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CHAPTER I
THE PROBLEM

l.1. Introduction. Many methods are used in the

solution of quartic equations in one unknown. Algebraie
methods of solution have been devised by several well known
mathematiclans. There are exact methods which usually
express the value of the roots by means of radicals, and
approximation methods which require the reapplication of the
method 1f several significant digits are desired. In addl-
tion nomographic methods have been applied.

Each of these and similar methods pose both advantages
and disadvantages in the solution of quartic equations.
Most methods are reasonably accurate but the computations
are lsborious.

1.2. Statement of the problem. The purpose of this
thesis is to develop a tabular method for the solution of

a general quartic equation of the form

o+ ax3 + bx2 ¢ 0x ¢+ 4 = 0.
Such a method should assist in the calculation of approximate
solutions of the real roots of the general quaritic equation
listed above. The proposed table wlll be designed to give
the real roots to two and three significant digits and in
special cases will yield four and five significant digits.
A procedure is to be devised whereby any given quartiec



equation, with real coefficients, may be solved by tables,
after transformations of the equation have been accomplished.
1.3, Limitations of the problem. As stated before,

only guartic equations with real coefficients and real roots
will be considered. Only the real roots will be given by
the tables and the only time all roots will be given is when
the given quartic equation has four real roots.

In this thesls, limits have been set for the ranges
of the parameters represented by the tables. These limits
are sufficiently large for the solution of most quartic
equations. However, for cases not within the ranges of the
tables an alternate method, similar to tables, is %o be
devised.

1l.. Importance of the problem. The quartic equation

may be solved by several methods, either exactly or approxi-
mately. Exact solutions of the quartic equation usually
involves radicals, whose evaluation is not always immediately
obtainable. Methods of solution by successive approxima-
tions, generally require a good approximation of the desired
root for the initlal application of the method.

Therefore, a rapld method of obtaining all the real
roots of the quartic equation with reasonable accuraey by
means of tables should be of value. When greater accuracy
is desired, the roots given by the tables may be used as a
first approximation in one of the methods of solution by
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successive approximations. A few applications of successive
approximations should give several significant digits, when
the initlal value of the root 1s taken from the tahbles.

1.5. Organization of the thesis. Chapter II presents
the historical background of the quartlic equation. Chapter
III presents a discussion of several methods of solving a
quartic equation by formulas. Chapter IV presents a dis-
cussion of two methods of solving a quartlic equation by
successive approximations. Chapter V is a development of
necessary transformations. Chapter VI 1s a discussion of
how the tables were constructed. Chapter VII discusses how
to use the table, with illustrative examples of 1ts use.
Chapter VIII is a discussion; with illustrative examples,
of how to solve a quartic equation, whleh is beyond the
1limits of the tables. In Chapter IX initlial values of a
desired root are found for the application of two successive
approximation methods, Wewton's methed and the method of
series reversion. Chapter X contains a summary of the pro-
cedures used in the tabular method of solution, with examples
of its application. Chapter XI summarizes the work done in
the thesis. Chapter XII comprises all of the tables.

Tables I, II, and III, give all the resal roots of the trans-
formed equation according to the value of the parameters

and in addition ald as guides for the solution of equations
not within the limits of these tables. Table IV gives the

values of numbers squared and taken to the fourth power.



CHAPTER II
HISTORICAL BACEGROUND OF QUARTIC EQUATIONS

2.1. History of gquartic equations. The earlliest

reference to gquartiec equations appears in the mathematical
records of Babylonia. Discussion of quadratic equations
and some discussions of cubiec and quartic equations were
given in Babylonian algebra, about 2000 B. C. However,
there 1s no record of the general quartic being solved by
the Babylonians.t

The Arabs had 1little success In solving quartie
equations but did succeed in solving special types.
Abultl-Wefa (c¢.980) attempted to solve the equation
xl" * px3 = g, but his work has been lost and it is not

known what he did in arriving st & solution.?
An anonymous Arab or Persien algebraist solved the
equation (100-x2) (10-x)2 = 8100. It was sclved by taking
the intersection of (10-:;)5' = 90 and x° v 32 = 100. How-
ever, all evidence indicates that the author was not interested

in the algebralc theory.3

lgoward Eves, An Introduction o the'Hiatorllaf,
Matlsazmatiu (New Yorks Rinehart and Company, INCes 1953),
P. 32. .

ZD.vid ene Smith, History of Mathematics (Boston:
Ginn and Co., 1925), Vol: iI', P ﬁl‘s. '

31v1d., p. L67.
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The Chinese, as early as 1247, solved certain quartic
equations by approximation. Evidence indicates that Horner,
a Furopean mathematician, never saw these solutions, but
developed a similar method sbout five centuries later.l

Mathematics in Europe underwent a great change
between the beglmning of the thirteenth and the end of the
gsixteenth century. The main problem of algebra at this time
was the solution of equations. Duwring this time in history
many mathematicians were trying to find explicit radieal
solutions for cuble and quartic oquutiona.s

One of the most spectacular mathematical achievements
of the sixteenth century was the discovery of algebralc
solutions of the general cubic and the general quartiec
oquation-.6

In 1540 the Italian mathematician Zuanne de Tonini
da Coi proposed the following problem to Cardans! "Divide
10 into three perts such that they shall be in continued
proportion and that the product of the first two shall be
6." It is suggestedd that the three parts be noted by

,"'I'lorinn Ca.jori History of !athmticl (New Yorks:
The Macmillan Co., 1 mﬁ P

S&. T. Bell, The Development of lnthmticl (New
Yorks McGraw-Hill Book (0., Inc., 1940), D .

6Evea, op. clt., p. 218.
Tsmith, op. eit., p. J67.
8gves, op. cit., p. 233.
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X, ¥, %, then the relations are x ¢+ y ¢+ 2 = 10, xz = y2
and Xy = 6. When x and z are eliminated the result is a
quartic egquation in y, yh + 6y2 + 36 = 60y.

Cardan could not solve this equation and never did
find a sclution for the general guartiec. Cardan's pupil,
Lodovico Ferrarl, succeeded 1n solving Coi's problem and
while doing so succeeded in finding a solution for the
general quartic. Cardan included Ferrari's solution in his
Ars Magna, which was published in 15)5.9

Prancoiu\Viotu, a French mathematician of the
sixteenth century, is probably best known for his algebraic
notations. Many mathematicians claim Vieta took these 1deas
from other authors. In his algebralc works, Vieta denoted
known quantities by consonants and unknown quantities by
“vowels. 0

Vieta found a soclution of the quartic, but it is
essentlally the same as Ferrarits.ll

Joseph Louls Lagrange, a prominent FPrench mathema-
tician of the'oightoenth century, a2lso devised a method for
the solution of quartic equations. The third edition of

9%. W. R. Ball, A Short Account of the Hiutog of
L ] - . ’ . 2 —

Mathematics (London: The WaemIllan Co., Limlted, -
Pl ZZB:EEEL

10y, w. R. Ball, A Short Account of the History of
Mathematics (London: The WaemIllan Co., Limited, Vs
p. 231.

nIbid.. p. 233'



Resolution des Equations includes his proof of the
thoorcn:lz

{martielhrqszvrnq-oaouthq r, s, real,
r £ 0, and with the diler:!unntA , has I distinct
real roots if q and - !ro negative and A > 0,
no real root if g La - are not both negative
A > 0, 2 distinet real and 2 imaginary roots 1f

A < 0, at least 2 equal real rcots if A = 0.

12 gonerd Bugene Dickson, Elementary Theory of
) %untionl gln York: John Wiley and Sons, INcC., 1%]5: 1st

e}y Pe -



CHAPTER III

SOLUTION OF QUARTICS BY FORMUILA

3.1. Ferrari's method of solution. One of the best
known methods of solving a quartie equation is Ferrarits

solution.

From the general quartic

(3.1) e bx3 rex2 s dx e 0 =0

form the identity,

(3.2) !.)"Obx3tu20<lx-vea-(pxa-q)a:(xzfgxrr)z.
Next p, q, and r are determined by equating the coefficients
of like powers of x in the first and second members of the
identity (3.2). This leads to the relations

(3.3) pPZrez=2r s ve/h,
(3.1 2pg +d=rb,

(3.5) Q= + e = re.

Hence

(3.6) (rb - @)2 = 4p2e2 = L(2r + b2/ - e)(r2 - &)

or

(3.7 r3 - 5 r2 « 1/4(bad - Le)r + 1/8(lice - b2e - d2) = O.
Now upon solving equation (3.7), r is found. It is not
necessary to £ind all the roots of equation (3.7). This
equation Is lnown as the resolvent cubic eguation.

