = 43 0 11. G 
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1 c·- C ~ '" ."'. ( .:= _ ..... ) - lO~ ~~r ~~o~O'	 .. r6 .J~ yo. '-' - - ,_ .,.}_' ....J 9.';;Jj9 - ':"v<i.	 _'J-.J 

'~."v.:.;> CO"" ,~. - "0 .... 43°" ,_ V ~\l - "0'· l;" '" = O.C27S....... '"-l ,-_.1..
 

C ::>l,:,g cos .,:;, (8.+b) = co:og CCE Sb V 2 == 1.~6!;·~ 
1. I -'	 '" 
:.:~AT.!:: ) = :.-;.010 

.:. ( 1'..--:::.)I -- '-"
~704J,1 .........__ --I 

OJ~ - Q "·n~_. .1.. ( ;:. - :J) = (n)• -::."I 0 -." ~ ':I 5()5n : 9.7675- ~ • - v _..\ Y. J OJ = - 10 
10~ cat :N = loL co~ 43Vl1 g = 0.0276 
1 ' ( .) - i"'''''o,co 06 SL"l .; 9..+0 = co.!.oE;::'; n i)u 2:
 

10- -,-~ . ., .'-.{f;_~)
(n)	 -- ::... t."c;: .. ~;. 2 -- .-..,; = 

;(A-3) -- :J- 31°"9' • 

~hU3, A = 55°45' and 3 = 1190 4J'. The 1a~ of sines 

can be used to solve fo~ n. T~us, 

sin n = sin b sill ~/sin B , 

~OY.' xhich the cO~1putation is: 

~ s i'c = 1_ob . l~~o~?,
~J J~ == log sin 56°3' = 9.9192 - ~O~og n s~n 

_og Sin K = log sin 86°2~' = log s~n OJ022'== 9.9991 - ~c 
co~og si~ B = colog sin 119O~3t == co10g sin 60°17'= C.0012 

108 sin n == 9.97)5 - iO 

n = ;,)0 ..... 0_ 

:2.07°28' 

Y'\ ... ~_he obtuse val e of __ v.:.::;._ be -reaSOl:e'" \:;0 be t:':e cor­

~ec"(;. value in \:;!1e fo110'.'11.1':5 ~.5.:r.2'le:r. A belo\'J the B-.:.uz.."cor an 

above -eh8 e-1.uator implies tha"L n ":nust be grea.te~ 1:~~G;.:r~ -erie 

a~gula~ ~easure between the ce~:dians of and :5 '!!easure.i 

alo~e; :.he equa-:;or, "\I-.'hich is E:? in F::"gu~e 29. 5ut £?~: is an 

isosceles Gu~dre.~tal tria~1.5le ':TI.2.r.:in~ 2? E;.!:d :J h~ve tr.6 o3:'.::e 

!teC:.su~e. greater 1:~a 72°32', thus L = 107°28' is 1:~e 

CorreC1: value. 

ne d~stanca A3 in nau~ica1 ~iles is fo~nd by c~a~sing 
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-O?O;q~ 
. ...J_ ..... ir~,to 'C.im... tes. T~us , 

;'3 = 107(00) -:- 23 = 61~43 Tlsu.:tical ,:J.i:'-es. 

'?r:e ini"Cial cou!'se fr:i::n A ~o 3 is given by 

~_~ = .:-. = 55045 I 

'i'":'!e :i:r:.al co'.,r3e tTO;r, A "Co 3 is e:-ver.. by 

lE:OO - AE~ = 180 0
- ::3 = 6oo~ 7' 

?:8.Q o:.1.1y tr..e di~t2nce ·oe:..:een A and 2. b~en de.si~c;d, 

+'-n-,·", ('?O) ."~ '~n::.Y' ~ .. -~~-~'l~s and~O.l.d:U_.... '- O..i. "C.le (ld."c;_S.Ll-t:: .lvr... !l <..-. , ith c C re-

Upl£..ced by nand ~o~lQ h~ve de"Cer~ined the a~gular val~e 

or n ~irectly from tne given pay"Cs. 

Sailing ~reat c:rcle ro~tes in act~al nrac"C~ce. ~le 

··res-c circle dis~ance between a~y ~KO points on -ehe earth's 

s~rrace always being the shortest distance between those two 

oi~"Cs makes traveling a great circle route seem to be th 

logical choice -co make. -n the case of sailing, islands 

_ay ~~~e a great circle route i~possible. 3ut disregarding 

-c~~~ possibility, tte naviga"[iD~ of a great circle Toute 

~·lould.· re,.,,_ that -che co~rse be in a constant sta~e of change 

siLce any great circle, except a ~e~idian or the equator, 

crosses successive meridians a-c s constantly cha~ging angle. 

Fer ~os~ grea~ circle routes, tne naviga-cion is so difficu~~ 

that an aporoximation -co a 6rea~ c~rcle route is used whe 

a d~rect ~oute is desirable. 

This approximation to a brea~ circle route is acco~-



or ~nu~b lines w~ic~ anp~ox:~~-cs -co n STea-c c~rcle ~o~~e 

s~c_e 

of) 

/,_0 

4-° 

saO 

stra:gr.. ~ 

t.~;us 

~ c'U~ve 

o Ie o 

~ .... ~~.Le ::,oute 

::. -: ~=: ~ 

/ 

... s-::"e c;.:'"J.i 

ore straig:'lt. 

"'0 

~rc;~~ 

o sailinS a s~~ie_ 

;;.~~ i;:' 

prac~ic~, ~~e ~arm 

?igure 3::' 

rr..e~"id.::"E.l:S 

0-:: 10xod.:~cc::::E: 

&na t!'18 ~'1ercc..t')r's ch-:'4rt. 

