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CHAPTER X
IHTRODBCTION

Revent years have witnessed o romorkable inoresse in interest in
the study of modern pure geomedry. This is eapecially true of thet
divieion of geometry usuelly designeted as the Ygeowebry of the trisagle¥,

Beopuge of the relative newness of this revivel of interest, |
only & few books by Aweriesn writers® ave now sveilsble an the mbjmr.
However, an ever inoressing emcunt of new meterisl is being published in
mathemstion) journels, espacielly the Amerdean Hsthematiesl Nowthly.”

Por ressouw thed ere not difficuld to fathow, the developuwenin
in two dimensionnl goometwyy bave fer ouwb-dletanced those in three
dimensions, To the writer this situstion seems regretteble. This
thesis is being written with the hope %hut 1ib may contribube, Sn some
monsurs, to the extension snd development of solid geometyy. |

One muy Liken the writing of & thesis of this mature to the
teldng of & trip through unfemilisy regioms. Vaeb prepuredness must be
wadee Unforsesn difficulides must be surmownbed, Joy amd sorrow, puccess
and fsailure ars but elements of the eemposite. In w woynge of discovery

i Hathan utﬂhmmm' HModeyn rure
(¥aw Torks Muomillsn Company, 1958;.

. The Americen Natbesmutical Monthly is a veluable source of new
material in this field, Yhis publicution offern apenific suggestlons in
urticles desling with pure geometry and in the department of Problems and
Balutiong .



2
it appears o the writer persiosibis Yo out adeift from the wugual webi-
oles of travel, and to procesd by eny swileble route or by sny svalle
able vehiole,

This wap sttempted recently, in two dimensicael geonetry by
Charles Gired® who developed and collected anslytical representeticns
Por points, limes, snd ciroles sssecisted with & tréangle with the ides
of providing &« wehicle of diavovery. |

In the field of molid geometry am‘ anslytiosl vehiule sesas aven
more necessary by virtue of the diffioulty nswaliy encountered in visualw
izing space sonfigurations. Analytdenl exprassions of pointe, Mma’,‘ -
planes, snd gphores yleld geosetriesl lnterpretetions without the ne-
coualty of & cumletive study. Collinssrity sud coplamrity of polnts
sre {reguently obvious fros thelr snalyticel mxmwsﬁma s wven when the
polnta have spparently little, if any, geometric cooneotion, |

It i he purpose of this thesis to provide sn snalyticsl found-
ation for the study of the geomsiyy of the tebeshedron. It is hoped
thet the wnelytlosl framevork hepeln provided, and summsryicsd in the
fivel chspter, will be of value in new ebtudies or in eupending ithe
study of this subjeobd. The algebrale representations of golotae, lines,
pztjamw, and spheres given in this thesls wey provide s vseful snd some~
what sdequate foundation for Durther atudy of the geonetry of the tetra-
hadron. The weiter fa fwlly wwure of the faot that thie mtudy is by ne
mesns sxheusbive, bub proesents it slmpiy se ap snelytiosl gulde o the
posroher in the field of modern solid geonetry.

B

uhﬁrlﬂﬂ g‘i&'ﬂd m huphytidus oK A
goqlet ! E.mpwﬁ.m

‘ on of Polnts, Lines,
and Clvelss & 1 & Trienile Unpublished theais,
Kanoss Otate Tawch&m Gw‘l ege, Moy, 1986).



OHAPTER XX
WUAURIPLARAR COURDINATYE

In order o provide an analyticsl representation of the oonfigu-
ratdons of spuce, 1t inm wooh essenbial that a suitable seordinate amtw
be udopted, The sriter han chosen quadriplanar coordinates’ (defined in
next puragraph) s the simplest and the most sutdafuctory weans of m-'
playing both metrical snd projective properties of Mgures ssscointed
with the tetrabodron. Howewer, tetrahedral amrdimmuﬁ mre smployed
a4 various tises where sonditions suggest their use. ALL solukions in
terms of tetruhedral coordinates are so indicated througheut this study,

. It seems wise to lndicats the sssentisl features of the gysten of
qumciriplwar coopdinates in order Yo aveld s confusion of terms or of |
mmmm. |

Let Ay, 4o Ags A‘ be the polnts of intereection of four inde~
pendent planes Ysken three at & time. The Sekrubedron with vertices
hyy dyy Agy hgy 18 oslled the fundamentsl tetrahedron, The srens of the
Paves hghyhygy S1Amhg, Alhphd, ‘nﬁg&g‘am denoted by B3y &;gg mg v %4
respectively. The longth of the edges dyhp, Ajdg, kydgs hphp Aghy,
hphy ope denoted by ey10, 8fpy b1gr 8pps Hf4» Sg4» respectively, Let
the dirested perpendiculer distences of uny point X frow the feves
hghghys MyAghq) Ayhphqs Arighp be respeatively x1, xg, Xp, %, then

3, Baith, folid Ueometry (Londoms Muowillem and Company,
l@ﬂﬂ); ﬂa lﬁdt

Ibm-; pe 164,



¥1s Xgs Xg) Xygy or numbersy proportional to them ere called quadzfiplam:c-
coordinates of the point X referred o the tetrahedron Ayhghghye The
distances, x, xy, x#, Xy, of 'th‘e‘ point X are so directed that they m
81l positive when X is :Ln the interior of the tetrahedron. That i, tha
directed distance x4 of & point X from & face of the tetrahedron ia poai-—
tive when x iz on the same side of that fuce as is the vertex Ay Threa
of these four actusl distancea, or merely the ratios of the four distsmcaa )
are gufficient %o detarmina the pesition of & point, | -
The four distances ) 3‘1’ Xopg x5 ’ »::4, are connected by the relgtlﬁ.fq::vi’ .
alxl+a22+a5x5+u4x4=5A
where /\ is the volume of the tetrahedron Ajhghghy. If k is s eommn
maltiplier of the coordinates xj, xa, xgy xq4 such that oy, kg, 1‘"5:
kxy are the sotual distances of the point I from the faces of the ’eetra-—
hedren of reference, that is “T-&K z kxyy th?op, | |

lc(alx]_ + BpXs + AgXy + a4%g) = & A\

or K o LA =0

alxl + agxg + BgxXy + a4x4

The coordinates of ks vertices, A 1t Aoy Agy A,y ave (1, o, 0, 0),
(o, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1), The equations of the faces
opposite these vertices are reépaetively X =0, % =0, xg = O, x4 = 0,
~ The equations of dhe edges are as follows:
Aphgt x5 =0, X4 205
Arhgh ¥ = 0, %4 » O}
Ajhgt X = 0y x5 = 0
bohpt Xy = 0p Xy = 03
hohgt X3 = 0y xg = 0;

Aghgt x = 0, 33 - Oy



PIOURE 2
PUBDAMERTAL TEPKAHEVHON

The equation mxy +‘mﬁw3 + agxg + ngxy = O represents & plane
minh win b &awimwd by (=) or the zsﬁ.am m,  Ite intersection with
thvm fmum of the tetrehedron sre

; 1.,9, Ry¥y 4 WX ¥ BX, 2 0
¥p = Gy ByXy + m@c:& * My = (s ]]

Ty 2 O WX ok mpdg ¢ B2 0

¥y = Oy BEy) t Wake 4+ %ﬁﬁ = O

The polnts of interssotion of tho plane (m) with the six edges
are i Ja.%t {m ot —ml, 0, 0}, klﬂa: (‘u&, 0, uml, 0}, #1‘&4‘ (m4, 0, 0,
-my )y hphyt (0 my, gy 0), Aghgr (0, my, 0, ~mg), dghgt (G Q) my,
i) o

The equation of the ddwal plune, or plane st infinlty, i dyy +



EEXQ * &Bﬁta Ll ﬂ4m4g 4]

The squation of & plane which pusses through thres points x! N ' »
t4e

o is
o Xy Ry % Iz Qs
N %o owox
"i“ ”;i' xg"‘ x&’
xili x;};“ Wéﬂ m;ll
| The conditfon ¥ust four poiete, X3 X', X", 3" e tn a
plane is |
»i ¥ L] t
. T T » O
ML L o
- TR

L LRI T T
R T T

N I LY AN T R R ] ]

Xg ¥y X, -

Akny three pluanes not belonging to Yhe same pencil intersect in e

point, Let the squations of the given planes be
WXy 4 HyXp o Byg + ByXg 2 Oy
ByXy % Bp¥g + ByXy + BX, 2 0,
iRy * Pyy * By¥p * Py = O
Theme have the unique solution?
| By Mg Mgl P3Py Pyl (M1 M Ty "L Ve M
Xy BEptXphX, = Do Dy My My Bgld My By BE4my Np Ry
Po By Pyl Py Pa Pa| [Py Po Pyl Py Py Py

(ﬂm Yorks Ginn end Oo. » lﬁﬁ%),




- The condition thet four planes k, 1, m, u have & polst in common
is thad the determinent off the rasoniated sooffioients be sguel %0 261U.
BN P
l;'i lﬂ 15 1 4
"1 Mg M %y
"1 %2 B Ny | |
If the yenk 48 thrae, the four plunes forn a bundle; if the resk

i two, the four planes form o pencily if the yunk i@ one, the four
plunes sre solneident. | | | o
Two finite men #, b oot ctéiaawmfa, sre perslliel if they form
s penoll with the idesl plsne, The condition for this is st the |
matriy .
1% % %N

B mg Ry om  be of rank two,

"% Ry % |
The synabions of the line of interssotion of the planes m, n are

)

wy o~ Oy nx = O, |
The equations ef dhe line PQ mey be writben in the w&mm.
form,
o= hop oy
%y m B P, + Xy
Xy = h Py * Mqa ’
Xy hop, o+ k% ’
where h, k are parameters not both merc. They may slsa be written
SR T A TR
=% Pp-% pp-osp

Pe = 94
The idenl line in s plene m 1s the line of ifntersection of the



plane and the ideal plene. Ite equstion is

11+mm *mana-am%x‘zo,

By, + By¥y * By¥yg + 8%, = 0.
The ldesl point on the line of mmmmm e ymx w O, Tuwx = 0
ia the point whers a third plam » intersects the idesl line, nanely,

%, &, 6 & R, B M4 & &

a 3 %) [Pz % % % E 2 s
R L ALY Ba Myt my W Bgpiofmy omyowmg i,
n 5 b4 i by} b b | s 23 i '

1
nl In .
L2 & 4&. 8 4 Xl |4 "L i e s
The ideal point on the line PQ fa

&

£ T

o=k Py + kg,  whers mﬁ x = Juyl Te p ‘
1 F (e oo Pyr Pg) (Plgurs 2) e any point, then the equabions
of & Line* through P may be found, The csordinstos of G and X are et

spectivaly (g, 4p) ags 94) snd (%, xp, Xy %g) e ,

<ol

FIGURE #

4 LINE THROUGH 4 POINT P

)

4 C. Smith, Solid Geometry (London: Macmillun and Compuny,
1928), p. 167 ‘



P x-m R R T

Gy < UG =Py Gy - Py g ~ Py
1€ EX v, th
xQ...\l* a5

T Gy ‘Wm""% *'ﬁs*‘% “%”‘%

“tﬁlﬁ‘ly»:
EN I +u PR 1 +u i +u

Lol o ﬂ.’i ” ﬁri - “Ctio

#j. = A Pa A f k 4 = w 1/8 u& whers primes ere used %o dewote the
distences in quedriplamsr coordinates, |

:v";-“" ‘ ', ‘ ‘ v
Y ~P o )/8 ﬂi-(xi -py) = 1/8 u,PY cas 9,) whers 9, danotes the
angle belween the Line PY end the altitude of the fundamentsl 'twmhaf
dron. Then
x, B, 94
Wimmfmm - = -i where & = Px“
The equations ui‘ & line through the point P way be exproseed sa -
ERRCTC D ak B X4 ’P‘a e d
5,008 Gy b, 08 Qﬁ &, £08 % 8,008 O,
Bince the sum of the mjwmw of four Peons of the tetwshedron

on & plate perpemiiocuisy 4o the line N & zowo,

nl Coy Qx " &2 208 G& - aa ooE Q’a t+ &, don Q‘ = U

Xy ® Py b 4, con 'Gl

Y. = D 4 &, CON
o 5 Py oy

B

xa = Py + 6y 08 Qﬁ
B




Xy @ Pyt &, 008 64

&
The parametric form of the equations of the line PG are
X om Py vty
To & Py * %"h
a ® % he %a »
3‘4 BR ‘@,ﬁl
When 4 » 0, X 2 P, Hhen b m oo X 2 Qs