I (px + q)z is added to both members of equation (3.1)

it becomes

(3.8) (Lo —g— x +1)2 = (px + q)°.



Therefore

{(3.9) xzv—‘z’—xersz&q
or

(3.10) xat-;-xq-rz-w-q.

The four roots of equation (3.1) may now be found by
solving the gquadratic equations (3.9) and (3.10)
aqpmtoly.l

. 3e2. Decartes' method of solution. Decartes' method
is used only after the quartic equation (3.2) has been
deprived of its second term. It is then in the form
{3.11) v* v qy2 + ry & 8 = 0.
This is easlly done by setting x = y - _%..
It is then assumed
(3.12) e gPeryesz(2royen) (52-0yrag.
The quantities e, f, and g are now found by equating like
coefficients of equation (3.12).
The result 1s the equations

(3.13) grf-e°sq,
(3.14) elg - 1) =r,
and .

(3.15) gf = s,

or

(3.16) grf=qe e

lyelson Bush Conkwright, Introduction to the Theory
of Equations (Boston: Gimn and Co., 1941), p. 70.
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(3.17) g~-f =nr/e,
and
(31-15) gf = a,

Now g and f may be found in terms of e from equations
(3.16) and (3.17). The result of substituting these values
in equation (3.15) is

(3.18) {q » e + r/e) (q + e - v/e) = 4s.

Reduelng equation (3.18) the result is |

(3.19) e + 2qélt ¢ (g2 - ha)e? - ¥2 = o,

This may be considered a cubic equation for finding
e2. When e2 is lmown e, g, and f become known. Thus the
expression y* ¢ qy2 + ry &+ 8 = 0 is vesolved into the
product of two real quadratic factors, from which four'
roots of the proposed quartic equation may be obtained by
solving the two quadratic equations

(3.20) yj2rey v+ £ =0
and
(3.21) y2 - ey + g = 0.

It should be noted that in one of the quadratie
factors ey was introduced and in the other -ey. The reason
for this is that there was no term involving y3 in equation
(3.11) which was resolved into quadratic fhﬁ%orl.z

21. Todhunter, An Element Treatise on the Theo
of Buvatiame (Tepdans: 5o MachiSes Too, THNL, Sib AT,
PPe. = D
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3.3. Vieta's solution. Vieta's sclution of the

quartic can be used only after the third degree term has
been removed. The general depressed quartic may be written
as

(3.23) = q - rx2 - px

adding x2y° « 7h/h to both members of equation (3.22) gives
the equation

(3.23) (x2 + ¥2/2)%2 = (y2 = 2) x2 - px o« (P/4 ¢ Q).

Now a value of y is determined so the right member of
equation (3.23) 1s a perfect square. A condition for this
is that ‘

(3.24) y© - oyl « Lay2 = 4eq + p2.

Equation (3.24) is a cubie in ,2_ One value of y may be
found from (3.24), and substituted in (3.23). The solution
of the quartic (3.23) is then completed by extracting
square roots.3

3.4. Lagrange's method of solution. Lagrange's

method is dependent on the fact that the four variables
acquire only three distinet values when permutated in the
twenty-four possible ways. The general quartic may be
written as

(3.25) x ¢ ax3 + bx2 ¢ cx ¢+ d = 0 with
roots x;, xp, X3, X),-

BEV;!. _02. c_j.._to. pp. 22,4."225-



Let
(3.26) Py = (x) & x5 - x5 - xh)a.
(3.27) Pp = (x) » X3 - X5 = xh)z,
(3.28) P3 = (x3 ¢+ X - x5 = 13)2.

The symmetric combinations are
(3.29) P *rPp *P3 "= 3a - B8b,
(3.30) pypp » P1P3 * PPy = 3a* - 16 aPb r 16ac + 16b2 - 6hd,
(3.31) pyppp3y = (a3 - Lab » 8@)2.

Thus Pys P2 and p3 may be found from the resolvent
cuble equation
(3.32) p° - (3a2 - 8b) pz I3 (31” ~ 16a2b ¢ 1l6ac + 16b2 - 64d) p

- (83 - Lab « 8¢)2 = 0.

Now xl, Xys Xos xh may be found from the linear
equations
(3.33) X) v Xp 2 x3 8 x = -a
(3.34) X) + Xy - X3 - X) = p, »
(3.35) X -Xp #x3-X =Py,

(3.36) X) - Xp - X3+ X 3 Ve, s
hence
(3.37) bx, = -a » By PPz * Yy s

(3.38) kx; = -a + /p; - Ypp - 1/}7',

(3.39) kxy = -a - VBT + Y, - Py s
(3.10) b, = -a - Yo, - B, v -
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The square roots of ’1' Por and 93 are not independent.
There exists the relation

(3.41) VP1 ]/ Pp |/p3 --..u.b-a.."

by, v. vspensky, Theery of 1
ueam';n Rook Co., inﬁ .!%'"z%z(r?' SEE




CHAPTER IV
APPROXIMATE SOLUTIONS OF QUARTIC EQUATIONS

L4.1l. Newton's Method of Approximation. Newton's

method applies to algebralc equations in the form f(x) = 0.
An approximate root should be chosen between two numbers

& and b. These numbers should be so nearly equal that
f1(x) = 0 and f"(x) = 0 have no roots between & and b.

Since f"(x) has the same sign in the interval from

a to b, and f(x) changes in sign, f"(x) and f(x) will have
the same sign for one end point whether 1t be a or b. Here
it will be taken that f"(x) and f(x) have the same sign for
the end point a. It can be shown that if a root lles in an
interval between a and b and closest to a, the root also

liees in a smaller interval from e te

(L.1) a - ;.‘.%)ﬂ

where ¢ 1s given by the equation.

- b - af(b
th:2) s (O o

The advantage of having ¢ at each step 1s that a
close limit of the error made in the approximation of the
root 1s known.

Once an upproximatidn of a root is known Newtonts
method may be applied elther using ¢ as deseribed above
or not using it for a guide. As before, if a 1s our

approximation of a root, formula




(hd) ‘1 "-a = < ..

1s applied and is essentially the same formula as (4.1l).
If more accuracy is desired apply formula

r(-l)

Tt (ay)
If more accuracy is desired the same procedure as in

(4.3) and (L4.4) is followed.t

(hed) ap = 8y

Newton's method may be applied to transcendental as
well as algebralc equations.

.2. Approximation by Serles Reversion. Series

reversion 1s essentially that if given a series representa-
tion of the variable y in terms of the independent variable
Xy
(4.5) y=x (1 - a;x - azxz - 1313 - aee),
X & 8, 8 being the cirecle of convergence, y being limited
to a region T which contains the orgin, obtaln the seriles
representation of the variable x in terms of y,
(L. 6) X =y (1ebyys+ bzyz + b3y3 LI I
together with the conditions under which such representation
is valid.

In series reversion an approximation of a root must
be made and 1t must be close to the orgin. If z is picked
as an approximate root from f£f(z) = 0 and 1t is not close

to the orgin, then 1t 18 necessary to make the substitution

lLeonard Eugene Dickson, First Course in the Theo
of uations (New York: John Wiley & Sons, Inc., 1922),

PP~ =73
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(L.T) z=x+h

where h 1s a value known to be near z. Then the transformed
equation.

(4.8) glx) = (= ¢ h) =

will have a root x3 = 2y ~ h, near the orgin.
By expanding equation (4.8) 1t becomes
(Le9) 0 = g(x) = o5 + e;x + .2x2 *ex” ¢ ... .
This expansion may be done by Taylor's Theorem,
aynthitio division, binomial theorem, and several others.
Equation (Lj.9) is then reduced to the form

(4.5) y=x(1-a x - apsx® - t3x3 = asels
where

(4.10) Y = ey/ey

and

(L.11) 8y = =65,/

Bquation (4.5) is then expressed as

(4.6) x = y(1ebyy»byy? e b3y3 .
where

(4.12) by = &y,

(4.13) by = 2.12 + a5,

(4.1h) b3 = 5:13 5.1 a 13.

(415 by = Wasl + 21 a2 ay « 303 r 6ajag + &t
and

n-1 n
1
ke [‘Lﬁ rr-r)
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Now x may be calculated to as many significant digits
as desired.?
There are several other approximation methods such as
Horner's Method, the method of iteration, and by nomograms,
but all are similar to NWewton's method or else they do not

give any more accuracy than the tables in this thesis.

2george L. Crumley, "Solution of Cuartic and Cuble
Pquations by Serles Reversion" (unpublished master's thesis,
Kansas State Teachers College, Emporia, Kansas, 1953),

Pp. T=l6.