_r>J::t c~!,"\res o'r a~"cs 

£..­ -

1.- =- ~..~ s 

rou~es ~ppe~r ~o be 

7~~ 
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Li~ewise, all ~e:ridian 

nows -:.ne arc AE of a great c~rc:e r~ute 

short~= ~n~ ~~u~, 

all gre.... t 

.su~!-ace 

se~ ~te ap~=cz~~~tio~ to a 

1::. ... _8:;, . 

t­ __
"" ... '" 

cl 

Jr ~~~ica~i~G a serie~ 

_:_e 

Fig,,-,-:,e :JO 

__ grea:;. c~rcle cha::-t aistorts a 'cor-c iO:1 of' -che earth's 

S0 -ch&..-c 

~'~;.:':u~e 30 

I~ l~yi~g au: t~e ap~:rcx~~a~io~ to a sr~~t circle 

sar--:h· s 

ust T8ferred to tr-e nuvi3~tor uses ~wo :;.yues o~ ~~DS 

as 

.. 13 

ines. 

~h9 ~cr2 rhu~~ li~es are ~e~ui~e~. 

S~ !,":... ,­

-S a li~e seD~er-t. 

"sa:"liE3 -che ,sTaat ci:r~le l'JX'::::I. ~e;:-e~ 

or c~arts; -che g~e~t circle cn~T 

is .::'e~~:red 

k:: 

rou;:;e 

on -:.t:f: 

a~.:;]_e • 

'01 is'::.ed. 



::0 

:,·erc;:>t;o-·'C_ ~ ... t(~i~·,.p'c......._~'...L_ .. • _ -.-l C(;:.-_~_ ) ) cE s~· JT-cS r.r.B e:lrr.\-:' S Svi..::­

f,ace 50 ~rlD.t all r:-'lu"'1b li:'!8s ~:;:r'C€;3.~ ~s st2~2iC~L: -l.il-~:;S. ~··:-,s-

urs 3: ~ep~esa~~s t~e saii~ p)~~io~ v: ~nc c~~t~·s s~r~sce 

a.S r'iC:1rre 30. tr&ich~ li~e-se~=e~t AS ~eo~ase~ts t~d r~u~' 

__ ~e conr.eC[i~g A ~~d 3. E~~~lly sp~ced meridians anpe~r as 

eQ~ally sp~~ced paralle _i~es. ~~~ally SD~CeQ Dcr~lle~s 0 

_~t~t~ce appear ~s narallel lir.es n~rne~d~cular to the ~eri-

disns our. not e~ucllly spaceu • ~l i~Dort~~t prope~ty of s 

.1erca~orts c~&rr. is t~5t all ~ngles of r.he earth's surface 

~re rsprod~ced accuratel~. 

'The layi.cg off of an ay:roToxima'c'::"on to oS. [Sresr. circle 

_ s ccomul.:'...shed 1n the following manne~. On -:he g:-ea-:r_.~·~e 

c:rc~e chart the great circle ro~r.e be~~ee~ A and 3 is !~-

d::"car.ed by ina Se3:Ient A3. If the route does o-c ~it any 

island or any other nonnavig&ble objBC~s, a grea~ circle 

ro~te Jay be used. ~te coordiuar.es o~ several co~ver-ien-: 

Doi~ts are nor.e~( Y'} a:.d Z). ~ese points ara then clotted 

o~-:. the /.e::-cator I s cnart usi1.'l.i'!: tne su::te coorci..ina-ces. T:--le 

brol.{en(d.otted)line P~XYZ3 on -che .·:ercator's c~ar7 ind.ica.~es 

t~e successive rhu~b l~~es ~~ar. iva an apDrox~~atior- to 

t~e ~rect circle ro~r.e ~E. :f a cl er apnroxima~ion is 

t.esired., t:1e ~lct ti:r.g of:nore points on "'Che gres.t circle 

c:-:.;;..rt a?:::!. t!'":en on tr.e ~Iarcatorts c:larr. Kill .s.CCO:-::91ish t':'1is 

r--- .e ."

-inee tne Mercator~s cn~rt preserves angle size, and 



k~1 )l'; :"!-1< t(J. '3 coord:... _-v\::."-' of t~: 1;':) ~c ts ;.-=-o'Cced., t!1e Ie.'".!. 'Ch 

a~:ci cii!'ecti0!'l of e;:;..cl1 or' 'Cne ::h'J.='-c, lL"l5S f._X, ).Y, -rZ, :;.t:d 

ZE, ~2..~l be CO'!.l:;Ju ~€c.. 'tjJ~1ich cor":'::lle:"Ce 1y ~e~er·:ni:cJ.as t":'18 ro~;;:;e 

t J be takl:;n. On ,':.:I ls.rge sc.:;..le l;erCB.to::, c~~rt t~e s~ze of 

che an31es a~j t~9 len3~h5 of the c~~::~s can be read fai::,ly 

~~cu~~'Cely~ howeve~, ~athe~atiG~l co~nutatio~ ca~ be used i~ 

r-

a :rea'Cer &eb~ee of acc~racy is desired 6;183-_85 .• 

III. fIEl: C':::~3S:rI_;:~ 3:~lE;':S 

The celestial sphe!'€ is a ST.:·-"l€:::-e, "lhose center ~s "C~e 

ce2~er of the earth, with a radius so 1ar6e ths.t by co~n&r~-

son the r~di~s of the earth is of ~eglisible length. The 

earth is so~etimes refer!'ed to ~s the center of this spnere. 