~Zhp p AT Y
ZhsPy e, = Oy & m'wii ’ ” Z Py ol ’
L Y | . B b
&% ‘ Z-&f\‘}i

or mi Pod ptzu&q - Qifﬁip ~whioch 48 the idwl poind on the line PQ
in p&mmtrin Porm,
Any plane parallsl %o (m) 48 of the form ¥ mx « AZx z O, The
plane through P parallel to (m) le
=923
Z ByFg -
A

, F.G or zpizm:m *Z!ﬂpizxigﬂ. or

HE, EX =0

r L NN 3N s this mey be written as follows
(Elw %)3&1 - (% - pﬁ)xﬂ - (mu - @g)x& - (M4 - %)34 - O«

By levting ui § = mj - Wy the plaoe through P perallel %o m may
b wrdtten
" Py(mmay) = pyliyny )= o (ngmay)|
=y [y (my-mp) = pplagng) pylmgeny)}
g {1 (=) = pg(ug-my) = py(mgmag)]
~% By (g my) —py stgng) = pg(mg-ing) J= O
This nmey be written ssyy =y Xg(pguy = mZ py) = O



The points on the idenl line of u plene (m) are

plane X, = Or (O Byily = 8y0y 3 &0y = 8Byt oy = aygdy),
; x® ! 5 - - '
plune %, = 01 (&a 8, OF AN 8B = gl )

plmmxﬁ:;()x (a&m -aa“a&m - 8 g 1 O &, m

TRy
plune %, = O3 (“Qm& - Bgligh Bghy ~ aylel BoR, = Balhi O )
The wrpmﬁiml&mﬁ from the snguler points of the tetrabedron of
referonce on the plane whose eguation ie
iy 4 moks + Byky + m4:&4 x D
are propurtionsl do éﬁl, oy By (Pigure %)
The coordinntes (W%rma&rul toordinstes ) of Hm am (e mg, W s

0, 0), then X %« -u ma&nmmlx —mx 3001‘1:; Ef,
ol . ? e mp

Ty = gt < Mghy = Dk - A gt 0y

= O AghyMyghgt/ B ghglly gy
= XE* - xl ’
Therefore Pyt Ty oz Mt mg and siallarly for the other diatences
rg and ¥, so then ULEPAR MR R R KR W and? zhm, I
hae motusl distence, ry of any vertex of the tetraledyon not lying in
the fuce m in plane {m) be known, k msy be ddtermined by the relstion-
ahip |
‘ 'r'
ke 2a
!
The distence, then, of sny point P from the plane (m) is given
by the foraula

B0, gaiwn, 8014d Geomedsy (Londoms Weomillan and Company,
1928), p. 186,
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¥y mm (“3. Jm)

Sk (P = mypy = mydy « m,p,) wheve k = 2
ﬂl mi - md

fa“ #in (ea“m)
21& ”:Emj

The general equation of a uphem“ is
afpiye T %, + efyn ax X, + of 144515 Y St s B,

g - . | ,h
* ’“3‘;‘& B+ %y 4 mx, + oy o agxg ) (myxy + &e% ¥ Bgiy + By% )z O,

- Tho equetion of the circumsphere is

1*“&“2“&"% 15“1‘*5"1”8 14“1%"&“ * ‘*ms g %y “ﬁ:ﬁ”?%"@% *

482 %x¥y = Ov  The squation of the idexl plune in B X + 4% E

u@x& + Rz O« The equubion of the m&ioal plane of $he ml.wwa;nham

and any sphere is ml:r * m *, + By Xy + m,ax‘@ = O

The center of the ganeral sphere is found by solving the equetions

?lwﬂmﬁmg = almam&m@’ vhere

Pf znlmlxl - (amalaz &8, % 6.8 )fx + (“’15“1%5 + b+ ﬁﬂwl)x +

#
(ﬂmaiud + 6.8, + %ml)x

Fau (a,lgalmﬁ -+ alm * 8 )ﬁ + 2a oMoy * (“ggﬁp% +BE, ¥ o0 )x -

2
‘(“M"g% * a£m4 - a4ma)x

2 T
%ﬁ‘ (”‘1}5&1&& + 6.8, 4 8,0 )x + (&Mmﬁ% *+ B, %“g)“g + Wﬁ%"ﬂ "

R ' _ .
(%4‘*3% + Byl mﬁmm)xﬁ,

(Londony  Haomillen mnd Company,

" ® ¢, owith, 8¢l Geoustry
lﬁﬂﬁ), P 178,
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Bz (afgmuy + agng + sy )Xy ¢ (83gagey + 8gm, + mguo)x, +
ALL sp&mren pass thmuggh the sbsolute, the equabion of which is

Bty o aﬁx* + gy o+ BeX, = O

| P
1#‘“3.*2”‘1’%: + i agnx, b “m p s A “M gy a”‘a + “94‘:&%"9"4 *

agﬁ.ﬁ%max,; " (‘mixl + BpXy + Mgy + “v&%)‘(“l’rl + mﬁxa + fgty + a,‘n) z O



CHAPTER LXT
POINTH, LINES, PLENES, AND SPHERTE ASSOCIATFD WITH A QIVEN POINY

isgoolated with any point ld agacs are ¢ mumber of pointe, 1ines,
pianss, end spheres having some significunt gecmetrical connectinon wu.‘h‘
i%: In this chepber the amelyticsl representation of the wost Lm-
portant will be presented, |
| : WMQ‘ Let ?(?1» Ppr Py 35‘*) be
any given potnt, The pedal, points, By By R‘a, P (Pigure 4) are the

projesthons of the point P upon the faves of the tetrabedron of refer-
ence, The Soordinates of the pedal poluts ave ebviously

P'lf(o‘r F’ﬁi ﬁ‘at Pﬁh

Pai(;ﬂln Qi Pye ,i")';

Fﬁl(fﬂll Py» 0, 134)!

3"4‘(?11 l’gj Pgy )« '; -

Ihe pedsl ietrehedrun. The pedal tetrabedron is here defined
#8 the tetrahedyon having the points P, Pys Pyr By a0 vortices. The
faces of the pedal tebrabedron !‘g?a?*, Fl%%’ i‘ll’g'l?*, and I‘lﬁﬂf’ghwe

the equations
™ ERpPyPgty + PAPEPeRp + PibgPes + PiigPs¥es Oy
PpPgPy®y ~ B PyPgPy¥p * PLPuPgRy + PiPyPy¥y = O
PaPsPa®L ¥ Py PeRTp = By Pab Ry + By RyPy, 3 O
PyPyP ¥y + Py RgPy¥g + MPePy®y = 2D Pupek, 2 O
Ihe vednl usohare, The pedul sphere of P is the ephere whinh
pasoes through the Four pedul polnta f’l, ;;W Pa, ?4. By wubstituting
the coordinates of i”:k, Pﬂf' Fﬁy P 4 in the general equstion of a sphere



the Pollowing relations are wbteineds

wab g
&m a*gPePy * *‘m“w“&%% + 6hg0 5’“&%‘%'

Bula * Pty + B0y =
&gpﬁ ™ &ﬂx’ﬁ "+ m*ﬁ‘

R ) | 2
“jw"m?“m*’nﬁ’a MR T T R PR LTI A )
Gypy + hgPy * Baig

| .
. "“w‘“‘x ahale * “3.4“1%”1% " et aPPe

‘&
1Py T R A

® '
AR AT S X W 3 ﬁﬁl" 2 " "1n'atPuPs T tene"shPy
v E & & &,’Lpl + 8Py + “53’5

iRy h Pyly t PRy =

L S T P

Lot

2 8 8.
BogPplgPaly * Mg tyl, Peby + “M‘?&“ﬁﬂ%_
Pylaghy + agpg + by

L -

- s
8, = st dTnhe " Mt e P}

Poli by + By * a%’

'ﬁ*

R I " Ry
R T WL LR P W
pglaypy « by » 80,

£
- % RyPaPy * O1g® 1‘53’1% * “m“;u 2P
g‘ o
p, (e &.p, a"r)

snd leh

8z (By # Ry + Ry + By)/8

Town the values of By Byp gy B, ‘Whisch dotermine the pedel sphers are
m«l = Rl w {5y % = Rw - &, By o nm w By N* ] ﬁ* - a. snd the squation



of the pedal aphers ia

2 ,
”‘m”:z.%’“l“& * “13“1%’1‘“ + 8 4 1“4&“1""«& * “&ﬁ%“n“a& * “m%“ﬁﬁ”a *
"M whgKpy ¥ (B.lx + nm, + mams + Rﬂx ). 1% F gy + BgE + u4m4) .

ﬁ(x*xg*xﬁ*m)(ullfbax 4-%%*&9:).

the pedal palats of P with mpm to aﬂaex‘ pairs of pointe Mme\m&m
with the tetrbedson, and slso the harmonic conjugstes of thsse in

turn. The wi&%m&h&m of these are mwm pither in figure remr,

or by considering their ctordipates, or hy both, The hermonic @mju-

gate of P with respect to & P will ba dumhe& by Fh’; the projection

of P, on the mﬁm dqbg from the vertex hy 49 denoted by Py.s The
harmonioc sonfugate of ¥, with respset to AgPy, 1s denoted by P’
‘The hurmonic oonjugete of %ﬁ with respeot fm hyhyg Ao denoted by PM‘
glailarly for othey puirs of poin‘hm

The coordinstes of these points sre given in e soconpruying

Liaty
?lﬁ {0, 9, Py 94);: . | 1';,2 CQ: Op ~pys P,;)u
?15 (o, Pas Ou }:74)‘: ‘ 1{;,; (0, Py Uy ?4)3
P (0 9 By O, Prg (05 =By By O),
Tﬁ’% (pl, 0, 0, 94)‘; P;b '("Plu 0, & %’n
Pou (P1r 05 pgs 0) Pé4 (=Py2 O) pge 0),

'
Py (P12 gy 0y 0). Pgg (=pys pgs 0) 0)4

4F peldar ,Qg B Asgocluted with any given point P mre
& musber of other points which are the hermonie conjugete of P, op m‘.’ ‘

aAr



P ("p;“ Pal I’*ﬁt 1»1‘4), ‘Fl (04 Pia; %’ 94)'

P - A : 5 )
(Plu Pﬂp Fﬂ' Fk); Pﬁ (Plp 0, pﬁ’ 5"4)»
1y
P , - + Py
”’1’ Pys Py pﬁh Py (e Dgr % 2,0
(‘91» Par Py "94)‘* 3?4 Cﬁll I‘Qa Py 0}
u (o t
’ mﬁwﬁ: ﬁf&)ﬁ : | P5 (“5’1: xﬁa: 0, %)».,
PH! 5 ) T ,
1 (0, Pgs % 534 3 | Py (Pla “Py Qp‘ﬁ‘ﬁa
v 4 , o V. Wi | oy
l’l (QJ pai pa! ".p@)’ Ps (pll pﬁ’ QQ ""p*)l
H L . ‘ 1
P& ("Pli 0, PS: P4)a : P4 ("Pxnv Pg: P?w @);
Ml ‘ L1
Py (Plp Qo TPy I?dv : % (Plr “Pyr Py 0},
Py (s 0, pxs’ Pyl | Pi“ (py+ Bg» ~pys 0)

The eollinsarity of sets ox‘ ‘bheaa points which lie in the sume
| plane is well known. '

| The six polnts Py Pley Py Powy Byys By wve coplanar since
the rank of the matrix of their ceefficient 1s t-hram The plave of
thege pointa is called the quadriplenar palar p&anu of P Its

aqmtimnia
X, X X, X
i*i*.ﬁ*i:ﬂ
Py By Py ¥y

, Rathen dltahiller-Court, Modern
Yorky Maomillan Compeny, 1988), p. 285,
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Tae esyuetion mey wise be derived frow the Pormils |

(%w) * *(ma*) e + (-£—-) g+ {5%-) 4 =0,

In this case the surface, x(xl, Xpr Hy x*) = Oy 4w the ﬂugmm
%6 Burfeo " LR
B Bomy X% XX,z 0p and ‘ﬁf"}p = PgPaby, (%%7“‘ = PyPyPy
P

(";x )y B PPl ’-e}%;) = PyPgPys #o that the equation of the poler
2%’y X |

P
plene s
%, & x x
i*vﬂv*i‘*i =z O

The poist P is oalled the pele of this plwaaw dsnoolated with
any giﬁ%en pisne (m) is 8 wim‘ whideh ie ids pole. If the equaticn of
the plude ?ﬁl;tl B, % M+ B3R, 0y the ww&imwa‘ of* the W:w

8re (g wds m..Jz...i N
B T By Wy
; Frow bthe edges of the tetrahedron

project plenes through P, The equations of the planes detornined by

the polnt P and the six edges sves

bphgl P By By 2 O Rt b B TP 2

Al%l"sz~pﬂ4n0, &#%’zpal«ylauﬂ,
e pX, & AR PAPE wpx w0

hiagP v Xy = %y = O e TP
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The plane Pg¥y = p& xs = 0 will ent the face x 4 = 0 in the line

’&3,?1 " 'i’ha Plang By = PyXy z 0 will oud the fuce through the line APy 4"

1

hny plane through PJ. 4?;; 4 will, 1ntoraent al o extended, 1n the point Fs ‘

: L(‘fpﬁ, Pyr O 0) which is the harmonic conjugate of I’M relative to A‘l and

A+ The four planes determined b;r the edge ﬁga 4 and the pointa dq» P!