CHAPTER V
THE REDUCTION OF THE QUARTIC EQUATION

S5.1. Introduction. The general quartic equation
(5.1) ﬂ’u3bhxz,rcs+d-0,
involves four parameters a, b, ¢, and d. The tabulation
of roots directly from the values of tho_rour parameters
would not be feasible, Therefore, 1t 1s necessary to
reduce the general quartic equation to a more sultable form
for the construction of tables.

5.2. Elimination of the third degree term. The third

degree term may be eliminated by the substitution

(5.2) X =y -I‘{ .

Then equation (5.1) becomes

(5.3) enyZekyems=o,
where

(5.l h = b - 3a2/8,

(5.5) k=c - ab/2 «al/s,
(5.6) m=d-pe. 0. 2

5.3. Reduced forms of the quartic eguation. Unless

h in equation (5.3) 1s elther a negative one, zero, or a
p_ositivo one and k is positive more transformations must
be made.

When h is a positive number, other than one, the
substitution

(5.7) y= Vh ¢t
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transforms equation (5.3) to the form

(5.8) thvntzrptbquo,
where
(5.9) .  =n= b - 1,

ne

(5.10) p = —g—" ’
i n 2

{5.11) q=§z-.

If h is negative, the substitution
(5.12) y=J-nt
transforms equation (5.3) to the fomm
(5.13) t#ent2epteqg=0
where

(5.10) nalig'-l{

(5.15) p=—E ,
()72
(5.16) q = -1-15 ,

If p is negative in either equation (5.8) or equation
(5.13) the substitution
(5.17) t= -3z
will transform the equations (5.8) and (5.13) and in the
same order as they appear above to
{5.18) 2t o-nszvpz +q=0,
and n = 1 and p 1s positive.



(5.19) zt ¢ nz2 * pz + q = 0,
and n = =1 and p is positive.

The case may arise when h in equation (5.3) is zero.
When this happens no further transformations .are necessary

unless k is negatlve, then substitute

(5;20) Y ® =N,
then equation (5.3) becomes
(5.21) zt ¢ pz & q = 0,

and p is positive.

: It should be noted here that n is either a negative 1,
gero, or a positive one and p is always zero or a positive
number. There are no rostriétionl on g.

Each of the three equations (5.18), (5.19), and (5.21)
will be designated the standard reduced guartic egquation.

A quartic equation must be reduced to one of the forms
expressed by equations (5.18), (5.19), and (5.21) in order
to apply the method ¢f this thesis. The tables in
Chapter XII are based on these equations. These tables give
valuqa for all real roots and give the values of the real

roots corresponding %o gliven values of n, p, and q.

S.4. Properties of the standard reduced quartic equa-
tion. Equation i
(5.18) zt + 22 ¢+ pz + q = 0,
may have at most two real rcots. Equation
(5.19) 2t - 22 ¢ pz s g =0,

may have four real roots. Equation
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(5.21) st ¢+ py » g =0,
may have at most two resl roots.lt
From the above it can be seen that the only equation
that need be analyzed is egquation (5.19). There is a
eritical peoint when the function of z,
P (z) =24 - 22 ¢ pz & q,
goes from four real roots to two real roots or vice-versa.
If F (2) is plotted in cartesian coordinates wlth z as the
independent variable there will be three points of inflection
when there are four real roots and only one point of inflec-
tion when there are two real roots. The maximum and ftinimum
points may be found by setting F'(z) equal to zero.
Fi(z) = hz3 - 2% + p
and 23 - 3z + p/h = 0.
The roots of this equatlon are,

slz—.lé-—-é_cos_ ‘2

e =3
6
23 = :gco- (g + 2,,0°},

cos # = p/4 Tl

—V—e'—eos (g + 1209,

where

1pickson, 1922, op. eit., p. 81.



the condition that @ is taken in the first or second

‘quadrant according as p/li is negative or positive.2
F" (z) = 322 - % .
Therefore, the function has a maximum when F" (z)

is negative and this happens when -'——‘{;—g 7% 7 Tié -

P (z) will have a minimun when F"(z) 1s positive and this
happenswhen'———zéf’ésézg_.

If the above 1s applied it can be seen that q merely
transfers the function up and down the F(g2) axis. When
0 £ p < 2/9V6 there are four real roots, so when p is
outside this interval there are either two real roots or
none.

The above information 1s shown graphically in figures

5.1 and 5.2.
Once the general quartic has been reduced to a

standard form it may be helpful to know how many real roots
there are, 1f any. This may be accomplished by applying the
following formulas:
(5.22) 271A =l(12q + n2)3 - (27 p2 203 - 72 n q)?
(5.23) L=-9p2-22a3+8aaq.

If A £ 0 thero are two distinct real roots whether

n=)ornz=z -1,

2yspensky, op. clt., p. 92.



P(z)

FIGURE 5.1

@raphs of F(z) = sh - 22 & PZ + q for selected
values of p and q equal to zero.




P(z)

4

FIGURE 5.2

Graphs of P(z) = zit - 22 ¢ pz + q for selected
values of p, and q equal to zero.
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If A 7 0 there are no real roots if n = 1 or if
-1 and L & 0.
If A 7 0 there are four distinet real roots if

=}
1]

"1.ndL7°.
If A 7 0 and either n Z 0 or L £ 0 there are no

o]
11

real root..3

3D1°k8°n’ 1922. 2- 2_1_3'., pp. 80—81-



CHAPTER VI
CONSTRUCTION OF THE TABLES

6.1. Preliminary considerations. The roots of the
standard reduced gquartiec equations (5.18), (5.19), and

(5.21) will vary with the parameters n, p, and q; so, when
n, p, and q are given, all of the real roots will be given.
The tables in Chapter XII are so constructed that straight
line interpolation is necessary when the parameters take
on certalin values.

6.2. The method of galeulating the tables. If all,

or any of the roots of the standard reduced quartic equa-
tions were to be found for different values of the parameters,
the construction of the tables would be very laborious.
However, the process may be reversed. The wvalues of q may
be found for different values assigned to p and z, and
n being equal %o either a -« 1, o, or 1.

The standard reduced equations (5.18), (5.19), and
(5.21) may be written in the following forms and are in

the same order as they appear above.

(6.1) q = -zl - 22 - Pz,
(6.2) q = -sh + g2 - pz,
(6.3) q = -z - pz.

From these equations for each of the assigned values
of n, p, and 2z, the value of Q is determined. These values

of q may be calculated to any desired number of significant
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digits. This method was employed in the construction of the

tables in Chapter XII.

When n = <1 the range of p is from .00 to 1l.00 at
intervals of ten-hundredths with p = .53, p = .54, p = .55
added because of the eritical point when p'= 2/9 /6 . The
range of % 1s from =1.70 to 1.60 at intervals of five-
huhdrédths; except where there is a double root and ¢ is
caleculated to the nearest one-hundredth close to this double
root. The range of q 18 =4.000 £ q £ 1.05470 at no
specific intervals.

WVhen n = 0 the range of p is from .10 to 1.00 at
intervals of ten-hundredths. =z is caleculated at intervals
of five~hundredths; except close tc double roots, and here
again 1t is calculated to the nearest ocne-hundredth. = is
calculated from «1.70 to 1.60. The range of q is
-4.000 £ q £ .44;725 at no specific intervals.

When n = 1, p is calculated in intervals of ten-
hundredths from .00 to 1.00. & is calculated to the nearest
one-hundredth ¢loss to double roots and flve~hundredths
elsewhere from -1l.35 to 1l.20. The range of q is -4.000 £L. q

< .21,8 at no specific intervals.
' There are in addition to the tables discussed above

other tables corresponding to n equal to =1, o, and 1 for

values of p equal to 2, 6, and 10 and a table for gz, sz, and.
zh.‘ These tables are designed as guides for equations not

solvable by the other tables. They will be discussed in
Chapter VIII under special problems.



CHAFTER VII
USE OF THE TABLES

Tel. Introduction. It was pointed out in the
preceding chapter that the tables in Chapter XII may require

interpolation. However, linear interpolation 1s sufficient.
It should be noted here that z and p are given in

hundredths, and q is given in hundred-thousandths near the

double roots and thousands not near the double roots. For

1llustration limited excerpts from the tables are reproduced

here.
7-.2. Using the table.
n s =l P = .20

aq ‘1 ’2 ’3 ﬂh
- 096 - 75
097 -1.05
.101 .55
- 109 s | 25
110 . 60 . TO
.111 .69
.112 .61
.1126 .62 .68
«11 , .6 67
.11 - | .6 .66
«1140 .65 .65
© e 30
<177 -.35
- 200 "'13 00
- 21!4. - ho

Excerpts from tables
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Example T7.l. In the egquation #t - 22 & .20 ¢ .1126 = o
the value of n is -1, p = .20, and q = .1126. From the por-
tion of the table given above two roots may be read directly
and they are z3 = .62 and %, = .68. However, zj and zp may
be found by interpolation.

q ‘1
10156 [ H SJ 4
1126 «103 .05
' 200 -1.00

—ﬁg-:" 6 = =g or .05 (0156) = 1030x

and x = .0075
therefor~ z; = -1.05 + .008 = -1.04

. Q Z5
A +109 -.25
.0036 [ j

' .1126 .033 x [.05
' 01‘.'.2 ‘ "~3°

« 00 = X Ox = 1.80

s S
and x = .005

therefore z, = =.25 - .005 = -.26.