~U'CiCBl Astronomy 1s !'lot concerned with the actual size of 

ti:i::: sphere b rather with the location of and the mOVeillent 

o~ ~eaveuly bodies upon its sur~ace. All the heavenly bodies: 

s~__ , moon, stars, and planets Visible from the e~rth a~e 

i~&~lned to lie on the celes~ial so~erets surface. 'I'heL 

rels'C:ve vasi~ions are indica~ed in angul&r neasure and from 

t~ese ~e&S~TeS spher~cal ~ri2ng1es are :or~ed and ~heir solu­

~i~n8 can be found. In ~he follo~in6 discussion refeYences 

mede ~ill be to Figure 32. 

The CelE::3tial no?"~h 'role P and S8i.lt~, D013 P' are the 

"'T.:"1
pci~ts -,-here 'She earth's aXiS, meets 'Cne celestial sDhe~e 

when ~~is axis is extended. TD any observer, at _-_, the cel-es­



..~~.~ 

_~.l 2S-C Co..... r,,"'­ '"C!~ .:::.' .... J 

axi~ ?F', because t~e esrth ~:~~tes fro~ ~2~~ to a~s~ O~ i~~ 

8.::l.:o • If A is Eo~e given t8rrss~rial p031tio~ o~ t~e ear~~ 

~:- ­surface, ~he Doi~t ver~ically ab~7a ~ on v! it;:; cel.es:.ial £f.)~ere 

j~'I:"!,ez, of .:-:. . uoi Qi~ ~e"C::":"c~llyis 

~, 

.,... -=. '1 ~ -.",,"~he ze_;.~ ~!1, .c..., tl'""! ce.Le~- &1- 2'l)!""ler' is ca.lle~ ~~e ............. .--.1. • 

I-f' .·I :'Gprese:::'1ts ;;...'::.J O~le OI~ ~rtc (;sa're:.L!..y 0,Le8 't1:e po':"~-:; Go 

_lre~~ly under K on the eart~ls surf&ce is c~ll€d "C~e ["~0-

..... L ~.1 ~ •..,. _ .... : J,. _ ~-~-~.".A U V -"o~r'o~(G~)o~..~ .J.. ..L r i¥.• GSO~Gtr~cally, points N, G~ ~-

-; C" ~:,...,are col~inaar BE are pci~~s Z, =, an.d. Z' 7 ~':(1e~e ~~ v ..... 

ea!,~~ls cente!'. 