& M’

%, P& 4 form & hsrwonic set. The equation of the plane which is tha;
harwonio conjugete of Pg¥y = M¥p = O with respset $o X = 0 und &2 0

is Pp¥y ¥ PyX g 2 0., Bimilarly other puirs of conjugate planes assoti-
~ated with the polnt P are -

(Conjugate with respect to

PRy = Py%, = 0 and PEy * P2, = 0 £ 20, %, =0}
Py¥p = Pg¥y = 0 and peXy + paXe = 0, #p w0y g = 0);
P&f& mpﬁx wOoand Py¥g + Py¥, -_;‘;O, g 5 =0, % z0)y
pz,gmlz - plxﬁ =0 and‘pﬁxl * Py¥y = 0, ¥y 3 0, x_ = 0);
?"ﬂ.’a - pgxﬁ = 0 ﬂnd p&xa + Fgﬁa = 0, Xy = Q, 14 = n)v
Polar with resoect to circumsn The equation of the circum-
nphum ia
o x+a x*uzmaxx .o e exn
mlm"l‘“"‘“wl 16"1%4M LA N T TN AP

In this oase at the point 1?‘(9‘1: Pgs Py »4) the partial derviatives

with respect to X)) ¥y Xy x, are



R1

FIGURE 4
GUADRIPLARAR POLLR OF P, HARMONIC COMJUGATES OF P,
AND OF ASSOCUTATED POLNTS



0

F a* a p oF ‘ Py
18"y 5% %1%y "14" %%
F& = ugﬁaﬂ% + J“?,ﬁ“l“@p% 24 ALY
Ty = oy BgP ¥ Ug0ge faby * “‘g@ BataPy
1‘ = au,ﬁ 6.5 Ll TN SR R WY W 1

1471500 T SagBptalp * PPyt Py

amﬁ the eguation of the polar P is
(& “ aﬁ & - B Ya. » ¢ o* o )
18175 © f1a® %Py * Rt "‘m"‘sa%"s P L R LR

P

& B " )
(“m P “m“zs“x * R E B Xy ("‘14"‘1“ Lt 2ae® P * Puty
ByBelty = O
FPoler with respect $o the general sphere. The generel ‘a@uuh‘ion
of & sphere la
oF 2 2

lﬁ&l& 3"13. " uw laﬁxmnt” + &Mal%xlxa - ﬁi@ﬁuﬂaﬂxﬂxﬁ ™

&gaa«xx + 6% uwowx +(mlx; +WE 4 BE FBX)

il W 54 B 4 8 4 e 58 44
(“J.xl Xy b Xy %x,*) = O
Danote by ?l, Fos Fgy B, the velues of the parbiel devivetiwss of the
laft wember with Fsspect to ’”l"’ Ry mﬁ, X, &% the point 3*(91, Pgr Pgs @a)‘
F Eamlpl-e(a mszna m, +.tnm1)§g
(‘*tw%% gy +oagly i + (afgage, +ogmg + agm)py,

ﬂ
F mw”m“‘ + 1};!1-4-&&%%%*

(aw pBy * Hglly + e }pu * (“Mm:@% +am, o m )?’y
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=8 se +om 4
E (;x.mn mlﬁ mﬁm)p -4-(»1%%&3*&&%1«&:11)%*

(2 agmgpy + (aggugny + agng + nedp,,

(”‘M 10 88 *mml)%#’(amﬁﬂ%*mﬁm -Huau)%

(*‘m"a“a *EgBy oM )Py + 2uumyp,

The soustion of the peler P i

TRt Py v Tyxg + B = O

The oenter of the aphere ia the point whose polar is the ideal plsne,
Idantﬂ'yiag the equetion of the polsr of P with the equation % +
&EMP + ngX, 8 ‘:x " O, it is found that P is the center of the sphere
of the squaticns

F‘ls?ﬁ,x?s‘ P, woa ta, d0 00

B4 =128 8
sre artdibvied, A J

A
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If two plunes through the vertex of &

dihedral angle mike equsl angles with i%s faces, they are sald Yo be
"'Magmmwﬁ of Plmogonsl conjugates® (Figure 8), It ie evident thet
two Lsogonslly eonjugete plenss are symmetrical with regurd o the
biseotor of the angle. The isogonsl planas, with respect do the
corrsaponding dlhedrel wngles of a glven tetrshedron, of the six planes
passdng through o given point and the six edges of the tetrahedeon,

24

bave & point in common, Lot P be the given polnt, The squations of the

planes through the poing ¥{ Py Pgr Py B 4‘) wnd the edges Ay

bohys doboy Bibyy and A A, wrs rospeshively

5
By%p = Py = O
Pefy = By¥g = O
Py¥y = Py%p 2 Oy
Peig " Py¥y = O
By¥y = Py 2 O
Py 7 By = O

Tuen the equations of the Lsogonel coujugabes of the bove planes ure
rappectively,

P¥y = Py¥g = O

Py%) = Vg = O

BT, P O

Pg¥y = PgFy = O

PoXy = Py = Oy

% Ygtnpn Altshiller~Courk, Nodern Puve
(Row Yorkt Maowillen Company, 1985), p. 240,

@ e



78
By¥y = BgFy = O
v 1w apperent that the six Laogonelly conjugste plutes are son-

ewrrent in & point Q(;,,,, A Ly 3,,,) This point ¢ 43 called the lsogonsl
Py Pp Py Py

sonjugste of P. Thess poluts sre sometines referred to an inverse pointe.
Lvery polnt Iwn spate nob Lying An & Pece of the tetrehedron has sn iaogow
ual point with resgect o the Yetvshedron and voly ons, Ghe diuwnwa of
the points P and Q from the faoes of the betrahedron sre inversely gw-—
portdonsl, mmfi, aonversely, if the disbenoes of P and Q from the faoss of
the tetrahedron srs mw:.vmly propartionsl, the two points sre lsogonal
with map@t o M‘aé tetenhedron, The only self~oonjugete points are the
equicenterss If P la on the olroumaphere, the fsogonels of &lk QP and

&ﬂﬁ 41? will be perallel. It then follows that the lsogonal sonjugate of
sy peint P on the circumoircle im at infinity.

Let i’(pl, Pyt Py 5':4) be any point and let
P K F ? 2*1 Pﬂ; % 'bm bhe polots Bhere planss proiectud threau@h P
nm& nanbaimim an pdpe oute the opposite edge. Let ﬂ & , %, 1, Qa,
% {(Pigure 6) be points on the respeotive edges such mt, congidering
dlvactod seguents on the edges, All* = Qyhys APy = *x‘a' By = %ﬁi*
Then the plene through A dﬁl amw the mwm mﬂm 8ou in thke same
retio in which .&lﬁ. APIL dividen bouh wr the vatlios in whick P’l and (}{1
divide ths edpe By BEH reciprossls, Sinve the altitudes and baves of
the testrehedrons i’amﬁ by the planes through Al‘“d. 1 and dyh Gy are
equel, the ratio of the volumsy ave reciprossls, Similer statements
wmay be sude sbout the other corresponding tetrahedrons Loymed by the
other odgss and the respeotive points on the apposite edges. It is

olearly svident from thiz thab



o SN EPI SR S L R

q’l&%n
BaPL BBy RgPg BBy BE e

Then
U At a0 q *‘Mﬁéww,mméwﬁ.u*§-.mw§§~
ﬂ
The coordinstes of Gy were (0, a’ép " napﬂ, 0) .

Similexly the aaardiu&t»u of g Q§, Ql’ QE' Qn aY8 rmawaumivnmy

(aav@a By alp1, 0),

{8,000 27y, 0, 0),

, B 2

(*zﬁdt &, 0 ﬁlpl)'

P B

{0, baPger Oy “gﬁg}a

S ®

D, ‘
{0, 0, *‘*439*0 “Sﬂﬁ)ﬁ
o s P 't ’

The six plunes Alﬂﬁgl’ aggﬂﬁa, *&&nﬁﬁ"ﬂaﬁﬁﬁl‘ &lhaﬂﬂ, A, 4G

awen vonouwrrent in the point Q( ,l » 1 n x

2
“1?x BoPy “ufz 4”4

The point § L8 oalled the isotomic vonjugete of P.
The only isotomicelly self-conjugate polots sre the five points,
i, m', ﬁj', m"', %"", pamely, the medise point and the Lour exmedisn

pointy,

Re
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CHAPTER TV
SPEOLAL POINTS AXD GROUPS OF POLINTS

This sentiun wnd the thres ohapters following trest of several
poinds, planes, and spheres of sapsoisl interest in connection with tha
Btudy of the %ebrahedron, Bome of the peometric properties hevein
contained are well known and have been derived in other works desling
with wolid geowetry, Howsver, much of the waterisl is now, or st lesad,
At hes esosped the writer's knowledge in his search in thim field, The
preganting of %mu points, planes, and spherss in the analytical method
is suggestive of what oun be done with knows faobs ss well us providing
& meang of proof for mew ones. Casey eriss wherein compaotness has besn
forsaken in ordmr to Pulfill the purpose of the thesis; yet these Forms
ers wadque and furnish properties for further study,

The incenter and sxcenters. (4. Co-72)", Bince the incenter is
equidistant from the faoes of the btetruhedron of refersnde, its coordi-

nates ave (1, 1, 1, 1)+ A tetrahedron hag seven excenters, three of
which are locsted in the roofs and four in the truncs, all of whiok ave
equldistont from the faces of the tetvrahedron of raference. The
coordinutes of X‘, 1, 1", the sxceaters lecated dn the rools, arve
(1p <1y «ly 1), (=1, 1, <1, ), und (=2, =3, 1, 1), ¢ (=1, 1, 1, =1},

and {1, 1, -1, =), where I‘ is nsaccisbed with the roof Ay b o0 Aphyy

4 ke CoeTRy refars to Altaniller-Court's Hode 3 oy
wga 'm. 'I?hia gystom of oross referense ie viged hbrauajmm Gk s prors



t |
1 1s assoclated with the voof dohy o1 Ayhgy mnd I“' is pepociated

with the roof hyhy oF Ahoe  The coordinetes of I X I%, I ag? M“ﬂ

(”’l’ 1" 3"’ J“)l’ (11 "’3-’ 1' l}) (olj l’ ""“‘l’ l)‘ wad (l' l, l’ ""J-) where I&l

is the excenber assoviated with the face 8qp and plmilary locetions fop
the other excenters,

Haddan polnt und exwedisn points. (f»« GumBl) (Figurs 7) Lot
# denote the median point of the tetrahadron. Then ¥, in the mwim

point of the face a5+ The csordinetes of ”1 Bl'e (o, ‘_1_,, B;, ’ “i, 3
Tne mediun plone Lssusd from the odge byhoy that 1s, the plane -“r“a”y.r

£9

hap the squation sgxy - a 4% 2 O mmmw, the equations of the mediens

igsved from “"f‘a’ &1A 4 % gt aﬂ " &5 4
ﬂﬁﬂa - &#‘Jﬂ& = O
"g¥p - Ay = 0
¥ - aF 2 O
BF g E O

b i B L S
It is evident that the cﬂwmmwa of w, the point of intersection of

the medisn planes; are

I E 'SP S S P

By Hp Ay By
4 plane sontalning an edge of a tetrshedron and psrallel to the

apposite edge is referred to in this theels s an exmsdian plane or
sdmply us wn exsedion (Figure 7). The emmediuns sre the hermonie
sonjugutes of the medisn plenes with vespeot to the ineluding faces,
The point of concurrency of a sedian snd bhree exmediuns 1s celled an

sxmedien poink.,






The equations of the adx exmediens wre obviouply
gy + By¥g = a‘,

i T

Bp¥p t A F w0

4% & 20

11 *» &wﬂa bod Q;

x {
ﬂﬂ&*%ﬁxﬁ“‘e'