This particular equation has four real roots which
are '1 - "'1.-0". '2 = -‘26, ’3 - .62, and ’h - .68.
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Example 7.2. In the equation zl - 22 + .20z + .200 = 0,
the value of n is -1, p = .20, and q -_.200. ‘Using the
portion of the table given above againg it can be seen that
this equation has only two real roots, Zy = =1.00 and by
interpolation zp = -.38. E 3

T7+3. Special cases in fin 2. It should be noted
here that the parameters of the standard reduced equations
given in the tables will not suffice for the solution of all
quartic equations. If the values of n, p, mnd q lie beyond
the range of the tables, another method must be employed.

The above situation will be disgussed in Chapter VIII
which deals with problems not covered by the tables.

Chapter VIII will also cover interpolation for values
of z when the value of p is between two values listed in
the table. |



CHAPTER VIII
SPECIAL PROBLEMS

8.1. Introduction. As was pointed cut in the
preceding chapter, all quartics are not solvable by the
tables in this thesisy however, they may be solved by the
method used to construct the tables. In most cases not
covered by the tables, methods may be devised from previous
formulas to yield solutilons.

8.2. Values of z beyond the tabular limits. Once

the general quartic equation is in one of the standard
forms (5.18), (5.19), or (5.21); and either p or q are
beyond the tabular limits of the tables, new values for
p and g must be tabulaﬁed by the formulas

(6.1) q:-zh-:z-p‘z,-
(6.2) q = -zl » 2°- pz,
(6.3) q = -z4 - p3,

depending upon which formula the general quartic reduced to.
' If the value of n is between a negative one and a
positive one tables Ig, I1,, and III, through I, IIJ, and
III,, are used for guides.
If the value of n is not between any -ot these values
then tables Iy, II, nrﬂ III, through Igs 115 and III, are

used for guldes.

By inspecting the table that is clogest to the standard
reduced quartic, values of z are chosen and the values of gq
are determined by equations.
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Once a value of q of the standard reduced quartic is

determined then the methods of Chapter VII are applied.

Example 8.1. Given the equation

s+ 52 ¢ 3,00 z ~ 1.712 = 0,

it can be seen that p is not within the limits of the
tables, However, p 1s close to gulde table ITIy. TUpon
examination of this table 1t 1s seen that z, should 1l1e
close to -1.40 and 2z, elose to .60.

Using table IV and formula (6.1), and setting
2y = «1.li0 the correasponding value of q is =1.60, which is
close to the value sought for. Now setting 2z, = =1.145 the
corresponding value of q is -2.173, and the sought after g
lies in this interval. Interpolation will yleld %4, and 1is
equal to -l.41. The same procedure may be used for 25, and
if so.z5 = 4k

It should be noted here that several substitutions
for = may be neceasary before the correct values of q are
found.

Example 8.2. Given the equation Pt +r .90 z « 5,008 = 0.
It may be seen by table II; that the desired q 1s beyond
the limlits of this table; however, upon examining this table
it seems that 2, should be between -1.50 and'-1.60 and Z,
between 1.30 and 1l.l}0. When «1.60 is substituted for %, in
formula (6.3), q = =5.11}; and is larger than the desired q.
Therefore, substituting -1.55 for %35 @ = <4.377. TUpon



interpolating, %z, is found to equal «1.59. If the same
procedure is applied for Z5s it 1s found that Z, = 1.h41.

8.3. Values of p between the limits of the table.

When a quartie equation is reduced to a standard form and
the p value is bebtween two values in the tables, linear
interpolation may be applied to find the value of the
desired roots.

Example 8.3. Given the equation bt o bl z ¢ .233 = 0.
This type equation lles between tables IIs and IIS' First
the roots for p = ,60 are foundy then the rocts for p s .70.
Linear interpolation is applied and the desired roots are
found, '

When p = .60 and q = .233 the roots are read directly
from table ITy and are found to be, z, = -.59 and 5y = - U7,

When p = .70 and q = .233 Interpolation should be
used for both 2y and %,. If this is used, $; = -.72 and
Z> = -.36,

Linear interpolation may now be applied again to find
the deslred zq and zp.

P ) :
Jr )
.70 -.72
P' Z3
«60 -
J B 1)

«70 -.36



When the above interpolations are performed the
desired 2z, = -6 and 25 = .43.

8.4. Values of z when p and m are squal %o lg;
Fo table was constructed for p and n equal to zero. When
this happens formula (6.3) becomes

(8.2) q = -zb
or
(8.2) 2 = q
or
(8.3) st = -q

Equation (8.3) has only imaginary roots and equation
(8.2) has two real roots, equal numeriecally, and two
imaginary roots. In the above case table IV may be used
to determine the two real roots.
Example 8.li. Civen the equation zt - 9.3789 = o.
Transforming this equation $o (8.2) 1t becomes
zt = 9.3789

g =1 14/ 9.3789 .

Now applying teble IV it may be seen that z, = 1.75

or

and zZp = -1.75.

8.5. Summary. The goal of this chapter was to devise
methods for the finding of all the real roots in cases not
covered by tables I, through I, II. through IIJ, and IIIa
through IIIy. Four main problems were recognized and solveds
the first, that of finding the roots not found in the above
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tables; second, that of finding the roots when p was glven

by the above tables, but q and z did not extend far encughs
third, that of finding the roots when the desired p was
between two values in the fables; and last, the case when n

and p were equal to zero.



CHAPTER IX

APPLYING THE TABLES TC METHODS
YIELDING ADDITIONAL DIGITS

9.1l. Introduction. As was pointed cut in Chapter IV,
there are several methods that will yleld additional digits
once an approximation is found for a root. Chapter I
emphasizes the fact that thls thesis 1s mainly concerned in
evaluating roots of quartic equations to a limited number
of significant digits, namely two and three significant
digits. If more accuracy 1s needed, these approximations
found in the tables may be used as "starters" for the methods
discussed in Chapter IV. Numerical examples will be illus-
trated here for the application of Newtonts method, and the
method of series reversion.

9.2« The first approximation for Newton's method.

In cases where the roots are desired beyond the accuracy
of the tables 1t 1s necessary to use some method that will
yield the desired number of additional digits.

Example 9.1l. Given the equation zl - 22 ¢ .55z = .757 = 0
and the negative root 1s desired to more than three significant
digits. Using table I3+ 27 18 read directly- and 1s equal to
-1.35.

Using formula

(4e3) 2y =a -4 -

and setting a equal to -1.35,
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£(a) = (-1.35)% = (-1.35)2 ¢ .55(~1.35) = .757 = -.000L9l;
£1(a) = 4(-1.35)3 = 2(-1.35) * .55 = -6.591500

or
a, = =1.35 = E&?-g'% = =1.35007%
- If more accuracy is desired, formula
(Lo1y) ay za, - I'(ay)

ey
may be applied using a equal to the wvalue given above, which
is -1.350075.

If Z5 would have been desired the same procedure would
be applicable, although linear interpolation should be used
to find the first approximation for z,, which 1s 1.13.

It should be noted here that table IV may be used in
finding the value of the function and the value of the first
derivative for the formulas (L4.3) and {L4.lL).

Example 9.2. Given the equation z# - 22 ¢ .53z - .151 = 0
and that z; and zZp are desired to more than three significant
digits. Using table Igs %) 1s found to be close to -1.25.
Thls value of z; may be used for the value of a in formula
(4.3), but additional diglts would be obtailned more quickly
if interpolation were used first and the value of a taken
as -l.24.

If 2y 1s used in equation (4.3), the value of a, can
be read directly from the table, and is equal to .75.

9¢3. The first approximation for series reversion.

This method is a little more laborious than Newton's method,
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but 1t will yleld additional significant digits faster once
it is applied. .