T~e Dositio~s of t~e cele~~:al bocias may be sxpressed 

by a celes'tial coordinate syste~ very si~il~r to ~he l3~itu~e-

lO~3i'tuce sys~em on the earth s surfEce. LYl O!1e such cO.J..:.­

_l~a~e syste~, the ~~sic li~tS of Tefere~ce a~e the c?le,, _ 

~eridian, e~ch of which is 

Qe~er~ined by ex~enQi~S e ~l~~e of ~~e e~r~h's e~uator a~d 

t~e p13ne of ~he terrestrial prlae ceridian. O~her syste:r:s 

lr..clude- ~~e al~itude-aziou~h coo~dina~e system; the declina­

"CiO::l-:-:::)Ur-a:cs~e syste:1 of coo'::'~d2.n8."Ces1 cud. tne :cigh~ ascen-

s_J~-dac~ina~ioL coord:nate syste /;207 'i::;u=e 32, 

, -C'~' is t;-_e ce:es~:'al 0U 'Gar, Soria >-' L?' is t~e celes~:al 

_.A __ ._, _-prlo::ne Deric.:'an. is a gre. c:"r ele co:'1­

ta 2.!l il.:"~ ? 811.d P 1 • he celes-c-:'al r1er2.dian E',_?D~:?' 1·:hich 

~~S3es t~rou3h X is called ~h3 no~r circle. :-:-.e s'oner-leal 
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£~~15 ~ fo=med by ~~e ho~r c~~c18 &~d ~~e c~leSl~_~~ 

~~~o~c~ Z is cslled t~e ">' ~·""""'le(T:f)o.r-c • • ,., _ ... :~ _ .:.;. 

0 ·, .......... ­

,.::.'r;.gle __~~e~ by t~e hour c~~c~e ~~d ~he c21es~ial ~~:~_ 

':lC~!-(ti8Yl is "the "uheric.s:._'" 

~~le 0 ~s the G~A of Zv The G3A fo~ a~y ~sles~lal bo~y or 

"00:"1-_1; ~s rr:.easll "'" '1estT..:a~d t~co= :.he c~les-:'i::;.l p~i~e rJe~ij1---

as a Dositive a~~le UD to JeOo. T~e 

ce:es"tial point is t~e ansul~r dis"ta~ce of "the po~nt fro_ 

~he equa~or, measured along t~e hour circle of that poin"t. 

Thus, t~e dec11~a~~o~ of ~ is arc D·~. No"te ~~at "t~e dec:iLa­

tioD 0: a celestial Doint :s ~e~ely t~e la~itude 0: its ~~ 

The 1:;"TO coorc:.ina"t8 of t~e coordi~ate syste~ just descr~baa 

are Del. and GE~. 

Solar ~oo~, 12:00 noon, is the instant v~~en ~he sun 

s on "t~e zenitr. we~idian of a ve~ point A; ~t_t is, ~~en 

"the r.our circ:e of tr-e s~n a~d the ze~i~h mer~Qia~ of ~ co~n-

c~~e the aunarent ~iille at is :'2: ':'loOO.... 'I'he Total::' or: of 

~":1.e 82.rth o~ i"ts OKn axis :!:.8.1-:es 1 t apn€e.T a 'f the SU-Yl ciY'­

c~~s the earth every 1:venty-fo~r hou~s. •. il1~ "thiS, c.. n­

c~e~se of 15° iL the SU:~'S G~A "c~ld i~~icate an elsnse i. 

"t:-lle , O'C e h:n,L. If t~e sun, M, is west of t~e zen~th of 

., ,
LJ, t:-:e t~r'le i s 2_:~ter :c.oon; if the sun is 6S.st 0:­ the zenit;h 

0: j:..~ the ::i':T:.c .- befare noo.;.....1..:> 

The ~rc;;:-:' cL'cle :2.EFJK!.. ~.~i1. i ch r.as the ze::i th, Z, a::-;'Q 



;" '" .... 
~-J 

,.: ., .,... c.rl~e8-:'_ "Doint G;S ol'2s ~S ":'::6\:he 0- --- , Z', clf e. 

hc.... izo.. ~s -sr"_e ~"i-:-U~~ ..::-co::.~ 

l.:~:e of ':=L;nn~'a'tir:);'l oi' the c~ ...r:l:' f:ri)~ tr:8 .s~,:y. '1:;le l)~.' :!-le cf 

e c -.'"", .,.
~t~ c~:~2~idl ~orizc~ i2~8~ss~t \:.!-.o e~te:r' ai' -:,1·1~ -- .... _­

w~_la the plane of tha visible horizo~ is parallel ~o t~at 

or ~~6 csl~st:~l ho~izon but i~t~rs8cts t~e ear~h i~ a s3all 

ci!'cle. 

The vertical circle of 3 nci~~ ~ With respect ~c ~he 

.. .J.., ~ \-, ,:. '.I'~eLJ, is the g~eat c~~cle co~ta~nin~ ~ a~iz e:::~ L.~1, .1 

a 1 t:. tude 01' 1'. is tr-e! ~he a Er':':Ul=_ c.ls~snce :',1 i a.bov~ t:-~e 

ce~es~ial ~orizo~ ~e~sured alo~0 the vertical circle. Thu.s, 

of ;..: is ~r..eE~ is ~~e al~i~~ie C1" I(.
 

distnce be~wee~ M 2~d Z on t~e ertical circle. 'I':.us,
 

HZ = '1 .... 0 Eil' is the zenith distance o~ .&..~ • ~'1e
 

:a-~~~ of ~ is arc ?~. 

The azimuth of M is ~te angle PZM between the merliian 

.:- ", -I
th~ou~h Z a~d the vertical circ.!..e .J.. _-,:.. Z'h0 az:'~ut:-_ ";';"-- ..~-

f a pou:t i a~eti~es callec the Ge3rin~ of ~r-e Doir-~ 7;79 

SD~e=ical ~rian~le F~Z is k~own as the 

V~_~_ ,~e. SD~erical t=~a~g~e ~G~ or- t~e e&~tr. is t~e sa~e 

t;2.'ia~:G 1e 9 wil;h l~es·pec"t to ang·J.la::- :'lea-sure. Solutio!:. of 

s~~e~~cal ~::'~a~gl ?!·!z gives in:'o~mation 9.S to lal:.itUod.6) 

/ ?O~ roC",
lO~Gi~uce, ~irne of day, and so forthlo;lo7-139, ~ 0;_ )-~ (; 

- .J 

iCGl 
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__ 

1 ,;".!. .... 

,..,.£... T~e i.e 

O;rl:r f e~;t c:'" ~ ~~e .0 ... -::­- ~ 
Nill ~e c~L~id2~ed 

as t~:~~e are sa ~~~y ~2j'S i~ ~~~ic~ t~s S:C:.::. C~~-: ~e t=--_8.­

C'·o'c.l~ .-,::'

"'' ­ ---~sEit:l .,.. r 
v·..J :. :'~t:3-':~"I.~"Ce e~icl"': "cype ef" ~pt:'~~Ct.~ioY:. 

"' ) ""1~ c,;~10 ~'i "'ci :; I'~: - ~-

~~".:.... '::ec :;. 

ara .:r.i,ten Exa:Y:.l:;l e : To ;:~:'!1d :;~ ~ola~ ~ime i:- :h: ­

irJ. - r~
C~3..L;O IFt.:;i ~:..ld.e: U:OSO' H)~t ~ n02e~~ ~f-:e !!lorY"~i~~ ~';n E!". ... .:..c 

sun IS ::.ecl L1Cl'C :'O!l 1s 140 16' :':. f the sun's al~~ tJ.ce is obsc!'ved 

'Co be JS c14,I 6;203, 211-~rob. 1 

... t

LI1 ;::;:;~l:.""'::> ':;? C·l - 1
1 1°)"0- D' .. C .. ani ~~''':___ Q _""'" -'_~ .;.J - -t'_ J.."" .LO 