The scordinetes of the swmedisn poinds are

ﬁ{”l’nzbm’u&v’#':"(-;-ﬁbw&-ln&—,
By By By oy By 8y by By

'”(mi..m.: ..&; Tt M'ﬂ“”‘@"&"‘ - ...é..o ‘&‘,)'

bg By By

m synsedian point, K, of &

tetrahedron s the imgam& sonjugate az‘ the medlen point. 4 line
through o wertex snd the sympedfsn point 1s oulled s wyrumedion., 4
plane mmgh an sdge snd the grmmediasn point 1s valled & symmedian
plane (Figuie 8), Since the coerdivaten of the sedisn point ure

bt iy s Ay the polot K has coordivetes (s , & , LR )e
Gty 1 e T e
i 4 B 4 ' ‘

The symmedien point, then, Ls s polnt whose distances from the faces of
the tetewhudran wre proportionsl bto the sres of the facee. The equatdona
of the symwedian planes ave

&a.ﬂl - ﬂlx ""' 0,

B, &an 2 Oy

By " My = O

ﬁﬁml - ﬂlxg - Qp



an

byt = BBy = 0,

X - B o »
e T

The hermonic conjugate of the syumedisn plene with respect to
the inoluding faces 1z referced to here as an exsymiedian pline (Pigure 8),
The equations of the axsymmedion plenes sre

ﬁaﬁz‘ L &lxﬂ

aaxg + B wz & O

Rt T

:c
n 4 a:i% = 0,

%xn * %x& z Gy

a 4;!:5 * 8, m z O

b aymmdian plmm and three sxeymmedisn planes are aouaurmm in
B mﬂm called an waymwiun pointy  The !.‘wr exaynmedian points are
K’-_{-ul,, LIy .&&)‘ £ (ul 2 Mgr By n‘), 'Y (al, aﬁ}, ey ﬁ‘é),

Hu (6,0, 08 )
AR )
flrqumosnter. (4s CumlTy 45.»-3.%)3 The egustion of the clroum-
. aphare ie

2 2 2
T i o “15“1“:“1“3 + “14“1“4’i“§ Boghotg¥edy * £4 Baby¥o¥y +

2
“yatste¥gTy = O

The senter of the clroussphers is found by solving ¥ masrat%
mlmﬁm@m 4 where ﬁ' ﬁ'ﬂ, F‘ are the partisl derivatives of Xyp %

b 5* "wd with respect to the squation of the elrcwmuphere,

£ Suewl80, refers to Smith'e Solid Osometey, pege 186,
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The center of the circumsphere muy also be sxpressed in the
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Mongs Poiots (Ae Co=88) The olx planes through the mid-points
of the adges of o tetrshedron and perpendicular to the edges respecw
tively oppesite bave a point in ocmmon, the Monge polnt (Plgure #).
The eguations of the planes through the mid-points and perpendiouler to
the oppoaite edges msy be found by finding the idesl point on sach
perpendiouler in the faces of the tetrahedron which contalve the appow
site adge, Then using these two points and the midwpoint, the eguatdon
muy be Pound by the sbandard method.
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The Idesl polok in trilinesr coordinates of h( ) is (0, =1, oo Ags

ooB Aﬁ). Thia may be changed to ywadriplensr coordinates by the relstion-
&
ahip By oo n-i}-{'—" I

where f 40 one of the trilinesr coordinete points,
B
y

i i

, . (1) (0,5& 9@5 A(l)

In gquedriplensr coordinates, the idesl point oo h " ia M,
{1) By

aﬁma by ' »a%) v

~ o o vos 448 & cos al4)
The ideal point on ni"" 8 (o 20, 1B L. o,

ﬁl 32 ﬁa

The soordinabes of Ai" s the nid-point of Ak, are (‘%M 0, 0, %.*.'),f

The requived plene is parallel to both hil) and hi" . It

containa the Ywo ddesl points and the point 4y’

In arder to avodd the use of frecticon, Skbrehedral mmimms

exrs employed here. The z-ammmp betwesn betrshedrsl and quaﬁriplamr

goordinates is X y = & 13&1, whers x represents the bebrahedrsl ceordivates.

The equetion of the plene in Sebrehedrsl vcordinates is
i 90 0 X

, {1) (1)
o & mnua ‘ﬁg @ mmz&a A 2 %E

(4) (4
wbyy 814008 A5t 8 jcos J.%) 0

or (wawnm &g“") * 8,000 &g") X, - (8, 4008 &é“) + Byp008 &g’*) ~n )X 4+

( u, cos 24 4 s com A(J‘))I + (nmcma ki‘) -8, GoB &(1))17

18708 By B Ny Ny T .
(B )
The equation of the plune through Ay , the mid-polnt of Agh,
amd perslliel to the altitudes h;‘l) and hf) 1n
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(9) (%) . (4) {2)
(mumc:on N &Mwn hy )xl * (m 00 Ax 8,098 Al )32 + (mmwm
g 4 ,

The plene t.hrwah % » the mid-point of hghyy wnd porpondicular

to 4, A ¢ parsllel o the altitudes ﬁ( °) snd h( >» The eguation of

8
thig plane 1a

(mﬂaum Aiﬁ) * nuaaa Ai 7)-3:1 + (uawa &&5) + gy 008 A&( 4) i uw)xﬂ *

() . (a)\ » (8) os Al
(&ﬁlﬁm & &, don &) A )x + (-a 1°98 8%+ &, 008 Ay ),x = 0,

The plave through f‘l y the wid-point of A Aa, and pwmmdiwlw

to ﬁlﬁ 4 is purellel $ou the altitudes hw) aod hm). The squstion of the

plane is

(®) (2) (8 2y .
(a lnam ml * amaw & )x * (—-m 1008 &% + @, 008 &y )x’ *

(amaw A P - oy om & ) g* {a gfon M+ con B3E) - 2 a, 4)‘&4‘ s Oy

: '
The plane through .&ﬁ, the midwpolnt of &1&.5 p bod perpendioulsr to

(8) (1)

A K ip pﬂmllal b0 the altitudes h m‘i h +« The squation of this

£ 4
plane is

(B) . o com all) e vos 488 « & oo a8 o
(b, joam 4,7 + By 008 Ay %, + (e o0s 4% « 8gafon &y~ -2 %4‘)%& +

: {5} (1) s 3 (B) (hy o
{ 8,008 A7 = 8y 008 &L )Xa + (uMmaa By w08 Ay )x(4 = O

The plone through AL 5 the wid-point of & &

to Aghy is parallel Yo the sltitudes hiﬂ) and nﬂ, 32.. The equution of the

y and perpendlovisy

plupe iu

Gop Am) * By, 008 A ald ))xl * (uuaw a«(tm - By 08 &Eﬁ))xg *

(o,

: (&) (W) oy ) . a(®) Ly g
(:amaou % + 8, 008 'ﬂd Eam)xa * (aMnau A‘ + 8, 508 54 )Xa = O,



| Bince threo planee in the msme pencil intersect im ¢ point, the
Honge point may be found by selving sismlianeously the eqmations of any
three of tha plx plunes.

Lo ml, ua, %, s, reprasent bthe coefficienta of Xl, xa, KB, X 4

respectively, in the equation of the first ¥onge plave of the series.

Likewine let n , n v ;
1 1t 2’ Mg v i T X

An the squation of the seoond plune, and leb Pyr Por Posy B, rapresent the

soelfiaients of ‘Dtl, xg,‘ xﬁ, X 4 in the egurbtions of the third plene. Then

» n% represant the coefficients of X

by formule
Te Pe Pal M T M%) M e %
EaE R 2 o m owv ot~ n B dn n nit«ln n n
I 0R % 47| 2 B 4 (B & L] 4 1 ® L2 B
% J?a 2?4 P& za“ P‘l ‘% F_’L , Wl ?ﬂ el
and o .-
Wy E Xy X

By $Ey thyg 4% @ i ',%‘ _'%

or bthe sonrdinates of the Honge point.

AN

Ty = b oop Gy,
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5, cos %M* 4, 008 % gt By o8 QB i aﬁm = 03wzl The dcesl

podnt on the altitude hy is
(coa '“M* Y] na 4 008 QM, ~1}. Bince the covrdivates of the
incenter sve (1, 1, 1, 1), the equatiuns of 1 H,)%% the line through the
incenter and the ideal point of the sltitude hy are as followss
X z z A woosq,
3 w R 4+ Coa Q‘”
g m A+ 008 By, |
X,z 2+ 1
e 042 A 1. Therefore the coordinates of 3(aJL are
4
(L + cos @ gt L+ oon Bogr 3+ oon By, 0}
The egq nations of A“I

ﬁ4

xlmmmﬁm& (1 » oon 9 )a(l + QOB B )t(l « 808 9 ): A,

The egquations of h,l’ b,y by are respectively

% zw ¥z tor @, X = oob By
¥ = 0B 9, Xkg = U ¥g = co# LT
mﬁ = BoB 0& xa o God 0&1 Rz W

¥, = o8 641 X, = 008 OM Xy & 008 ﬁ“

The ddeal points on hl’ h&, and ha sre rospsotively
(=1 oo Gglg BoE Qﬁl’ sou é‘l)j

{oos @m, “dy doy 9 gt 008 Ow),

B
(vos O,gs 008 Byyp =1, 008 DW)'

The ccordinates of Ia R I’u s .L ) x , repeating those glwen above for
1 % %
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;Ka y Bre

I&&t(m 1+ cos Oypr 1 + cos UTTRR QM)”

:t%s(‘l + 008 8,0, 1 + cos Qpe 3 + con 9&:4)”
I (]l + ove @ 1+ o08@ | ) ; »
g ({ gy L ¥ o8 52" 0y 1 + cos QM),
I%z(l +eos By L4 oon @, 1+ voe L o).

The equations of the lines from the vertises of the tedrehedron
of reference Yo the feeb of the corresponding perpendioulsrs Lesued from
I ore

&11&

rxma:iu#;; tl+oow® t1+e008@ t1ecord
Y e 18 w TR

A X ¥ o= ix 4k ix = 1 o+ o8 @ 1
E%‘ 11ty “,:1* wemziu1+cnu@aﬁal+ewoﬂ;

Anx%& mimﬂma;w = 1 + cos ﬂmt 1 + vos Q-%t At L+ oon QM;

AT 4 XM ax ax =1+ 0os 0 til40089 81%co88
da, 188 4" 14 ' Opat 1008 b A
~Peinks of contuck of the insoribed sphere. (Pigure 3) Since the
pointes of contect of the inseribed sphere sre the seme pointe s the
oot of the perpendiicwlars lssusd from I Yo the Paves &
they ere respectively,
(0 4 1+ cos @yp, 1+ cos 1y, 1+ coB 8y,),
(1 + oon Bgq0 O 3 + 008 Gpyy L + v0d 024)'
(1 + ocos Ogyr X + oo8 Oppr O ;l + GOB QM)’
(2 + cos Qups 1+ 008 90, 1 4 008 9,y 0) .



CHAPTER ¢

SPECIAL PMEM JRD GBOTED OF PLAMES

*

This uhaptw somalsta of duolemod planss and of plunes Bo Tae
loted e Yo be consldered ln groum. sseeclated with these planes are
pome peints thet souwld nod be ecunsldersd in Mm ohapter of epeclal
points due %o the fach thet there ls & dependency upon the intersection
of special plines for o selutdon. | |
{he Gu=88). A Line joining the mid-points of two oppo-

site edges of a tstrshedron is celied & bimedlan of the tatrebedron
relative to the pair of sdges considered, A tetrukaedron has three bi-

3. P ﬂ’ the bi-

medien By being relative to the poinks .&i, ﬁ.y, and similay notadions

mediang (Pigure 10}, They will be designuted m

for m, o and © 5 The miﬁ-—«points of two pairs of opposite eeigw of &
tatrabedron avs coplansr. As un oxunple Aln & ﬁaaﬁ and Y hyhgr
two paire of opposite sdgss, may be taken, The soordinates of ixi L

& i, ﬁ%, kég the mid-pointe of the respechive edges given sbove, are

(..,......a 0, Oy ..3...}: (Ur .A...: _l.r ﬂ), (...9.-...: ..i..r Oy Oy, and (O: Gy ..%...o ...&;.)ﬂ

! 3 by g % 5
The determinent L. 0 0 | =@
B, By
o 1. .k O
8y By

L. L o 0
Jnl Iﬁa
0 D T

ma S 4




PIGURE 10
BIMLDLIANG AU BIMBDLAN PLANES
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Thie proves the coplumerity of the mid-points of the twe paire of oppo-
nite edgun.
The syuation of the plene Lo

Byy = Bp¥p + ByXy = By%y = Ja 3% sonbains the bimedisns @ snd m‘a-

ﬂﬂ, AE, B! A& and Ay') A o Ay A" ave two sets of coplansr points,

l'
The aguation of the g,;lsam‘ determingsd by 4he firet set is

“FE b B, F B - B 2 O I contadng the bineddans Ry and n%.