Example 9.3. Given the equation
L 22 + .20z - 2.842 = 0,
and only the root nearest th‘ origin is desired. Using
table III, 1%t may be seen that the above equation has only
two real roots, one being positive and the other negative.
The deslired root is the positive since it lies closest to
the origin. .
Using s» and interpolating, Zo 1s found to equal 1,09.
This value 1g substituted in equation
(4aT) g=zxsh
for the value of hs This equation now becomes,
Zp = x + 1.09.
Using formula
(4.8) g(x) =f(x+h) =0
which becomes formula
(L4.9) Ozg(x)-ootalxcnoaxzﬁonx“f...
The above data make formula (4.9) equal to
(x + 2.09)% ¢ (x » 1.09)2 ¢ .20(x + 1.09) - 2.842 = 0
or
 + 4.36x3 » B.1286x2 & 7.560116x - 02431839 = 0
Equation (L4.9) is now reduced to the form
(4.5) y=x(1—nlx-u2:2-n3x3 “ svale
where

(L4.10) y = '0/'1
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and
(4.11) 8y = -e; /e -

From the above data, formula (L.5) becomes
,‘0%21832 . J:<1 . 8:1286 < o %:éb 22 vk x3>
or

.003217 = x(1 + 1.075195 x + .57671 x2 » 1323 x3) .
Using formula

(L.6) X =y(1lebyye bzya . b3y3 * sas)

where
“-lv'lz, b]_ = .1
(4+13) b2 = 225 v &, ,
(4.14) b3 = 5‘% . & 5‘1‘2 * l-3'
(4.15) bll- & llui!i - 21:%!2 - 3.% * 6:113 v e,
and
, dn—l
(L.16) b = oy axh-1 (m) x & %

formula (4.6) becomes
x = .003217 [ 1 v 1.075195 (.003217) » 21888799 (.003217)2 +
9.54733k (.03217)3 ]
and
x = .00322822) .

Substituting this value in formula (4.7), Z5 1s found
to equal 1.09322822

It 2, would have been the sought after root the same

procedure could have been used, but no Interpolation would
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have been necessary, since z, for q = -2.842 1s in
table III,.

It may be seen from the above that the computations
may be laborious without the use of a calculator and that
mnore accuracy may be obtained by extending the reversion
series.

9.4+ Summary. In this chapter the goal has been to
find‘the first approximations for Newton's method and the
series reversion method.

Since the ease of the above methods depends upon the
accuracy of the first approximation of the desired root,
this was considered and ia the reason interpolation was
used instead of taking the first approximation as the
closest root appearing in the tables.



CHAPTER X
PROCEDURE

10.1l. Introduction. The purpose of this chapter is
to present procedures for the application of the methods
developed in this thesis for the solution of quartic equa-
tions. Numerical problems will be used to 1llustrate the
necessary &teps. It should be pointed out again that the
methods in this thesis will give all the real rcots of
- quartic equatlions with real coefficients.

Two maln types of situations may arise. Thelr
procedures are presented 19 this chapter. These are:

(1) the solution by tablesy and (2) the application of
special formulas when the parameters of the reduced guartie
equation are beyond the limits of the tables. The above
situations have besn discussed in preceding chapters and
only the procedures will be cutlined here. The successive
steps of the procedure are identified by the capital letters
A, B, C, etc., and the limitations or considerations related
to each step are identified by the small letters a, b, ¢,
ete.

6.2. The reduction of a quartic eguation. For the

tabular solution of a given quartic equation,
(5.1) =l +ax3 +bx2 + cx+ d =0,
the following steps are suggested.
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A. Eliminate the cube term of the quartic equation.
a. Let x = y - a/lj. This method was suggested in
paragraph 5.2. The resulting equation is
!"'fhrz*k!"l-.o.'hiﬂ

(1) h=b =~ lgg

(2) k=e¢ - %2 .|§§
(3) nzd-ﬁi‘-*ﬁh-ﬁ

B. Transform the quartic equation to a reduced standard
form, as suggested in paragraph 5.3.
a. For h equal %o a positive number other than
one and k not positive the equation hecomes
2% + nz2 ¢ pz ¢ q = 0, by substituting

Yy = /h t where
(1) n =M =1,
(2 p=xn?
(3) a=mh

end substituting t = -z.

b. For h equal to a negative number other than one
and k not positive, the equation becomes
g & nz2 & pz » @ = 0, by substituting
y = Y -h t where ’

(1) n = -n2/m2 = -1,
(2) » = x/(-0)3/2,

i}
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(3) a=nh?,
and substituting ¢ = -z.
C. For h equal to zere and k not positive, the equation
1s zIt ¢ pz « q = 0, by substituting y = -z.
6.3. Direet solution by tables. Once the general

quartic equation,
(5.1) ¢ ax3 ¢ bx2 s ex + d = 0
has been reduced toc one of the standard forms

(5.18) 24 + 22 + pz s+ g =0,
(5.19) zh - 22 + pz » q = 0,
(5.21) zl » pz » q =0,

by the steps suggested above, the roots may be determined
by tables I, through I,, II, through IIj, and ITI_ through
IITy.

The above procedure is illustrated by the following
examples.

Example 1. Find all the real roots of the equation

sty 223 - 1252 - 10x ¢+ 3 = O.

In this equation a = 2, b = =12, ¢ =z =10, and 4 = 3.
Using formula

(5.2) x=y5-a/ly

or formulas

(5.4) h=b - 3a2/8,

(5.5) k=¢-ab/2ea/8,

(5.6) mzd-ac/y a2b/16 - 3a'*/256,

hy, k and m are found to be



h = -13.5,
'k =3,
m = L4.8125,
The given equation now becomes
vl - 13.5 y2 » 3y & L.8125 = 0.
Using formula
(5.12) y=Y - %
and modifying it t0o y = 7/ -h 2 because the coefficient

of y is positive, n, p, and q are found to bhe

ns -1

P = .060

q = 02641 ‘
They may also be found by formulas
(5.14) n = 0242 = -1,
(5.15) p = l‘:’(-11)3/‘9‘,,

(5.16) q = m/A? .
The equation now bscomes
s - 22 ¢+ .06z + 02641 = O.

Since p is between two values in table I, two sets
of roots should be found and then linear interpolation used
to find the desired roots.

Looking up the z values for n = <l, b = .00, and
qQ = .02641. It is seen by table I, there are four real
roots and linear interpolation should be used. When
interpolation 1is arplied 2 = -.99, 3z, = - 16, Zy = o 3b;
and zj, = .99.
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When n = -1, p = .10, and q@ = .02641, 1t is seen
by table I}, there are four real roots and applying linear
interpolation 2z, = -1.03, g5 = -.12, 24 = .22, end
z), = «93. Now upon applying linear interpolation to the
p values, the desired 2z, = -1.01, =5 = -.1l, zg = «20,
and =), = .95.
Substituting these values in the modified formula
(5.12),
¥y = =3. 71,
y2 = =515,
vy = -735,
y), = 3493,
and applying formula (5.2)
xy = <4.2,
X = -1.0,
iy = .2,
X, = 3.9,
which are the roots of the original quartic equation.
Example 2. Find all the real roots of the equation
b - 10x2 - 20x - 16 = 0.
This equation has no cube term, therefore formula (5.12)
may be appllied and )
n= -1,
p = -.632,
q = -.16,
and the resulting equation is
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¥ - 32 - .632y = .16 = 0.
Now applying formula
(5.17) t = -z
in the modified form y = -z, th§ equation becomes
zh - 22 & ,6322 - .16 = O.

By table I D and using linear interpolation, z, = -l 26
and 23 = .68. By table Iy, Z2; = -1.28 and 25 = J49. Now
using linear interpolation for the p values the deslired
Zy = ~1.25 and zp = 62, Substituting in formulas (5.17)
.and (5.12) the original real roots are:

X, = 4.0,
Xp = =2.0,
Example 3. Find all the real roocts of the equation
x4 - .90x ¢ .}4105.
Only formula (5.17) need be applied and the resulting
equation is
st » .90z v .1105 = 0.

Using table II,_, the reali roots may be read directly
and they are z, = -.61 and 2y = -s61l. Substituting in
formula (5.17) the original real roots ares

Xy = .61
xo = .61.
Example 4. Find all the real roots of the equation
2 e 4x3 ¢ 752 + 6.30x » 2,279 = O.
Applying formule (5.2) the equaiion becomes
st r 22 ¢ .30z - .021 = 0
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Upon using table III, the two real roots are z; = -.18
and 85 = -.11. Substituting these values In formula (5.2),
the desired roots arer
x, = -1.18,
X, = -1.11.
6.}. Indirect sclution by tables. The case may

arise when the standard reduced quartic equation is beyond
the limite of the tables. Then this happens 1t is suggested
that the number of recal rocts be datanﬂned. unless the
number 1s nlrudj known. This may oe asccomplished by
aprlying formulas
(5.22) 27A =14(12q + 89)> - (2792 « 203 - T2nq)2
and
(5.23) L = -9p2 - 2n3 + 8nq.