_-:, , =~l:.S, in ast=o~o~ical :;r!angle ?!Z,.J"'0°1" 

PZ = ,:',°10 = ?~04h"1..J '-""C~~\...l ~lZ = 1 0 -~6 t" __ ... ­

'I'he loc[~l hour a::'1gle, -c 0::' iol.?Z, -:·:t8n cO.:1ver:;ed i:r. 'Co its 

eC:1...ivalent in hou.rs ~:ill give the sola~' t ime desi~ed. FillY 

07.~ the h8.l:..~ ansl formulE.s ·:'i -:h "'c~:c }J!'cper subst.i tL:.tiO!1S 

-,.w~ll ~et the desired resul'Cs :Gel:- A = r·" B = Z, .'::[1(1 C = 

Tren, foyt!l'..11a 20) beco:!les 

, ~vheres1.Y1. ..hp 

I ::>7, .J.. i,:p + '1" 'z ) and= -- '." ' .. 870 50., s - z = 39°40'
 

- ?c6
s ? -­
I'ne co-...putation is· 
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T':'~E; 

..l-..,.,......, "y 

""'..a.._'-" 

=~t 

c. 

and. El~ = G;). 

soli3.!' 

[2~~ 

~ 
..J I • 

T~ sD~erical tri­

areE'C 

- 9~t:050 

= 5' w ; 2 1 L~ - 1 Q 
O.12?~ 

). C116 
.2 

7.53:39 - 10 

25°30' 
c:: 0 
./ 

= 14°16 

';:l := ;'.4­ :~ours. 

?i~d "Gr.e C~~ca~o ti~e 

-:>ro-:...,;. 

f the S'--'.::" is ;,;-n'T'rrl.-- --- --- -­

t~;e ',., 

?~-­

-
~ 

" 0.0:'0'd,..J , 

3~~:2ple: 

to 8G 

..:' 

~? 

log s ir:. -..~~' 

O t' '1;''; .,,'~ - ":\2)- ........ tj ....... _ 'C../ • 

i~ the li;st e:.c..:-Jple, ar:ci 'C:-;'e Oe5.'·­

6,209, 

2 1 

~!o~e noon or 8:J6 A.~. 

..... ~~1 

0010:': 

in 'C~e ~o~~~~g so :~at the 

~ ~,.

s!..n )~"""40 

log sl::--~ 12 c 6 f 
_ ,:Cl~" ... '=-'j-' L~Q,°lr·'_ .....I­ __ ~~ __ ,,-_ • I... U 

c-' ..... 7r::O'I";-J ./-('-r 

sir:. liP 

. ~~ = r.(.J~OIII • ~r~ ¥7 - 9~o 
, ... - "'"'T"-r V ~_ ... l.&.. .... ~ -

~o D0 ......... ~""'-~~~ ...... ~-\ ... r(:js
-.J ......... - --"""' ...... ­ t..:;._.­

f ~he triE~31e desired are anglee MPZ and 

o:-ning 

S ~"Y'''''''''" ~ 1".l .. ~ ....... ..;J 

'C:;..ze~ 

"':"!1en t.!':e 

":as 

:5 h'JU1'S, 24 

..:: i::l ,.}.-I 

( .~ " )Slr: ::::-=,~ 

~4"'.~ (,.. 'tr:)'0 __ ;. ;:>- •• .L 

S~!l ?Z 

O!l 'Ci 

SUD fi'C 

?Z = L;.SolG 

~he ~2-.!'-:S 

In ?igure ;2, C ~ 

:£0 find 'Cn~ 

'rrismslc: P.·.Z is quadrantal so "Gnat the solutio~'1 can 

of ~:-::e 

~~0Lll'S 

J hours, 24 ~inutes 

"t.,. i c' i''',' '0 := ~ 1 0 '0" 
_ \0 - ---~ _ .J ..' 

'bs er"tja. t 5.. or:. 

?Z>ioi 

bes~ be carr~s~ out In pol~r tri&n~le ?'M'Z'(?f a~Q 2' no~ 

""Y'lr.'-'e 'CI',:I,?'0­ -. ... .l. U , 

'I'f1'J.$, L:1 B..3tr::::.no,-::ice:.1 'Gri9..Y'J.sle ?I'IZ, 

-0 be CO~fuSEd Kith ~ho~ 

-_.~-

of su:~::-.Lse 

'I'~'?i.s cese is a special c::.se 0:" ti1e 1::;'3'C exa~"Ole ~'i~e:re the 

a1~~t~Qe of the sun is 0°. 

:3. -r 



~o fi~1 'che len~"ths of tIle lOL~est and ShQYt8Et d~ys 

• 1 

..... D 

Divide? = 103°11" 

9,j195 - 10 

9.J91? - 10 
0.:!.2?j 

cos Z' lsi!:. ','11 

arin~ of t~e s~n at 

~airbanks, l<~c ,~m, tas a 

sun ~111 ri~e at 5.07 A.~. 

~ssential to the solutio._ 

the 

Us j 1:S ~.auier t s ru.les :'0 solve for 

131°50'; e~d Z' = lo~~:6· 

t/?E: is haVi'!lg the in=~or:nation tr.~t 

, = 

Therefore, 

. hi S~ _.. ­

,,~sphere of 0;-.6 e9.1''l:;: ... 

~~e re~uire~ f~=l~~las ?re~ 

"0' = (.,0 0 

_vG cot .1' = (r:.) log co-':. U3010' 
-_. co~ 71 = (.,-,) 10"" ~o"" ):::;0 " Vb v _ .... _ _ ~ \.j .... ! ~ "-(-r 

los cos D' 

~~e c0~c~tation is. 

~""Ol,r, tP' = /0 -'';1 • 

c z· = 70 41' or 
109°19'. 

T~us, P = 103°11' and Z = 70°41'. 

L5~ ~', p', ani z ~e~=e~a~~ the s~p~le~2~ts 01 ;"., 

.... 
L. , 

og cos Z' = (r-) log cos 75°~41 
colo.; sin I'll' = col08 sin ~aol0' 

106 cos z' 

before noon. 

cos p' = act Al co~ Z'; end cos z' 

~ -+­ oC "n'"" ,....."'.~ v '... ~_ .. .:. 'oJ ..... ~ 

0: a:-.:.. ex.;..~'Ole 0_ 

the su~'s decli~a~io~ is 23027~ on the lo~gest day of 0he 

p- 4,;":I.n~ Z, y'esy)ec'tivaly. 

sunrise :~ e9ch of these Qa\~. 

or 103.1.8° by ::'5° ~o get P = 6.S3 hours or 6 :'"'.ours, 53 ::r:i"­

YE:~~ a~d -23°27' O~ tne shor~est day of the year, fo~ t~e 

!1~:''''L."'':.3~_... 

utes 

at a ~earing(~zi2uth)of 70 0 41 . 

P' :.In'1 



1:9 

l'->--t.' "£, 0 4' f,!..,OS'J....... '-~ '" \04.......... _ _. ,) ; 21'
~ 

I~~ F'i ~lre 3.2., C :J .~ ''':,_::g .tor 1: [18 lon&est dey, D'~ = 

_ C-'Z = 0'1,°;1'· ~~~J.'... ~ ~~ = v.~u Thus. 1~ _2 ~o??'........ ; '+'.J .. _.- a5trono~~c~


t~ lc;.r1.~-'!.€: PI':Z, 

"0")__ -""7 "",..--" -1 .. ,.....,'-;:> = b JJ'; ~~ = L:; 9'; an~ ~~ '7:)0. 

:J C r.; , ~ ,
_!'""lUS, :.~ p l~::' tr~s.!!s;le - .. ~ , 
";) :,~ ,= 90°·, = ~:302?'; arlC- 54°51' 

Tnc n~r~s of tria~~le ?::z d~sired ~re angles ? 2.. ~·j z. 

sin~ Napier's rules to SOlV6 for their supple~~n~s, p' a~Q 

z' - Dol~r ~ri~~~le ?t~, re~uires ~hc rela~ions~ips 

cos 'D' = co~ . 'o~ Z'; ar:.i co~ = cos Z' lsi' • 

'7ll"..<3 co: :Dllta-::'on is" 

-Of; cot :',:, = (n) log cot 25°9'
 
0'; 00t Z' = (n) lo~ co~ 6b o33
 

log cos p'
 

.1.0"'; cos Z' = (~) log ccs 66°33
 
olog SlY"~ :.:' = co2.og s:':c 25°S'
 

lOb cos z'
 

z· 