The squation of the plone determined by the last set ia By kgXy =

&'Sx:‘i - ﬁ; = 0s J¢ containe the biumedians m&l’ and %a. Ta find the

podnt of intersection on the three planes, one needs bud 4o use the
usuad determinent method. This reduces to Xy 4% 1Xg X, 2 -t
8y &y
Aot 4 whioh cbvloualy sre the coordinates of the centroid, M. This
By &,

point of intervection is elso common to the wedians,

Direotor (& 0u-48). & plune parsllel to two oppasite adges of
o telrabiedron in referred to ss u divecting plane or a director of the
totrahadron,

Ir & plene is pessed through any poind F(pl’ Pgr Pgr pa) in the
tetrabadron and purellel to Aydy 0nd Aok, the plane 1s determined that
polnt and the ideal point on hyhyg and on Aphy s The equation of the

plans i

45
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P Py Py By

A 0 - G

ﬂl ﬂﬁ

0 A 0.1
iy %4

or (aypy + 80 ) (a0, + ayxy) = (a;p; + agpe) (agx, + a2 ).
The squation of the plane through the same point and purellel 4o
%%, and ,&1,&4: i
(&xlp-l + %Ap&) C&‘Exﬁ + “?ﬁmﬁ) - (mapm + uaps)(alxl + m%z*)-.
Likewise the aquation of the plane through the sams point and parellel

to the remeining adges, Ak, end &b,y 48 (a,p. + a,p, (8%, + e,x.) »
| "y Syhy &4 nPy * SRyl \ByTy ¥ By

(al‘pl - “apﬁ“”‘gmzs + aﬁx@}‘ | |
Yhen the polst P ia the ceniroid, the directing plame will contedn
the two bisedians relative Yo the two pedks of opposite edges not parallel

to the direstor (Figure 10). From this 4% 4s obvious thet the equations

of the three divecting planes through the ceontroid are

‘“’lmil - Bk + ByXy ~ ¥y T 0,

b L B ﬂ.&!‘k‘.ﬁ * aﬁxa - %x& - Oy

ByK) 4 BpX, = MKy - X 2 0,

which agree with the equations of the planes found under the vaption of

bidmeddnns
It ls pluioly seen thab the line of intersectlon of twe direoting
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piunen contains the ssme ideal polnt s the bimedisn of the two opposite
edges not relative to the directing plansa, Therafore, this line of
interwection und the third bimedisn are pexellel.

idh pianeg. 4An Lsoolinsl plome of a tetrahedron is one
making equsl angles with the odges of the trinedron (A. Cu~32), Ain
iseclinal plune of o trihedron cute equal gegments on the three edges
of tha trihodron (i« Us~B4). Horsover, the Ssoolinal plane uf the trie
hedron A‘%s Alﬁ‘m‘% (Figurs 11) which passes Shrough &, contains the ﬁhm
sxternsl bissotors of the face angles of the trihedral angle st %. The
eguebions of these biseotors wre

*0 s e X +ank X = 0f

"1 teg’e T Pt ¢

x A = 0, al&l 4;&1 * &5@ 4::& = O3

Yo = On Byl Ry ¥ BBk = O

The plune tontaining these lines ia
O« Thie iz the ayastion of the
pussing through the vertex

AT B Vo T AP
igoulinel plane of the trihedron ﬂ‘&‘ &’lﬁa;‘ﬂ-’
Ay Ipoclinal planes sssocieted with the trihedron but not nedessarily
pagsing through Ay have the equation

B8y F) FeRa K b e e o p(ax) ke 4 e, w8 ).

The v, appesring in the equatlon, is the perpendioular distance of the
vartex Aa Lyom the imuliml plane sasoaiated with %.

The ldwal poind on the line ﬂﬂﬂaw

"84 “24 “847m

0 - $ t
m& ﬁ& “4

L]



VIGURE 11
TH0CLIMAL PLANES BRI PLANE

REE FACE CENTROLDG
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and the ideal live s the leoclingl plave sspociated with by Bos the

wﬁumtiwn
RS
B . By, =& &, ~a
&m/\ x 4 (m m“, (784 24) +("24  "m4) ),
" 8 “y 4
FPlsnes throuph three Lece cepbraids. If « plone s pasved ‘mwgh

bhrea Tace sentreids, mm plane will be pavaliel to the Jourth feve of
the tetrabedeon (Figure 11) The equetion of the plane through m‘a
eontrolds in fanes

éﬁ’ bga &, ie

% % Ry X 0,
IO SR+ S VR
& By By
N S TR
&1 &ﬂ ﬁl‘
I R W S
&1 &E &5

Or ~F 8%, 4 8%, 4 BeKy + UX, = 0. 1% 45 purellel to 8+ The equatione

of the plunes parallel to By Byy By and through the face osdlroida of
the other fatws ave

- X )
ex -RAE FeX tRE 20

alxl o %rxﬂ * a&xﬁ ~ aéu% wlds
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FIGURE 18
PRRPENLICULAR PLANES




edge (Figure 12), A plane contaluing She edge Aghy wnd parpendioulan
o xﬁ = & 1y of the form
The mrpm&omr diotances of Ais A’& frow the plave are proportional to

the coefficients 5., m , Bub if the plane 1s perpendieular %o x a0
then hg) is the sobusl disbance of .&1 from the plane amd hft}’) w0l 91 4
iz the ackual distence of A 4 from the plane, The equstion of the plane
iz then

( ) (x)

By wirtwe of the identity alhiﬁ): & ihgl) y this reduces to

@anﬁuﬁz‘x& = 0,

~l+mnﬁM¢~ﬂ;

The eguations of similsr plabes through the other stges may be dordved
by & like manner.

memwmwm (mm‘s m. If & plane i
peaged through the vertex z&‘ 89 sa Yo be perpendimuler to the zma
xg = O and parellel to the sdge &&Aﬁ, ity equation will be

- ¢ B %
8% +AX, +aR za 8600 X

Bimilor plmiw through 4 4 perpendioular to 4 = O and pavallel $o the
edgas hyhy 408 Ayhy arxe respectively
alm + &, Jr + %xa udme OM ”

llfmu +na:ms:&4m05ma.



A# & oheck the equations of the wltitude J’s@ﬁt‘ sre

xlsxa:mﬁ = oon OM @ AN QM » Qo8 QM’

(Pigure 1B). The squations of the plenes through the mid-points of

thres soncureent eﬁgm, voncurrent ad &:L' A a? Az. & A are rsopectively,

e T “la"a AU
ﬁ&xﬁ’?& ﬁl*&m -Bm&M
BE T B b ¢ “zs"‘ﬁ

iny plene parailel to a glven plane mlx R m. BRSO w ¢ 1o of

the wau Ry + MK+ BE ) (xl.«xﬁ-»mgmx‘)gu. Henca

in betrshedral coordinsbes $he sguation of the plens (8,~168) through
any point P(pl, Pyr Pyt B 4) ond parallel to mlxl + mﬂxg * uﬁxg -
" ‘&K 4= 0 eun be expresped in one of the followlng formst

tpyEZadrsuprX,oz pgal ~Zap X 20, or

¥ w0
=P, =X, |=
zup,  Zwd,

This in turn may be sxproased &8

z‘pi(mlxl #md bR R 4 ) (m, BiDy + BBy + BB mapﬁ)‘(‘xl X +

2

:z:5 * xd)‘

TP, at the wertex 4 (1, 0, O, 0) 38 1. The eq uation of the face

X

wppoalte Al is X, = O« The equation of the plane thwough i& and parallel

5R






to ‘ml = 0 iy x& + Jﬁjﬁ + X s 0, ar in quedriplenar coordinetes Lt e
8%y ¥ B X b e ® 0, BSloilarly the aquations of the planes thyough
Aﬁ, %, B 4 s0d parwllel to their respective opposite fages ars

88 4

e VI AR

| alxl + ’”‘:axg "‘"‘a"a - 0y

hes through verdices snd parallel o media
wquation of the medlsn plane containing the edge Alﬁ, . and the medisn

B, o0 R B E g '
o =0

podut of the totrehedron ia gty B, 2 Qs  Then the wguationg of dhe
planss througk % and through A 4 and parallel to the medisn plune are
mlxl + aaxﬁ * mi;md = 0 end By %, 8y * ﬁuﬁxﬁ = O,

The squation of the medien plane containing the edge .&lk is BoXym

BX, @ O The equstiona of the two planes throwgh Aﬂ and A A snd purallsl
Lo “3*!5 L P 0 are *1“1 * “‘ﬁ“& + %4% w O and By¥, * &ufgx& *‘%ma = O
The squatdon of the median plene contaiviog the edge %Aaia

mlul - aﬁx 4 F 0. The equations of the perallel plenes through AZL and A 4

] bpX,y o+ By, + Za &4 ® O und R“l.xl Y BpXy 4 BBy w O
The equation of the medisn plaue contalning the edge &lk ﬁ.a

S

6re B, X, + fén&xﬁ tag, = 0 and B X ﬁaﬁxa e, s 0.

The equetion of the medlen plune contsining the edge AEA*;I-H

Ge The souetions of the psrallel plansg through ﬁaami ks

ByXy = B Xy T 0. The eguations of the planes through &.‘L and A5 and
‘ B K - « ) are & + 86X 40x 20 and Pe x
parnilel to al:cl agmﬁ = 0 are %na g 0% E 8 Xy

B H, +BX T 0

The equation of the medisn plune oontaining the edge a@aaﬁ Aia

‘“1“1 - 8%y = 0y The equations of the parallel plenes through ﬁ.l and Aﬂ



wre S8 X + 8% +8% =0 and %o x . v (Vo
g2 858 44 1" R A R0

Byndle of olanes Miroush medlsn poind persllel %o faces. If &
bundle of planes huving the wedian point of the tetrshedron sg their
point of interseotios has & plane parellel to eaoh face, the planes
wost hove the following equatiomsy |

Boo % =8 % PR
T i R A

ﬁ 9 = mlxl * &,ﬁx& L &&K‘

‘ﬁﬁﬁ”alxl*ax?v&-um,

: M alxl - aaxa * &5:4;&

; B & respeotively,

’rkmaa are pnmmal to “J.’ ma, “&

paralisl to fagege The @qm%mm of the plunes thwuah K, the leogonsl

oonjugate of ¥, asd perallel reupectively %o & , 4 , & , 8 w¥e

1" 8 ¢
{ 3 2 " B
u},(“g"' *&}x n(ﬁmx’aa-max&-fax),
aﬁmi ¢ag)mmgtax +ax +nx),

(m * & -o-a)m&::a(allurmuz + 8%},

¥
&
o
Ed&&"ﬂll 3B 44
&
R 44
2
]

(ﬁl*& 1-&}# gu(&xl*uﬁxﬁﬁ%x).