If A L O there are two distinct real roots whether
n=lorns=l

ItA 7 O there are no real roots if n = 1 or 1if
nz-land L £ 0.

If4 7 0 there mre four dlstinet resl roots if
n=s<land L 7 0.

If4 7 0 and elthern Z 0 or L £ 0 there are
no real roots. .

It should bBe noted here that the procedure in
paragraph 6.2 should be applied bBefore the number of real
roots are determined by the above suggested procedurs.
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Tllustrative examples are now presented for the above
procedures.
Exsmple 5. Find all the real rcots of the equation
¢ 8x3 ¢ 2522 ¢ 42x + 346 = O.
Applying formula (5.2) or fommulas (5.4), (5.5), and (5.6)

the equation becomes
x o 22 » 62 & 2.6 = O,
Applying formula (5.22), A £ 0, therefore there are only
twe real roots. Using table IIL, 1% is seen that z; = -1.140
and z» lies between -.50 and -.40. Calcdlating q for z, =
~.1415, by formula
(6.1) q = -zh -22 - ps
and table IV, q is found to equal 2.456. Now 2, lies between
-.50 and -.45 and upon interpolation, Zp = -8, BSubsti-
tuting in formula (5.2) the original roots are:
Xy = =3.10,
X, = =2.118.
Example 6. Pind the two real roots of the equation,
2 - x2 - 9.2x + 8,730 = 0.
Applying formula (5.20) the equation becomes
sh - 22 » 9.2z ¢+ 8.730 = 0.
The p value is close %o the table Iq:‘ then Zq should
be close to ~1.90 and z,close to -.90. Using formula
(6.2) Q= -zt s 22 - ps
and table IV, and p = 9.2, q = 8.058 for z, = -1.85,
therefore z; = -1.85. Usling the same formula, (6.2), and
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letting 2, = -.90, q = B.434 which is a little small for

the desired q. Letting z; = -.95, q = 8.828 which is a
little larger than the original q, but using linear interpo-
lation the desired zp = -.94. Now substituting in formula
(5.20), the desired roots are:

x, = 1.85,

Xo = 9.

Example 7. Find the two real roots of x4 - 2.441 = o,

This equation 1s the same as the equation x = 7 mi. '
and using table IV it is seen that

%, = -1.25,

xp = 1l.25.

Example 8. Find the two real roots of the equation,
=+ x2 & ,50x - 4068 = 0.

No transformations are necessary but the q value is beyond
the limits of table IIIp, therefore it is necessary to use
formula (6.1) and table IV. Looking at table III¢, 1% may
be sesn that x; should be close to ~1.30, therefore calcu-
lating q for x; = «1.35, q = -4.469 which 1s close encugh
to the desired q that interpolation is not necessary.
Again using table IIIp, it may be seen that Xp 18 close %o
1.20, then caleculating X, = 1.25, by formuld (6.1) and
table IV, i1t 18 seen that q = -}.629 which is larger than
the desired q, but using linear interpolation the desired
X5 = 1le23, therefore the desired roots are

xy = =1.35,

Zp = l.23.



CHAPTER XI

CONCLUSION

1l.1l. Summary. The general quartic has been solved
by several different methods. Tach method has its
advantages and limitations. The objective of this thesis
was not to present a method to displace existing procedures,
but to develop an alternate method of solution by tables.

In this thesis formulas were dovelobed which reduced
a quartic equation to one of three speecial forms and tables
based on these three forms were computed. These tables
which are presented in Chapter XII give spproximations of
all real roots to two and three significant digits and in
special cases four end five significant digits. However,
linear interpoclation should be used toc find certaln values
of the roots. The steps involved in this solution have
been outlined in the preceding chepter, Chaptor X.

11.2. Evaluation. This method will yield, with fair

ease and speed of cperations, roots to two or three sig-
nificant digits and in special cases four or five significant
digiss.

A root determined by the methods of this thesis may
be'used if only an approximation i1s needed, but if more
significant diglits are needed they may be used as the first

approximation in one of the approximation methods of solution.
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1l.3. Suggestions for further study. This thesis has
dealt only with algebralc equations, of the fourth degree,
with real coefficients and real roots. The writer has not
attempted to explore the possibilities of applying a tabular
method for finding all roots, both real and imaginary, of
the quartic equation. It is also suggested that a tabular
method might be valuable if applied to quartic equations
with imaginary and complex coefficients.



CHAPTER XII

TABLES
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TABLE I,
e i o e
q 21 Z2 83 Ih

-3,99,.‘ -1060 3* * 10 60
-3.370 -1.55 # # 1.55
"2- 812 -10 50 * * lo 0
"20 318 "10 hs 3 <+ lo 5
-lo 882 -1.,40 * 1 l.ho
-1.499 -1.35 & #* 1.35
-1.166 -1.30 * * 130
- .879 "1. 25 o &« }.. 25
b 63 -lo 20 * &% lo 20
- .hz -1. 15 % = 1. 15
- e 251* "'10 10 %* * 1. 10
b il -113 -1. 05 * * 1. 05

.OOO -1- 00 .00 000 lo 00

.0001 -.01 .01

» 000’.{. ~e 02 002

000 — '.0

.001 — 0% .0

00025 e .OS

-010 ~e 10 - 10

0022 - 15 . 15

0038 b ZO .20

0059 - 25 .25

.082 -.30 «30

- 088 - .95 .95

. 107 -.35 .35

- 131‘, e 0 .L].O

. lsu - 090 090

. 161 -ohs -hs

.188 -.50 .50

QZOO - s 85 . 85

. 211 e 55 . 55

L] 230 - - 80 e 60 . 60 - 80

.2}.;2 e 65 .65

021" - -75 ‘026 026' 075

. g -. 07 « 67

- bl c?h

.%86 75 e 68 .68

® 2’4—89 - 073 073

«2h9L -.69 .69

- 2497 - .72 .72

2499 -.70 .70

-250 - -71 -.71 071 071

#no root




TABLE Ib
n=-l p=.10
q 81 !2 83 ﬂh q 81 82 23 Ih
-li. 154 » # 1,60 . 06h «90
-3.83 -1.60 = » .O'éz «35
""3 0525 - 3% 1. 5’5 L] h ~e 25
-3.215 =1.55 = @ .09L «140
"2' 62 * $ 1- 50 L] 100 -l. 00 ‘
"'2. 62 —1. 50 * o w 112 ~e 30 . 85
-2. h63 A * &% 1.’.‘5 . 11
"2. 173 : -luhs * R . 11. -%S
"2. 022 % % - 1.1].0 .1 8 . 0
-l.7h2 -1l.40 = 3 <12 -e35
-1-3 % -1. 35 # » 0156 -55
-1029 * & 1.30 ° 16 077
"‘lo 036 "‘1. 30 L & L] 1 076
"l. 00,.]. 3% * l. 25 L] 170 060
oy O.El‘ "'19 25 * * 10 20 '171 -7E
- e 2 * 2 1- 15 L3 17 e 1}0 -
- 51 =1.20 = % < .63 .73
- .36k * # 1.10 177 .72
bt 03].2 ) "'1- 15 # * 0177 .6%
- .218 ' * # 1.05 . 1790 65 .71
-« -1.10 = @ «1799 66 .70
- -100 * * 1.00 0180 o6 .6
- .Ope -1.05 % #* -180 '6 06
- 007 3* # .95 .18 - .95 & ™
- .00251 .05 .05 - 20 45 s @
- .00 6 .06 .2 B e 50 * -2
- 0024 .0l ol - «90 2 &
- 0021 .03 .Og . -.55 = %
- .0016 .02 . .285 - .85 % 3
- vOOlO 001 009 0290 e 60 % 3
- .0001 «10 « 309 -.65 & *
.001 .11 .312 - 66 %
.007 ] 05 .3 - 079 - 67 * %
.00 . 15 031 - l78 # -3
. 01 L] 20 . 31 -e 68 R *
. 020 e 10 . 31 - - 7 ~e 69 & *
003‘4 .25 0320 - .76 "'70 i %
0037 ~e 15 -321 ™ o?ﬁ ".71 * ®
° 052 L] 30 - 3217 - e 7 -e 72 #* *
0058 ~e 20 .3219 o 073 - 73 % *

#no root




«1.60
-1.55
-1.50
=145
<1.40
-1.35
-1.30

"lo 25
-1,20

-1‘ 15
"la 10

B e oo ol e ol e e s Nm oo oo sl e oe ol ol o ol e oe o o we ok ool ol |

o
. @

23

L] OBB

101
« 109
«110
«111
«112
«1126
«113h

fi&go

177
« 200

.251

:3ls

321

« 350
« 370

.38
:364
«390

.392

«393

« 3937
3942
« 3949
«395L
- 3957
«3959
«3961

-1.05

-1. OO

2 090
- .8%

- -81
- .80

.78
<77

.76
75

-.15

-.25

- 70

=75

® o o
2 oo
(¥ ¥ g WK

LR RS EEER R EEREREREEEERESEE &

CEEEREEEEEEEEREER EE R ERERE R 2.