~~~Sl P = 157°28' a~d Z = 20°32'. Convertil:.g ? "GO 

.• :OUTS a::.d. :;;~~l.utes gives P = 10 hours, YJ :ninu-ces. This 

l'8nre:sents t:-:8 nur.:.'oeT of :10.1::"5 ,;)-=fo:::'e S02.':"T :noor. t~.at -che 

S'J.{,_ rises s.nd. also -che nu::ber of urs fro~ solar noon uD"Gil 

8u~set. ~ere~ore, t~e lengt~ of ~~e lon68s-c day is 21 hours, 

o ~iLutes and the be.:..riL3 o~ the S~ a"G su~~ise is 20°32'. 



-- ---

~-'-.I 

,..-,... ... ,; f"": '\7Y'," -./? c V-a..! -w_ ... , -: :-.::; ..JnCl~-::'es~ 
~-.'~ - .-/-' , 

D ._ _ OJ j_. 0,> 'I t • "I V,.... r. .0 
7 = C .... .J1. , C:.r~ :. r.=~;us, i?! ::is-:,:!':>r_c~-

- - I , 

G8.l tl"'ian,.;:"c .':::'12 

. ~O
'j ­:.:? = - - .)')°2 ,-,(,., ?Z = 25~9'; and K~ - ;,v • 

&':Y": :1~ ir-_g ache ,-,_",~_.:..~;.i}js : 

~ , l.,."",_" _ _ •• ,COS ~I = cot ~, co~ ~ ~~d c r'-:" 'J~'/~"I n . 

sc2.ve I'o::, p' Y:r.i z I in :>ols.._ -c.l'ia~~g~l ?'X'Z', ~~ ~t~ch 

(' I' 0.-,,.. 'f '. -.::> = 90°; Z = ':)0 )) , -y..... 'r,' = - c;4°51
~_ ... \.A. ... -J , 

.~ ~ = ?2U~2t ~~ri 7 - 1)~G°'j~' 
-, - - J """-___.:.J - - / - - • is eq,uivc:.ler:~ 

to 1.5 ~o~rs, which is just half of the daylihh~ hc~rs. 

T!'tere.fo:::-e, the ler...gta of t~e s:-J.ortest cia;!, is 3 ~ours, 0 ':J.iL­

u~es a~Q ~r.e bea~i~5 of ~~e S~l at S~1Tise is i59028'. 

observer i~ ~}1e al~itude 

. CJ:- . EH::a:le, ?!1c. dec i.inat ion of ~ celest. ~ e.l 0::'5 ec~ a~c 1{l:o,'m. 

~ca~ule: To fi~d the latitude of a~ observer if a~ 9:28 A.~. 

_0 i~inci 

t~e sur-'s ~ltltude is 37°26 t a~d the sur- decli!:ation is 



121 

62-2('.1 i:210 _~~-"D~G,-D. 7 I. 

F'i~u!'G 32~ :'t:._ Si\re~_ .~_-..~~s ~!'e: 

~"'I"'~~''''r~ r--'-Y-,"__ ........-=',',-- - J7c 
~-:::>?", E..~d
"t :::: 2. i'.o'..l.rs, 32 :ni':..l v~ _' __ v ..,. _ .. ,J ..J ') - ') 

Dl:~ :::: 602G' .. 