These mey be written in the form

‘ x
xl’am: *MEJI%'P& 4

T B T
B Mgty
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4 b4 * ‘
“&m %1 1 +%xﬁ * %‘&4

| A
W\E @Al*&ﬁf’m’&

% &lﬂﬁl - &ﬁ!&z + %:sé

“ R I

u B

s “1"‘%”-;

x aﬁx "“}%""{ﬁ * By,
= N Y

£, ay vy +ag

N L ; L oimgohere, The eguations
of the planes through ‘ﬁﬁa vertioes and tangent to the wivoumpphere say
be Sfound by substituting the pointe of dombmot in the equation of the
polar with respect to the circumsphere, The equution of the polar of
any point P le

R 2 e val nen e wlal o8
(87g8,0gPg + 31gh BePy + 8102 P )% * (B)p810,n) & apy8 0Dy +
e e v (a2 & 5t ot 2 (ol
BaateqPe g + (By gl Bypy+ SoyhyBePy + wp g p )%y # (a3 080 o
o 88,0, + 62 g8 p X, = Os
2a®P4Pg + PaqtptePe/ %y = O

The eguations of the tengeut plunes at By .&a, 33, & ¢ 4o

respectlively,
gt my®, ¢ afgmng + Wl pjax, 2 0,
mi@“ﬂa’ﬁ * “gﬁnz“a“a AT R L
Tt * et " oyt = O
ni Sttt a’é aPate¥o ag Pt e*y = 0.

pllel peotiong (A Oc-R47)s I u plene is pussed through
bk, (Pigure 14) ao that the points of Antersection




KETIPARALLEL BECTION,

FIGURE 14
INTENRAL AHD EXTFMHAL BYSRCTING PLANKS
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%8
are vogpheridel with the Lhres remsining veytices of the totrahedron,
bhe tetrubedron outa off on the plene what is ¥nown e an antiparellel
upotion, The seotion PGR is antiperellel to Alﬂﬂkﬁ This suse seotion
da perellsl to the temgent plane to the olvcumsphere of the tetwshedron
ut the wertex 4., The coordinates of P ure -(pl, 0, 0, ‘y‘i). Then the
squation of any plane through P and perallel to the tengont plome sy Ay

18 (p u—p)(aux*m X, *m 55y g(u&pl)(xl-»xa*x *10

| Tan equation of the bengent st & ‘ is 8 4“‘.'&%1 + “3 4%;:& * aﬁ ﬁﬁxs = O
Tue twe plaves PCR and 1ts parallel through 4 4 should form & peneil
with the ldeel plune. The condition for this is for their madrix %o be
of rank two, |
The wymmedian points of the endiparcilel sections relative bo a

glven yram of & tabtrahedron lis on the line Joining the symmedian point
of the fsoe considersd to the opposite verter of the tetvehedron (A, .-
248).

om (he Cuw78). The externel biseobing planes of the six

dihediral angles of & tetrabedron mest the respective opposlite edges in
glx ooplunuy poinks (Figure 14).

The equetion of the extermsl bisscting plane of 01 is X o+ X, = 0.
T:m equstion of the bywaiﬁa adge, & b 4&' is X, % 0, Xy T 0« Holving
these aimaltaneously, the point of intersection is found to lm'II ‘(1, 0,
0y «3)e In » simllar menner the othey points of interseation are found
to be L, (0, 1, 0, ~1), IM(W 0y 1y =1}y IM(@, Ly wiy O}y 115(11 Oy

-1, 0), I (1, -1, 0, 0)., S3ince three points determine u plwne, uny

12
three of the ubove six points muy be chosen to forw the equation,
If Il4’ 124, 113 ure chosen, the equution of the pline 1s X ot Rt



ma + % 4 5 Os  Then by substitubting in the equation of the plane the
goprdinaten of any of the aix points, the theores is resdily verified.
It sy aleo be verdfied by making s Powr-rowed deteruinent fros the
coordinaten of groups of any four polsta.

Theoren (4. 0.~71)s The point whers an sdge of a tetrahedron is
Wt by the externsl bisecting plene of the opposite dihedrsl angle is
collinesr with the two poimts in which the 4wo edges soplunar with ‘ﬁm
first wre wet by the internsl m;im'hfhng plenes of the dihedral nmlén
rm&apmﬂww opposite these edges (Figure 14). ,

™he caordinates of I, , the polnt of inbarseotion of the wma |

and the axternsl blsecting place of the dlhedrel sngle Bgys sre

{1, Q, 0, =L)« #ﬁa and Anﬁi‘ gre coplenar with the edge ﬁ.y& n The
points of intersection of thess edges and the respsctive internsl bi-

ﬁlﬂi 4

soating planse of the opposite dihedrel angles sre (1, 1, 0, 0) end
(0, L, 0, 1)» The detersinunt,

XMy By Xy is mnmmy #ero, which proves the
100 0 el

3 0 ¢

o 1 0 1

collinesrdty of the thres polnts, The cthers mey be proved in a
sinller manpers

Senk £ i i (A. Ge=T8)s The three points determined om the
thres coplanur edges of & tetrabedron by the sxternsl bimeoting plenes
of the opposits dihedrsl sogles arve collineoy (Figure 18), This line
belongy to the plans determined by the thres points in which the re-
maining three (conourrent) edges are met by the internal biseoting
plunes of the respectively opporite dihedral angles,

B9
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8l
Take &1.&%, Al‘ﬁ' Ak gty &8 the thres coplansr edges. The sxternsl
b;&maﬂw plane of Oy interssots 4,4, at the point (-1, 1, 0, 0) The
exborsal biseoting plane of 015 intersects 4 .‘f&ﬁ st (-1, 0, 1, 0), while
the externsl bisecting plane Qpy Antersects hghy 8t (04 1, =L, 0). Theee
three polintes eve collinesr for the determinent,
:xl mﬁg Xe Xy (s i identically sero.
-~ 1 @ 0
- 0 1 0
¢ 1 - O

The equation of the internsl biseoting plans of 8. s x. = x =0

84 ]

It fntersects the edge Aok at the point (0, 0, 1, 1) Likewise the
internal biseoting plenes of Gm und @y inbersect the edges hghy wnd
Ai, st the pointe (0, 1, 0, 1) and (1, 0, 0, 1). The equation of the

plane which %8 deternined by the points on the edges concurrent at A, Ls

Xy Xy =
o o 31 1
6 1 0 2
10 0 1

'mx‘ Xy 4 Xy o+ Ky &3, = O,

This plane intersects the plene x, = O in ¥he line deternined by
the thres collinesr pointa on the plane xg o 0, or the three coplanar
sdges A 1& ’ ”‘1“& Aﬁhﬁ. Por by substituting the copxdinstes (-1, 1, 0,
0), (=1, 0, 1, 0), snd (0, 1, ~1, 0) in the above squation sn idemtdity of

wore i3 obtuined,



OHAPTER VI

BRECIAL TRTRANEDRONS

wiron (As Ou=E8). If through the vertices

of the tetrehedron of referevge plunes are drawn perallel to the appoaite
faves, the fucex of the new tetrahedron will have for thely amwuid#
the vertices of the given tetrakedron (Pigure 16),

The faces of the anbicomplementury tetrahedron which pess through
ﬂl, ‘&g’ AS 4
regpectively, AS&E‘&‘, %Aa&# Aﬂ.&a‘%’ Al%‘ The equations of thesse.
faves wre, in the sume wrdey,

Bple + ByXy » KX, = Oy

BX * BN 4 E z O

12 BRO44”

&1'-1!11 * ﬁ-ﬁiﬁ.’ia + @4?3:‘ =

1“1”&&‘*“‘1&5““’
The vertices of the anticomplementary tetrehedron are

s+ the vertices of the tetrabedron of reference, sre

- | -
YRR ad Yhhak bbb

PR S WL N
4 B by By By
The coordinaten of the ventrold in the faoe LA.4, sve (1, 0,
0, 0)s Likewise the coordinabes of the centrodds in the fuces 4, 4uh.
&l%ﬁél end &1% ars (0, 1, 0, 0), (0, 0, 1, 0), und {0, 0, 0, 1),
The aentrold of the anticomplenentery tetrshedron Lis evidently the
inospter of the tetvehedron of referenve. Xts coordinaten are



FIGURE 16

ANTLCOMPLEMENTARY TRIRAUTDRON, MEDLAL TETRAHELRON
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(L; 35 1y 1)» The wymwedisn polnt of the antioonplenentary tetrahedron
coinoddes with the centrald,

Ypdiel tehvshodron (4. C,~58), If through the centroids of the

faces of the tetrahedron of reference the plenes determined by taking

three sendrolds m & tive are made o mtwmoﬁ, they fora the medisl
totrahedron (Figure 18), The vertices of the medisl tetyshedron are
y (% s B By s “’?i:-»* o e S b g 0,
% % % S R R R T
The &qmticm m‘? the fuces opposite ﬂl’ ”E-‘ “,5 are rospemwly“
T 6 % X+ = |
11" s B

*J.*l mﬁaaxﬁ + aﬁx& 4 ﬁ&”‘d = 0y

Sy o+ By¥y -aaﬁxﬁ + 8 e Qy

The coerdinstes of the centroid of the mediel tedrshedron ure

obvicusly (Aor dor Ao .L.

b
Y Qg ﬁ§ ﬂ‘ﬁ

gie tstesbedron (4« Cu-278). The tetvahedron in whioch

the three products of the three pulrs of opposite edges are equel e
referred to as an isodynamic tetrebedron (Pigure 17},
The point ﬂ(l*’ 2o Ao ,L) is the medisn point of the tebraw
By g My By
R T
hedron, The point K, the Lemoine point of the tetrshedron, is the
isogonnl ounjugate of M. The coordinetes of X ave (uy) 2y, ag 8yl
In un isodysamic tetruhedron esch edie is met in the same point by the
Yo sysmedisng of thw twe Dmce angles of the betrshedron opposite the

edge considered,



FIGURKE 17
THODYNAMIC TETRAHEDRON
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The edge & .&5 ile meb by & ml &b the point KJ_ vhoss coordinates

sre (0, & 8oy fyy O)s The sums edge i met by 4K, b the peind (0, sy,
sy 0) whish eoincides with K14+ I & like munner the other wdges sre
met at Km, Em, 'KM' xa " K& ¢ by pelrs of symmedions,

The equations of the symmedien pienes, the planes deteruwined by

an odge and bhe symmedicn point, are £ 4 Kt &
s point, are &ﬁdm nax& aa”ﬂ,

ﬂﬁﬂa‘&f mll w ﬁ : 0'

A& Ex g o § ¥
e T N% D

AEE B3 = -
et Bt T A s D

b A KL & - -
g&.ﬁ i ‘4”1 alxd w O

&r’;ﬁm Q‘xﬂ ] & 4 » Q.

The four Lemcine sXes of the fonr faces of an isodynanic tetrs-
hedron are coplenar. The plune conteiniog the four Lemoine uxea of an
lscdynemic tetrahedron is celled the Lemedne plane of the tetrohedyon,
The eguetion of the Lenvine plane s

BBy X, + BB X, + 800X, 4 B80X, 2 0

which may be exprossed av

‘ ; x x
% Ty

sy o v o o 0.
ﬁl ﬂ-a “ﬁ &4‘
It 1s obviously the tetrahedrsl polar planme of the point K, and con-
wrmiy, ¥ is the betrohedrsl pole of the Lemoine plans (Figure 18).
*.rm iines £, K ., K X " Km B4 Joining the three puirve of

14287 T1ETH
points deternimed on the pairs of opposite edges of an Lwodynanic

86



a7
tetruhsdron by the dwelve symwediuns of the Paces of the tetrehedron
pess through the Lemoine point of the tetrahedron, These iives ere Xnown
as bleymmeddsns (Figurs 17).

hewdzon “ﬁ‘f‘gﬁ'aﬁ 4 and 1ts Lemoine point K, the hermonic conjugstes K' ' K“,
(Y] T '

¥ of X with respeot to the thres peirs of opposite edges 4

& “_A & &ans J&S& 8 n}%, is referred to se the barmonic sseccietes of ¥

with respect to the tetrahedron (Pigure 18),

The points &', K, '

dron (Ae Cu-126), Civen the dwodynamioc tetra-

1har Aghyl

e in the barwonio plene of K with
raapact to 'ﬁl‘ﬁﬂ%’&d" 1. 2., in the Lemolne plane of Alha%%.

The tetrabedron X N M ia referred isa a8 the Lemoine
twtrahedyon of the lsodynsmic tetrehedron.