.85

.80

.65



g##**#########**#*#########

»15

.13
.12
«11
.10
.05

00

-.05

CEREREEEEEEREEERERESERBLEE

«16
%
.18
.19
.20

.25

«30

.35
L0

-1. 10

=1.05

“1. 00
- 95

- .90
"08

- .83
- .32

. .81

a 080-
- sTP:.

o -78
- .77,

-~ 10

-.15
-.25

"030 :

-.1}0
-5
-.50

-.55
-« 60

e 65

~e 70

.56

.58

. »
OoN
Y

-

########.####0################3

.70
.67
.66
.65
-6l

.62

se ol o o de ol ok o o g ofn o ofe s x ol R o de v ol o o ole e de ool ok R

#no root



«0399
«0397
0391
- 0390
.0380
.033
.030
.026
.019
.018

llllllll|lllllllllllllllllillllll
O
v
-

_10 60

-1.55%
«1,50

-1.45

-1.40
‘10 35

"'1. 30
-lo 25

"10 20

AR EEEEEEEEREERERERRERERERSERERBES®R.

.22
.21
« 20
«19
.18
- 17
.16
»15
«10

«05

CICEREEEREEEEEEEEREREEREEEREEEEEJ NS

W

B

n
o

«27
.28

15
.35

.l;O
45

<15

<70

-1.15

"10 10

'1. 05
"'1. 00

- .95

- -90

o -BS

- .QA
- .93

.80
» 719

B EEEEEREEEEEEEEEEEEEEEREREEEREEREE R

59

.58

57
#
#
1
3
#
#
i
#
3
#
#
=
=
*
#
#
)
#
=
#
#
g
#
#
3
a
2
»
3
@
3
*
i

#no root
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q z; zo 3 lu q :1 % 12_ ?k
=
-L79 ® # 1.60 -.0632 116

612% L * 1055 -0063 u 053
- .5 b % 1050 -006 .’.‘.
-3.190 -1.60 = * -0 . .52
"3. 01].3 &* % 10 hs e 062 . 51
—2.535 -1.55 = * -.062,,8 119
‘2!5 6 “ "‘ ltho - 06250 -50 .50
-2.174 & # 1,35 -.0616 20 = *
-2,062 <1.50 = # -.053 .15 = 2
-1. 816 % & 1.30 -.0l0 210 = &
"'1‘ 59 "1' hs % L+3 -a 0311, -1- 20 * 3%
=-1.5 3 # 1.25 -.023 05 = *
-le2 * & 1.20 . 000 .00 = &
~-le =110 = # .027 -.05 = 5
-1.002 #* # 1.15 . 060 --10 # 3
- 182h -1.35 * * .093 -~ 15 * *
- 08 * " 1. 10 -E "'20 * *
- 063 %* #* 1.05 . 8 "1.15 * L -
- o +* 4t 1.00 « 282 -035 =* *®
- .38 ® * .95 .296 -1.10 # 3
- «29 #* ) <90 .332 -0 = *
- .gg% -1l.25 & # ﬁ -5 = »
- e & it 085 ' ’1005 * #
- 170 ) * «80 .hg -.50 % &
- 129 » B .75 g 6 -.56 = &
- 100 & * 70 00 -1.00 B3 )
- 081 ® 3 .65 «530 -.60 = #
-~.GZO = 2 .60 «563 - .95 % e
il B 031 031 0569 -.65 * *
e 00681 030 032 600 "070 * -
-~ .0680 .29 o}a 60’4 b .90 * %*
- 0678 - 6177 - Th = 5
- 0677 .28 6190 - .07 % 2
s .067 02'? .6226 - .86 * *
e .06 O .26 o62§0 -.76 * *
- .025 o%lsl’ .2§6E - -&5 77 * ”
> = .0 - - » 5%
-.062 - W10 6 7-.8h » n
- .0 9 023 "'.78 * -]
-~ 063 R g .83 3 *
- .022 021 hs 2;3 82 '079 o *
- .0 - £ a— % ‘
- .06§ﬁ .SE 630§ -.80 = &

.6306 - Bl -.81 = %
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n=-1 P=.53
q ;1 'z .3 .l‘ q Il 82 ‘3 !u

-3! 608 % i 1.50 -.0 .25 > -
"300 7 w & 1.1‘5 -.0 8 015 * %%
-2 62)6 & #  1l.40 -, 2’3 10 % @
-2' 94 -1. SS & 3% ~e 0 . 05 £ *
"2- 21 * L lo 35 e 000 . 00 * i
-1l B 5 L] * 1-30 002 -1.20 «* %
«1.560 =1l.45 = % .029 =05 # &
'l‘ 1 #* * 1. 25 . 0‘65 ~e 10 * 5%
"'1- ZIO #* % 10 20 ° 101 - 15 <% *
-1.150 -1.L40 = * . 1%]; -.20 # =
“10 036 * #* l. 15 L 1 3 -10 15 * *
- 08 7 3+ +* 1.10 0191 -.25 i %
- oz ‘.l. -1.35 * w .24.1 --30 % *®
- +671 & # 1.05 «293 --35 # =
- .EBO # * 1.00 «329 -1.10 &
- e 72 "lo 30 L -2 3+ . h6 -—-hO %+ L]
- oAUl * # .95 1400 -5 = =
- .32 » 2 . go .h]gh -1.05 & =
- .2 ® & .85 152 -50 & =
- 0216 "1. 25 3 3t . 02 e 55 * *
- .19k # # .80 «530 -1.00 # @
b A 151 * % @ 75 . 8 - 60 % E-3
- & 121 &% 3 . 20 o 8 - 65 & L -]
- e 101 * * . 5 . 592 - a 95 & £+
- 0088 " » -60 0621 '.70 * *
- 27801 3 35 P @ TP .ok
- e . . . -~ o -]
e 007800 oSﬁ u36 0&68 --76 = 3*
- 07795 o3 682 - .86 & o
- <0779 33 .3 - 614,95 =77 # @
b .0777 032 .39 06 10 e 085 -3 »
- 0776 40 .6516 -.78 ® =
- - 077 ohl . 50 3 6529 - e 8,.'. * *
- 0077 -31 .65 3 - -o79 +* L
- ¢°773 ohz . 6_ - o 83 &® -]
b 00772 L oug L 65"."" — 80 * 3%
- -0771 030 - ch. -69‘9 o .82 &* *
e 00770 ° lh 065h93 i .81 -e 81 * *
- ‘07698 .h6 oh

#N0 roos
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#*
.38
37
<36

.35

-1. 20

-1.15

"1. 10

-1.08

-1. 00

"081
- . 82 - 82

Ll
*
*®
L 2
&
*
%
*
3
*
&
%
=
&
*
*
*
*
*
=
*
*
=+
o
%
*
°
*
4
o
*
i*
*
L
&
+*
*
#*
*
*
*

I

| ##*#‘###‘#tﬂ‘###.####0#####&##########**?
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-1.25

-1.20

-1.15

"'1. 10

“'10 Os
=1.00

= ot 090

- .06

- .85

. .83

61
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TABLE Ij
n=-1 p=. 60
e
1 L %2 q ! =
gt
-3.712 1.50 -.050 .10
-30 188 lQES ° 028 . 05
"'3.0 "1! 60 0000 .00
"‘2072 loL[.O -032 '705
-20,.‘1‘.0 -1055 IO 0 - 10
"2.302 1935 -0 6 -1020
-1 9‘.‘. . 1-30 0112 - 15
"'lu 912 -1. 50 . 158 -a 20
"'10623 10 25 0209 "025
"lc,.‘.h -llhs -262 -.30
-1.354 1.20 .263 ~1.15
~le.117 1.15 «317 -.35
"'1001‘.2 --l.lLO . 7 —.’40
e 1- lg .]401 "1-10
- 3 1-0 @ -
- 6% "'1.35 o‘# 8 "-%g
- 09 L] -
- .386 —1030 090 .590 -160
= 0310 085 600 -1-00
- .250 .80 06 % -.65
- «20L .75 - .95
- e 6 5 69 et 090
- «130 60 .69 -.75
- .129 -1.25 .699 - .89
- -119 055 700 -.76
- -112 -SO 0703 = -88 ""07
- -109 ohs l706 s .87 ".7
- .106 .1].0 0709 — 86 -.79
- 010 035 0710 - 85 -.80
- 009 030 07116 _.81
- .ogl .25 <7117 - .8)
- .0 2 020 071228 - “082
- 0068 nls .?1232 - 083 "'083