... 0 t ...... .;.
~? ~',¥, -,,":Jr:­ s e (I ':.l~ vc:-=- e!,...l; i.t )0 SO ..~v, ~Y1

~t1 2 ~C"J..:"1;:" ../- ---- .... _u 

tr'_ ::.'--:i_,::,,_,,-,",.j => t'{7 t.... .;..J 

,::/-,'7 ~ ... 0·- '••• .,-;:) :::: u.J ...... - -..r/ :::: j ; :~~.:... :::: )L ;)-:- ~ "",r. L_ G' • 

'r.~e 81.''-::'" tud.e of Z, l,; t:.., ~s the !'e'-!i.A2.red ~E..rt. Sol ~l-:!"...g· 

f'J!' ~ ~~ cO:Illile._etl'C, PZ, i:'1. t!'i~Y-lsle ~·:?Z ca~ "De ~cco.:::l'plis::e 

"t~e Is~ of sines and then usln~ ~&n~e!"s 

_~Ylslo(,ies to solve for PZ. From the la.:.... of sines, 

sir: 2 :::: sin? sin !.?/SiTI Ilj2 • 

The cO",lvutaT.ion is; 

lo~ s;~ ~ - 10~ c=n ~~vL ___ - - ~ b u .1... ../'" :::: S.7,~93 - 1 
lOG sin M?:::: log si~ 33040' :::: S:~97J - 10 
1 = '"'7. 1 i .. ,..0 ......co oS s~n ~~ :::: co 03 s_n )L J~ C :00: 

log si! :::: 9.obb7 - 1.0 

z :::: 50°23' or 
1290 37'. 

?ules of species do :-Q~ eliminate eit~e= oLe of these 

values of Z. -,,:':Us, ti\O sol:l~~ons appear to be Dossible. In 

~~e f:~s~ 501u~io~ 21 :::: 50°23 1 anQ in the seco~d 2 2 = ~29037 

i "j
~'0l'~1l~ s. -'-u of ~~Dier~s ~1~lQgies, olved for t&n ~c and 

w~th.~te pro;er su~s~:~u'C1ons, can be used to solve for PZ 

_f: -CTif1!:51e ?~;;Z. _hus, 

tan h?z :::: 'Ca~1 ~(:f:?-~IZ) sin }(?,Z)/sin Uz-?) 



-,~ -':::> r-L e:--L ", Tf"' ·'O-"""'·-T---' -:'} "'"-',;:'~O> y •• ~.~"" ,""'~l,-v-

• -'.::: Ll. 

2i.,;'2. ., •• ', O~ 

,-... ~~ 
~ 

80-'1 s G E;U SniJ..2:-• ,.Q 0"..,. 1Er,~8 .:co L;:""-"~ SS8-L 20 '.:j.S~,'1.' ~C!. r-o ­
11 .-006 

=3 :'.c:.t UEO u01-:+n-Qs "Pt~C:1 0:3 S G ~')o"':cq:; f..~1rtg a. E ~r-'
-1-~ act 

•I Z10 Z , ZC: 

,.... -", =: -..L~
--:J°1 

=: 6,;., ~~ r)~ aLc,~ =:
0-I '" 

1.-.-; '_ 0 -: =: I 
/J>-rq ::"'(::: 

r 
c-:, =: 01 ­

T -: -~ =: ~c 
'0

CT . ... o!: =: 
---c~ .. 

,..,
.~ 

'=-
c:.. -

-.. ....-,. =: r: ...;? ~c-.--
.1... ­

'-' 
..--,.., .....--,.... (-1~);o f)-=~~ , r L~ ';' --

~ 

G-:'CO ::. -L-.'='
'0 :­

-;-T ,"_.J-.. 
... ---= ( --i..!-1'7) . tl-" n

•
v . :'°1 = '-', ... . .( ~, cc c-, ... (""'_ -t.) :). c :'-'? -.0-L L z. ~

•
C~ -,­ ~L3 2:~C ""'~.ro. '..lJ 

~--



--

... ?~
--J 

S "', .....4_,-" 

•. .~, I' (,.~, ~v:) '7
;;.~_V .'.!.J = :1<-i~r ::-L.;-.::':l T - ..... s ... · "U.'i J:'G.V ? 

~he cO~D~~a~~o~ is.
 

~;,::.,. .... - I,D
l-:G-.."T.r ?Z-F.,.) ::: ..... - ... ~" -;).,.. :06~l 

Sir.-' C'/°y:0,:;; S :'Y":. = ~O"; r J 9.96j6B - 10 
.~v~5


..... O~
 S :.:.r.... ::..·1 = 2-0L; Sir-l 1. ......_ .:> = 9.:700: - :0 
10{5 !:~V ? = log !-l2..V 7(;"" ~'-_~7: '; 

loS p::!:'OQuc-:' c.v~3c? - 10 

D::!:'OC.:.lC·':' v.071~J 

hav ,'12 0.27751.;­
,-/ 

a·:".f.j •6J 0 35 t 

-::'oJ.~'1r~.~ J.S , t~1e 8=.tit1-..1 ~" ')0 03°35' = 26° 5 ' . 

Usi~g t~e law of sines to solve for Z results in t~e 

.... ...,.lat::..o:".shi 

,'0/",".", ,liZj,J.._ ~ .1sL Z = siY:. ::> s~n C 

~~e conv~ta~io~ is: 

log sin P = lci<.' sin 70 0 = 9.9730 - 10 
log sin ::IP - v ~_. J JJ ::: 9.:700 - 10- 1~~ -'n l~o~c,
 

colee; sin .liZ = colo~ sin 6)°35' =
 
lou sin Z =
 

Z = 14°16'. 