Bince the following relationshipe

14

{ﬁl BoEgl oy

TUEPLIE L IS

ot e _—y
f% Ay » KK, f = -l
axe resdily obtained, 4% e an ocusy matter to uffix the proper signe

¥ [ ] "
to the coordinstes of Kl, K% ’ 1‘5 v
The woordinabes of the Lemoine tetrahsdron are E(al. By By & ‘),

' 0 11y
By =ty s sy aga=t )y Ky gy =agy ayy 8,0y Ky (noyy =iyy 8y Ry

The equations of the faves of the Lemoine tetrakedron sre
E s “ﬂ“i&%’t‘i * “1‘“&“4“2 + ‘“1%%“5 * &xx‘%aﬁx 4= 0y
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i
kx H &aﬂaﬁax‘l‘ - &luaﬂdmﬂ ™ “J‘nﬂﬂ\‘mﬁ - ulﬂ%ﬂ&’ﬂa - Op

LA
KES ¥ &‘:a”‘ﬁ“ iﬁl L ﬂl%%mg - mla 3&\ 43;5 e almaaax = [\
Tive fuce K 1o opposite the verter ¥, and slnilarly for the other
notatdons .
; %X, % %
The egwetion of ¥ may be expresned us f} " __E + 2 + j’, -

&l .ag ﬂa &‘ -

wihich is recognised a8 balng the oquation of the Lewsine plane.

ghadron (&, Co-280), If the lines jolning the
vertices nf & tetrehedron to the pointe of dentaot of the opposite faces
with the inacribed sphers of the tebralisdron are voncurrent, the Setra-
hedron is said to be lnogonal or isogenic (Pigure 18),

The common point F of the four concurrent lines will be referred
to a8 the Permat point of the iwgdnm tetrehedion,

The tetrabodron deternined by the peinta of contect of the faces
of an isogonic tetrabedron with the inspribed sphere will be referred
to us the Pormet betrehedron of the lsogonie tetrebedron, The Permst
tetruhedron 1s isodynemic since the lines from the vertices to the polats
of conteat of the ipseribed sphers ond the fuve opposite the wertex
meot in & point ¥, Prom definition the point P is the Lemoine polot of
the Farest tetruhsdron,

The aquetion of thie face of the Fermat tetrahedron determined by
the polnte of contast in faces %, z 0p % 2 0y X, c 0 48

* Xy %y Xy = 0,
1+ qon Op 4] 1 + con QM 1 4 tos OM
l W 80D glﬂ 1l + cos 925 0 1 4+ 008 @54

1l + cos 914 1 #+ cos 924 1l + cos 954 0

&
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FIGURE 19
180GONIC TETRAMSCAON, FERMAT POLNT, POINTS OF COWTACT
OF THSUKIBED SPHERY '



og

Alml + &axg - %"5 + A PR Sy X, = Oy
28 0 1+ oop C-‘M 1+ cos 0.24
BB 3.4-(30&@22’@ 0 leaOM
£ 8 1+ o 9%4 1+ ¢on %4 0

Tha point F osn be determined by [inding the polnd of interw
ssction of the thres planes wmngh the efge Ayho amil the point of
contact in face %, » 0, -ﬁaﬁﬁ and the polnt of contsot in fece ¥y x 0,
Ahg and the point of mntwﬁ in fece %, = @.’ The squations of these
three planes sre respectively

(1 + cos %4-"”5 = {2 + con Pogle, = 0

{1 + cos °m"";t - {1 + aon °1s)’°4 =0
{1 + oo Gu)xg - (1 + oon Gm)x -0

The suordinatos of 'ﬂm“mim of intersection of the three planes
)
f‘(a. + 209 9y} (1 + cos 9y (1 + oos Bgu)y (1 + coe 81p)
(3 + oom @) (1 + von Gy, (L + cos 84 (1 + con Dpg)
(1 + com 9,0, (1 + cos 8 )(L + cos 95 )(1 + 008 B,)].

This point is the Fermei polnt,

igoacelen tetrshedron (A Cuw94). 4 tetrshedrvon in which each
sdpe 48 equel o Ats epposite ie referred to 48 up lseseeles tetre

hedron,

2



e
In an isosceles tabrahedron the insenter, clroumcenter, Nonge
podat, and the sentreids coincida.
~ The coordinstes of the sentrold of the goneral tetrahedron were

found to be M(%_. A _L; while the coordinates of the Lncenter

S T T )
were L{ly 1, 1, 1). The faces of an isosceles tetrshedron are songruent,
Then mx mg m ia 03 1 4 3L 1d. The coordinates of the centroid then
bavene (1, 1, i!., 1), identiosl %o those of the insenter,

The coordinetes of the olroumcenter of the general twrah&drm are

o8 A (3) P Agk) wsAgl)

-+

g b -
Mmus h“ by by i“‘“;k‘*ﬂﬁm

& 2
{ ALY
where b 14 = oy ,j”‘ﬁl‘ Bince the faces sre congruent sll edges are equal
snd wll ‘nng&w are equal. The genersl equation reduoes do

- o af

& 8
- mﬁ (mw 1800} + “ij wEa 1) + agy - 8 ay g

i =

Then the xmw&inatw of the oivoumcentesr sre

1:x:msx~~¢amt~4&3t4a3:m& -3 ¥1 11 11,

= 1p =
He ih:aoﬁrﬁimtm of the Monge point of the iscaceles tetrahedron
are resdlly seen to colnoide with the coordinates of the Incenter when
whe eguality of edges, fenes, wnd angles ars conwidered., 8inve the
eontrolid, olveunsenter, and Monge point soinoide with the incenter, they

wust sll coincide with each other.



SPECLAL SPHERES

| This chapter sonslste of saterisl relative to the spheres mosk
commonly found @swumm with the tetvahedron, Wost of these spheres
sxe detersined by speclsl psints wuch a9 verticea e intsrmutmﬁl of
phanen, Sinve four points determine & sphere, & mltitude mf éme‘md
noy be detoradned, howewar, m-xu chapter deals with bub & few, xl:lm»
trations or Plgures are Mi‘t mmmw to the lmagination of the rwder.
Geonsionelly purts of & V:Lg\zm are more 1livetrative than is the whoh
figure, Where & ;aawtu suffices 1t i smployed rather thun the wbmlm
(&, Ae-24)y The circumsphere is the sphere which
pamma through the va:etww of the Dundementul tetreahedron., Prom the

coprdinates of Ay Bpy hyy By b is evident that Bz 0, n y = = 0, n B, = 0,
By o= Oy endt the aguation of the clronasphere is

s +o8fsens +efenux +ofaany +afamxx 4

121%15? 151318 1414 282BZ8 BAR424

2.
am%a&xﬁxi pend (1)
bed aghers (4 u.-.vs) « The genersl equetion of a spheve is

2 2 + ub xx +of g pxx 4
H Ry X%, + Blyh 8K X, 4 “14"‘1“4& By b GaghypBaTpTy ¥ Bp Bt X%y

‘*g‘;%%xﬁg. + (my%, + R¥, + MyXy + B 2 (e 4 ey #mgxe 4 B ) 2 O
From thizn it L8 found that

4 ] ) L] a . a
By Xy o+ By b Mgy WX, T %‘2&' (“w“l“ﬂ-“l"ﬂ * 880K X, -

& z 2 xx + 8% a8xx).
B a1 %05 1 Rttt T St T P e
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+ ol + con By,) + my(l + oo 8y,) + m (1 + con 9, )z '%vzl»

m}.(l + BOB %3_) + 0 |

m {1 + cos Qﬁl)- + &g(l * Gon %g" + 0

m.l(l + GOD 941) - mﬁ(l + sas n%) +m

ot

+ %(1 + o8 OM)" -

kY + Gﬂﬂ‘aﬁh)

+ my(d + oow B,,) + myld + 008 8, )z - %v’zz,

Zs,

- %ﬁ&»

vhere = X denotes the expression obtained by substituting the coordinates

of T in the expression
4 g
B # 8 KR pemmtbs 46EER
121 & 108 BLBAE 4
= B
L treen
zﬁ o
By e o
12| = |
%y E L+ con Gw
= \ ,
) X }+ aga 8 ”
1 4+ vos %_& o
1 o+ coas Q’&l L+ pna Gw
14 cos By, 1+ o008 9
21 1+ nom‘@m
= ,
x l & =
ﬁl 2‘@ 1 + oos By,
4 1 ¢ cos ‘%ﬂ.

1+ eon @

1+ vos 013

25

Y+ cos 04&

L+ sop Qm

1 + oog Gﬁ&

1+ oow %5

1+ con By
1+ cos Boy
Y

1 o+ oos u&g

L+ gos GM

1+ con OM |

1 + vos QM‘

{
1+ cos Qld

1+ tos “ﬁd
i+ qus QM
V]

1 4 fos 91&
L+ oow ﬁm
1+ oon @

8

L1
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+ 00p Gm 1+ con ﬂm L+ oon ﬂ“
L 0 3+ cos QM 1+ cos QM
1 L+oome ] »
ap L o+ som Q“
3

1 ~ .
+cm%a 1*%5@&3 + '

where £ 8 2 &3. + &wd- #a +* %.

5 |
mos~FEV ;(23191 Tt T gt Z 4947;‘*{(91 * 8y ¥ Op “4)fa
where 9y As the cofactor of the L th vlemant 4n the firet rvow of ﬂ'w
Geterminent in whick L1t is denominate.

Slallar expresalons exist for Moy Mgy Ty Prom the valves of
these, the sxpression for tiw insoribed aphere mey be wiﬁtm.

Isooiingl 51;‘2,;,1» Dite m aqwtﬂ.m of the sphere through ﬂm vmtm
h, and through the points B b B0 Byl {tigure 11) equidistant fyom this

PR
vorbex on the three edges conowrrsnt ot &‘ ie found resdily by mins

the coordinstes of these pointee
4,00, 0, 0, 1);
B (xs 0 Oy &y = 7]
B,(0, 7y 0y 8y, ~ r)3
55(‘9» 0y ¥y gy ~ r).
Henve

ml - mM (nl‘ﬁ - '1”),

My = gy (8p = 7))
ng = epg (Bgy = 2y
m, = O |
Thesn velues of m may be subshituted in the general equation of & sphere,

thereby rendering the saustion of the fenolinal wphere,
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Inelvs nolnt gehere or medisl sohevs (4. Ou~RBL). When the
projections of @(91, Py Py p*) ¢odnodde with the centroids of the
facas of the telrahedron of reference, fhe pedal sphere becomes the
twelve point sphere of the betrshedron., The sphere determined by the
four centrolds of the facse may be oonsidered ss a second snalogue of
the nine point cirecle of & trlungle.
By sabstituting the ovordinatme of the cendroids Dor p + Pyr Py
g in-the valusa of By By Rys u, 0 found in the equation of the pedal

sphere, the pew velues of » 1t Mgo ms, m, are as follovast

o ‘ ﬁ ‘
agy + 45y t 3y - ReYp - vafy-2df,
By z (e - )ty 8
£a
g Ceygrygeor 17 ¢ agpn os a8 4 ey o0 1),
g g 2 g . @ 2
mﬂ"{' ' SRR A aa L
sy
"5 (859490 ‘“é.l) b BgyRga%08 “s(am + By Bogto8 “s(z ",
2 g g oR
l3‘3." + *14 + %4 R ’“3.5 -8 “aa 2 “45‘ |
R 8, (. (2) (4)
- 5 oo A )y
—= Camn 54%%° byt awaMaon As * by ’
e o 2 % o B R
R TR TR T L T
By = {— - s - Hhy =
) m

- Tw (%g“ GoB 114 + amfxmma A‘ + “41“43 ) }e

Thus by substituting the values of By By Mgy Wy 68 found above
in the general equution of a sphers, the sgnation of the twelve point

&phoere msy be uwumd.‘



4|
In cups of an ordhosentrioc betrehedron the mid-points of the six edges

and the mix fewt of the bisltitwles are iwelve points on the ssme sphere,
the center of which colooides with the centyold of the tetwxahedron
(Piguve RO). This aphers i exlled the first twelve point sphere of the
srthiocentria otrabedron. The bimedisns are the radil of the sphere,
the intersection of the sphere und exoh fats 18 the nine-polnt cirele of
each fase. |

Since Pour polobs nod in the same pleme determine o sphere, the

values of B, % 4 B, may tw found from the Mm&uuwa of

1’ e a' 4
ﬁ’ {0y 2o 2oy 01y & 3 %..s 0y 0 LJ)» % (0, 05 Ao .L): (9: L.x °a Ll
ag 8y | By 8y 8, 8, &y
These wlxwu may then be substituted in the general equation of & phere.
, 2
‘ 0 'y
" . B .. _ 98,
m& “ﬂ -
2
m " &
A, & L B8,
ai n& :
i n "
B . 4 .. B,
&y &y Z
‘ -2
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that b any vertex the produch of two edges tises the coplne of the in-

( 4" Pogbpgtoe &gl) o
2)
Ry o5 ﬁam & T Ay by &oaa ﬁiﬁ) s snd sieliarly for the other vertices,

The Lfollowing relstionshipa way also be deducedt

Y (8)
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+ By, OF that the tetrehedrun s urtboosnivie. Prom this it follows

oluded angle 1s vonsbant. Thet K, &b the verdex &
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Three spheves Bhrough & veryex snd Sspgent Yo the gpoouile

8 yertex, If three spheres are pessed through & verdex of the tetrs~

hedron of reference so that eech ia tungent to the fpes opposite, esch
at & Gifferapt vertex, they will fnterseot is u polnb otﬁw than the
firet vortex (Figure 21). B

The notation ‘Ei shioh ia used in thie tople indicaten thet the
sphers Lo bengent to the face #y st the vertex hys .&1 f *3 e 2’ 4’
T . & is the notation ueed to indieate that the comwon vertex of the

]
ﬁim:uphuma is ﬁ“. while the point of tangency is thab explained In
the first part of this persgraphs Dlamllar notebions are used in making
vetorente to other spheres snd poiute of Songency s
¥ollowing ie & teble of the values of m :L y W o? Ry s # 4 associuted
with the spberen Shirough s vertex and tangent So She opposite fece at &

wordaKs
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By sodving simultsncously the squationg of the three spheres
thyoush & 4 the ooordiveten of the point of intergestion of those apheres
are rosdlly foumd,
The sphere
through ,&1, Iﬁa, &3, I pepees through the coordinstes (1, 0, 0, 03,
(o, 1, 0, 0}, (0, 0, 1, 0), (3, 3, 1, 1), By substituting the coordinates
of the four pointe in the general squation of & aphere, it i found that
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CHAPTER VIXI
HOPATIGNS 48D WORMULAS

it‘ is most desirable Yo have avellable & list of relutions
sonnectiog the slements of the fondssental tetrahedron, Witk the aid
of these relstions it .‘m‘ ai’wm pessible to siwplify expressions whioh
vtherwise wonid be most wokvard and formidsble, Thus the dqhmimﬁan
of concurrency of p&mﬂ, or ‘m::llinmrmy of points, or the equations of
& sphere when four of its points are given may be paourad,

Pollowing is & sbort iist of mrmiam. ¥apt of these ave
Pormulas sobvelly found in the contents of this thesis.

The notutions employsd in this List wre

L % The sres of thg‘ foce A aﬁﬁﬂ 4 of the betrahedron of reference

t The srea of the face J&lﬁ-sﬁ. 4 of the tetrahedron of reference
Byt The ares of the face hyhoh, of the Letrahadron of reference
¢ The aves of the fave hAhy of the tetyuhsdron of veference
Bs o8 The length of the edge ) of ths %eirahedron of refersnce
8., The length of the edge byby of the tebrabedron of reference
The length of the edge byhy of the tetrshedron of reference
&, .t The length of the edge A &5 ol the tetrabedron of reference

s
g .+t The length of the edge A&.g&‘ of the btetrahwiron of reference

248 The length uf" the edgs w& of the tetrehedron of refarence

Be Ayt Trihedrsl vertex at interswotlon of faces gt Hyy By
%" Trihedral vertex at intersection of fuces Byp Byy B,



Aty

. The nidwpoint of the adge A4
£ The widepoint of t}m edge A&
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Trihedral vertex ot interdection of faves Ay By By

Trihedral vertex st interssotion of Paves ‘1’ aﬁ, aa

ity
14
1'8
Aghy

; &
le saiewmint of tha pige &az. 4

The midepoint of Mm sdge & A
The mdnwint of the aége A4
The miﬁnwim of the wdge 4

Vertex of the snticonplementsry tetrebedvon
Vertex of the sndicosplementary tetrahedyon
Vertex of the enticomplomentsry tetrahedvon
Vertex of the snticompiementary tetrehedron
Puoe sngle *‘g in the fuce % = 0
:me angle A in the face * =z 0
Face sogle A P in the fuce L. 0
Yace Bagle 1&1 in the face Xy 3 0
Paow angle Ay in the face x; = O
Poce angle 4 4 in the face :ug w0

Yuce angle ﬁl  the face %y = O

Paoe angle % in the faoe xa z 0

Vace sngle & ¢ in the face xa = 0
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Byt

Face sngle by in the feoce % = 0

Faoe sugle 4, in the face ¥y 20

y Face sngls ,ﬂa in the fuce x, = 0

4

Intersection of iseclinel plane and sdge of betrshadron
Intersection of iunclinal olane end edge of tetrahedron

Intersoction of iseclinel plane and edge of tetyahedron -

Altitude of tetrabadron of vefsrence from le

A ltitude of tetrehedrvon of reference from 4
Altitude of tebrehedron of referencs from &

%
Altitude of Vetrahedron of relevence Prom A 4

2

Pace albitude from A, in face % = 0

Fuce altitude from A, 4n face "1 » 0
Faga oltitude from &, Ao faoe X, o 0
Pace altitude frow &y in face % 20
Fuoe altituds fmu &5 in face X, 3 0
Poge altitode from A, in face ¥y = 0
Face altitude fros Ay in face xy x 0

Pace sltitude from Ao in face By = 9

Yooe sltitude from .&* in face Xy 2 0
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Lt Angle betwesn B, and sn arbitrary Line m
% ¢ Angle betwesn hg and an arbitreyy line m
Oy 8 Angly betwean hy and sn srbitrary line m

4! ingle betwesn h ard an srbitrary line m

11, 6,3 Dihedral angle betveen the fuces X, z 0, 2,2 0
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CHAPTER 1X
TABLER OF RESULTA

 TMBLB 1
SUNMARY OF POTNTS

Row Point Covrdinstea

A & 1, 0, 0, ©

2 by 0, 2, 0, 0
B hy Oy Op 3y ©
4 &4 (¢ ‘Q’ &, 1
5 A T S W
ﬁm “E
8 .ﬁi' e Ny Oy X,
&‘1 ﬁé
" " . R
7 Ay by Oy d U
T " "
8 Ay Op il 05 L
" &
, (ﬁ‘, 4
8 by it hr Dy O
&l &lg
T , o
10 Aﬁ LR P P
By 8
11 Al ' L% TS P ST
R T T
18 .&@ et ™ by o
&l ﬂ.ﬁ && “4’
18 A s ds = s
él L &

1 2 3 4



Point Deseription
Ay Ve_rtioea' of fim‘dmar;tal tetrahedron (Figure 1)
A
Ay
A4
A Mid-point of edge A b (Pigure 10)
't . , ‘
Al Mid-point of edge “11‘4
Aé | ¥id-point of adge 4,44
1 o : ‘ '
Ao Mid-point of edge Ak,
1
Ay Uigd-point of edge Ayhy
A;;' Mid-point of edge Agh,
A Vertices of anitcomplementary tetrahedron
A (Figure 16)
4p
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TABRLE 1 (continued)
SUMMARY OF POINTH

Ho. Foink ‘ - Goordinetes ‘
14 A4 L it bt e LB
S e B N
¥ T 0y O ayg =¥
18 EFI Qs 25 P2 ﬁﬁ*ﬁ - ¥
16 0 Ak o
p el e 3
Lo 8 4

(3 + go8 B1g}(2 + con Gpg)(1 + con Bg))
(1 + cos & {1 + cos 9pu) (L + cos 8y,),

(L + sos Gm)(l +* 008 @mul + goa 984)

O 1, 1, 1, 1
1 It 1y =ky =dy 1 or =1, 1, 3, =1
g I “Ly Ly <k Lor 1, -1, 1, =L
2% ‘ I”' ‘ “lg "'l.‘l; l or 1g 2»’ ""1’ -1
R4 1 "1’ '1’ l, 3 . |

51
#b 1% 1, »3 1, 1
26 1&5 1’ 1, ""lj 1
R7 Iﬂa ll l'ﬂ :1*.* sl
28 Iy ori, Op L+ cos Bygy 1+ com Gy, L+ aos By



Desordption

Ay Vertices of anuéumplwmﬁwy tetrahedron
Bl Intersections of isoclingl o M and the wdges of

- tetyahedron (Figure 11
B

£
By
¢ Cantrold of medial tetrehedron (Pigure 16)
¥ Pormat point (Figure 18)
I Incenter

It Ercenters aspociated with the roofs

pre |

Te1t

Im Exoenters sssceinted with the trunos

8y |

¥

by

I‘

.

x,

'}

11 Points of contaot of insordbed sphere

(Pigurea B, 19)
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rapLl 1 (ocontinued)
AUMMARY OF POINTS

Coordinates

Ho. Pam

29 19 or Iﬁz 1+ gos @y, ﬁ, 1+ com Byyy 1+ fuoﬁ 8oy R
80 1y or 1&5 3o+ com Byp, 1+ €08 Doy 0, 1 » con QM
51 i g o 154 1o+ ooon @y L+ 008 By 1+ 008 Oy,
B Xm, 1y =3 Oy O

58 Ii.a 1y 0y =1y 0

B4 1, _1_,' Oy O ~L

55 Ipg O 2y O =L

58 Toq 0y Ly Oy =3

BY Yuq Qs Oy 1, =1

58 K Gy 8g) By By

5 K i Uy L L

© K Bur ~Hge Bgr 8y

a R B Gpr “hyga By

48 AL By Bgr By =y

48 ﬁm 0, 0, Byy By

44 LI Oy 8yy 0) &y

48 LI Op 8ys Bya O

48 Kes s O Oy ny

47 KM 8y 0, By 0

48 Kpq by by 0, 0

49 Ki oy o Byy —e,

50 Kél P
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- Desgription

gi
gres

Kteen

1
Ky

Podnta of contact of lnsoribed sphere

Interseotdon of an external biseoting plans of &
dihedral nngle snd the opposite edge (Figurei4)

Bymmedian point (Pigure 8)
Exsymmedion pointa (Figure 8)

Intersection of isogonal conjugates of fuce sedians
{Pigure 17}
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TABLE I (oontinued)
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' Description
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; Variiﬁéﬁfﬁif&emamnw}ié&wuhadrwn (Pigure 18)

waaian:ymihﬁ'(ﬁigura-7}'

Hedimn polnt

Tamedisn polnks (Figure 7)
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TARLE I (oonbinued)
BURMART OF POINTS
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Potnt | ‘ | Teaeription
B Oiven point (Figure 2)
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P18
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p ' Harmonie conjugate of F with respsst bo &11”1
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SUMAARY OF POINTS
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Point

Bapeription
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Line

Desoription
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TABLE 11 {oontimied)

SUMMARY OF LINES
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" Line

Tdusl point
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SUMMARY OF PLASED
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Plane

Deseription
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Faces of teteabedron of refersnce mmﬁ 1)

Plane through A, persllel to o, (Pigure 16)
Plane through 4, persllsl to a,

Plane through ,&ﬁ porallel to By

Plans Wo\x@h_% wmllgl to 8 4

Planes through mid-points of three edges and parallel
to fuces ‘

Bimedian planes (Figure 10)

Symmedian plenes (Figure &)
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TABLE IXI (sonbinued)
BUSNARY OF PLANED
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Exsymiedion planes (Pigure 8)

&lﬁau Hedisn plunes (Pigure 7)
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PAELE 111 {cuvntinued)
BUMMARY OF PLANEZ
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Plane | ' Tegoription

L 4

hghgP
ial%akss Isoelinal plane sutting edges conourrent 4% 4,
' {(FPigure 13) T

BB.B, o Isoolipal plene outbing edges concurrent at 4.

‘Elﬁ‘aﬁ 4 lnoa}.&ml p‘lemm ouiting edges concurrent et A,

”1%3 4 Iaoelinel plane cuthing edgea concurrent ab 4.,

K;ﬁé'xé A Lemoine plane (Figure 18)

4 Ké‘xé’ + Fuosa of Lemoine tetrahedron {Figure 18)

K RyKE

1EHL
K KRy
M Pluges debermined by face cenirolde (Figure i1)
M Myl
MyMoMy

K MMy



188

TABLE 111 (contimaed)
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TABLE I1X (oonbimed)
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Plune

Depordption

Plane throwgh X parsilel to 2

Plene through 4y tungent Yo oivoumsphere

Plane through & tangeut to circumsphers

4

. Plane through a vertex perpendloular to the opposite

foos and parallel to the edges whick bound the face
(¥igure 12)

Plane through X parsilel to & (Figore 18)
Plane through ¥ parellel to a,

5

Flane through X parallel 4o sy

Plane through ¥ purellel to & (#igure 18)
Plune through N perallel do sy
Plane throvgs ¥ purallel to L
Plone through ¥ perallel o e 4
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