~ut ~ is west 0f Z, so the &zi~uth of ~ is JoOo - z ::: 345°44' 

T:i:lE: pl~en the sun ,_1L ::-tEici-, t~e nrime <=-.,.,-~. c'''l( 18i­"'-' ......... - -'.
 
:., "'n "'181'- "P""'-'" 1r-- ',~ ...:l·'e ,.- -t ......... :;:,r- C't) +-;"0 1
_~":'.J ,\'.- C LJ_.-~._J..l;JM-. ~ ~ ~ ~ ~ ,~ _'V ..... "-' ..... ' .... __­

E~·:a ....2l).=-e : ~ete:..:lii1e -c.he t: Lne ~·lhe~-: 

"C~e S~:'1 i"~Ll be OY• ....... 2 'li-:'i:::e ~7e::!:'tic3.:..~ ::Jo-:,':·. ~orYli~g a::.c. eve::. ­

-r ~~~, • l' ,., ... ; Y. -" -'-\-- -_.,-,' 1;.1,0 r ''''d t·· 1.;-'''-.. ..:;0~-~gt _"- ~ne aec In,,,,v_O.: 01. " .•e ::..i.L~ _8 _I..' ~ a_~ ~e avlvL..\...t. ­



, ~ I • 
.:..c..~ 

~O ~17"(-p ~~-n~~'01· E.!1, .:; ns e~~.re't' s i....' _, ,'J "-J, ....... _ ~ __ '.)i:,.l. •• 

:.l~ ;~"..l1-:.., ~:!~ 't":ill "'.:ie ~:'J.e 0~·.... Sl~ O~:.. ':i~t :':E.3"G 0:" Z L:~-:::':·l 

C'", Jz ;I ~ • ~De s~rni~g ani a~~a~~OO!l ~i~8S ~~ll be e~~J::' 

spa~8~ :Je[or~ a~i ~f~e~ solar naJ~ 1,3! I~ ~.. s :.r CI?~':;.": i c..;:.l 

t2.... i;:tt~~~e ?:·I~, 

7. - 900' L)' - 7')0. --""l' "-)'7 _ )11,0
.:..J - ,_ ... 1. - ~ , Co.':'..,L- _.;;.J - ~~ 

Usi~:g I\~anie!' 3 ~U-Les 01:' ~ ig:~t. t~ ~2.!""_sle ?·:Z -:,) :' :',.~-:ld. 

? ~Es~lts i~ t~e uae of tha rel~~lo~s~ip: 

cos ? = co~ ?X ~an PZ • 

T~e c0~uu~~tion is: 

lc? cot u' lc~ cot 72° = 9.511g - 10 
, 1 .;... } .1 a c ~ RI· r" • r: 
..Lv~ :,~n ?Z	 ~Q~ ~3~ -'~ = :.~J~C - ~J 

10':; cos ? = 9. L}9;:;o - 10 

...... _ 71 011 ~, - ._ -r'J •
 

....v ,-v.,,~,.."-" ..... .. ··-·:·.. _::; ;:> = -r..." -'~uV";:: , __ '-l"r"Tc's~ ......... ",-;',,,,v .• .J...vvY',j,'ult . 0:::
__ _ __	 71 0Ji -)" -0 .• V.L ..... " ..... ..,rl\.4 ~_<A,. , _ __ 

p = 4 ~ours, 47 ~inutes. T~~s, ~~e SUL'S Gea~ir.5 will be 

":;".~..~\asv~ c..""C;...;".r ), ....'Ii ",. '-''-d\ d"e -, ~- c........U' 7 • 13'F...... ..,'...u.....t.t::	 -47:> 11 • ..:;.:.. __ u.. C;:':::"":>v "'~ 

.-.s..ny oJ:;:'1er astroLo~ico,.;.:::' c..pDlic:::t"iO!..~s 0: P12 sp~erical 

~r~a2blc a~e g~ve~ i~ textbo0~S. ~o~e 0: t~ese use ~he 

",,"_":"'~~l:L,.i-.';'" ~ \,;-t:;:._.::J. J..\. con...,,.;j~,\,,,,r+eJ '.....l..!. __ ~..;J.v "-'--e"('~c""~ Cro"'l,-"",--r_ ..... _ , - 19?rS"~'V"'~l'O"" __ SJ.::J.I." .:;)_""'" ... _v'"'l 3'1'"'9_ _ 

'x~i 18 c.:;h~rs gJ in~o::.uc::': :!:a:::'~ d.etail ths.Y'" is possible ~n 

t;~. i 5: ,;,:o::·k. Several 81)Dl !.C~':.::'0:!,j.8 of suheric:3.l seo:·.:etry v:ill 

~e c02side~ed i~ the re~a~nder of ~~i3 C~~Dt8r tt~t could 

~~ c~~s3ified &S geo~etric applic~tio~s. 

1'1. I.l.\/SCii.IJ3~D ~L1_,• .J CI~CU.;lbC:::I~~D C l._~.. (';L~r-, 
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1:::e~e~ 0: ~~~ iLSC~:~e~ SD~cre ~~2 C0~=0~ vertex. T:-::.us :. 

v~lu~~ cf a ~e5ulsr po:y~e~ro~ ~s given by 

1 J • ( r') 1 ... ­	 ( ~ )1 -- t_J' 
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,
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COS ct~,~, - COS C ~ z~~ ~fctD' : cr 

l~~GOcos 1(30 0 
COS C'I" sin 

n s 

E-J.·c, 

cas :: f D' == cos COD == cos(90o-C~O) L CD'" sin 2"]. 

Therefor~, 

l -: n o 
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1 ~IOC/ .--- u,,_ ......!. eo o 
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