TABLE Ik

n=-=1

q 81 ‘2 q zl ’2
"‘ho 282 "1. 70 e 083 L ls
‘3. 862 1.50 ~ 060 010
-3.535 -1.65 -.03 <05
"'3‘ 3 1"“‘5 .0 -1. 25
-2n "'ll 60 .QOO 2 00
'2@8 2 1-!}0 .0%7 --05
"2»% 10 35 . 0 0 - 10
—2; "1- 55 L 123 - 15
-Z.OZ 1.30 17 : - 20
-14 2 '*1- 50 i 206 -l. 20
ENN L8 358 =5
-1.303 -1.45 .352 =35
"l.. 232 1- 15 ‘378 "’1. 15
"lo 021'. 1. 10 - % - 1].0
- -902 "'1. |.|.0 - 7 -ohs
bl 8'.‘8 1. 05 - 16 "1. 10
e .700 1.00 0538 -.50
- <577 «95 - 596 -.55
- . 5% -1.35 622 -1.05
- - 7 B go . 650 _.»60
3 0395 . 5 . 699 "r-65
- e 330 . 80 L4 700 -1.00
- - 279 . 75 o 7 0 "-70
- -256 -1030 07 3 - 095
ik o211 ° 65 ® 7 1 -m75
- .190 060 .7 - 090 -.78
- . ZI.I. 055 -78 - -89 — 9
- . -ﬁo .790 ~e O
- %é - 5 0791 - 88 .
- cuo .79 - 87 - 81
- 0138 035 .79 -.82
- e 128 . 30 .79h6 - 86 .
- - 116 o 25 o 7953 ‘ - 8
- .102 .20 <7957 - .84 -

)
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-1.30

-10 20

-1.15

-lo 10

-1.05
-1.00

- .90
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"’1. 70
~1,65

"10 60

-1.55
"10 50

-1.45

-1.10

-1.35

1.45

1.L0
1.35

1.30
1.25

1.20
1.15

1.10
1.05

«90

.00

-1l.25

-1020

-1.15

-1.10

"lc 05
"1. 00

-9

- 092
- -91
- .90

- 089

- .08
e 087
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TABLE I
nz-1 p=1.00

"'3 762 "1-70 —.0‘}8 .05
"3. 0)4,0 "’10 65 . 052 - 05
"g.ﬁ 9 ) 1.35 -110 --»10
-2 1.30 . -1.30
-2.394 -1.60 gf‘}?g : -.15
% é%g. lagg o§_88 5 “ogg
~le 10 3 9 -
"‘lmg "1.55 5 .3 ;. -1.25
=1 077 ' 1.1 -3 -+ 30
«1.350 1.10 5T - 35
"1.312 “1. 50 l? . EO
-1.163 1.05 .5 slaR0
‘l»looo 1.00 . 1 "-%
- 1868 *‘1.1‘.5 ..688 -
_— .862 095 0.721# "1-15
- - 6 igo 5361 "055
- - 0 - S = 0 -.60
- o. 73 Bg -ggﬁ "lo 10 65
- A 0 07 - oz
- ‘EBZ —l.h.O -937 "'1.05
- <450 .70 950 -.70
- 106 .65 « 996 - 75
- «370 .60 1.00 =-1.00
- -339 .SS 10030 - 80
- <312 .50 1.038 - <95
- .289 A5 Lohﬁ - «94
- o266 .ho 1‘0 e 83
b .2’.‘-2 035 1'0“, : o -93
o 0218 -30 lvo "‘-Bh.
- ngl -25 1.0 0 fad '92 -:85
~ 162 «20 1.052 - .91
- <149 -1.35 1.053 : -.086
- 4128 015 05’4, -, 090 "'-87
- «090 «10 1.05);.68 -.%

1.05170 - 8 -.88
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- «970 . « 60 143 -1.30
- -812 050 112% "aTO
- QZZ% -106° l' 66 "1:20
- - .ll,o 1n - 80
- «510 .30 1.9L6 -1.10
- «362 .20 1.9 =.90
e ‘190 -16 2. 000 "1.00 "1.0‘0
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O—Jf

N

O
B o O
@O RS

OOy Oy O NNANIET
e« 8 2 B 0
rRa

"‘10 90
"'1. 80

-io 70
—1. 60

"lo hO
=-1.30

o 050

.60
- «70
e 090
=-1.00

-1. 10

"1. 20
-'10 30
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TABLE Iq
n=-1 p=10,00
o et
’1 | 32 q 21 ZZ
e : :
"2:60 ' l-l»-l - - 0
1-00 5-18 - e 0
590 5.962 '2. 10
"2-50 6c230 - 060
-80 7-250 il 170
«70 8.000 -2, 00
.60 8-230 - .80
-50 901 - 490
ouo 9.57 ""1-90
'20&0 10- 000 "‘10 OO
'30 lo.?u -1080
o 20 10- 726 "'l- 10
.10 11. 366 -1.20
.00 11.538 -1.70
-2.30 1l. . -1.30
-s 10 12.0%2 -1.60
-.20 12.118 —1.%0
-+ 30 12.188 -1.50 ~1.50

-2. 20




TABLE II.

n=0 P=.10

———————— e e e

q :1 ’2 qQ zl '2
"'3- 982 101‘.0 - lm - 65
-3.702 "10 hO e 112 .EO
‘30“57 1-35 —-086 . 5
"3. 187 ""l. 35 - 070 bt 60
—2.986 1.30 "'066 nuo
-2.726 -1.30 -. 050 .35
"20566 1125 -.038 .30
-20 316 "1. 25 s 037 - 55
-2194 1.20 -.022 « 20
-lo 95‘4 "1-20 ~e 016 uls
- 08 1-15 "-012 ".50 )
-1.63L -1.15 -.010 .10
-1.57h 1.10 -, 005 +05
-1.3°50 -1.10 .000 .00
"1-321 1.05 000 “Chs
-1.111 ~1.0% .00 -.05
-1.100 1.00 0 =110 =15
- .310 .95 .01 - 20
- «50C =1.00 .019 -.21
- -7!_‘.6 990 -0197 -’-22
- 0720 - .95 '0200 "135
- p607 uBS 00202 "'023
- . 66 -, .90 -0206 "'-3)-‘
- = 90 080 a02.07 "th.
- .M? - -85 .0211 "'-33 “'025
- 0391 175 .02 "‘n26
- 4330 - .BO 002 ".32
= -310 070 0021 -.27
e .2’41‘» 065 .021 "'.31
- thl L 075 -02185 _.28
- 190 .60 . 02190 -« 30
- cl’{o Lo .70 .02193 - "029 "029
- <147 .55
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TABLE IIy
n=Q P=. 20
_——
q zy Zp a " o
=35 1.35 ~. 162 .50
"'3. 5 "1. 1}0 _ 131 ° 5
"3' 116 11 30 L 106 \ -h.G
"2 691 1025 ‘uOB .35
"20 596 -1. 30 - 06 -30
-2.31 1.20 -.ogu «25
-2.191 -1.25 -. 049 -. 65
-l 79 1. 15 - 01}.2 L) 20
a "1' 20 o 010 L] 15
"‘1.6 h 1. 10 e 020 -lo
"1 -1. 15 - 010 ~e 60 -05
26 1.05 .000 .00
-1021‘1* "1. 10 -018 —-e 55
-1.200 1.00 .020 -.10
'1-006 "l- 05 .0 = 15
-1-005 095 003 i 50 e 20
. .30‘0 -1-00 .0’.‘.6 e 25
- e 36 090 .0 9 - ,.I.S
- 692 ° 85 ° 0 1 ~e m
- 625 - .95 .052 -.43 -.30
- .570 . .80 .053 -2
- 76 - .90 0535 -.32
o c!.l.66 075 005 7 "lh.l
- .380 .70 L05L1 31
- 352 - .85 .05 -.40
- .309 .65 - 05h .34
- lgsg - v80 ogg ‘0[‘ 9 _039 5
- o202 . .0550 .3
- .166 - .75 .05515 -.38
05520 -.36
05525  -.37  -.37
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TABLE II,
n=0 p=.30
q Zy z, q 27 Zp
-3.422 -1.440 -.098 .30
'3. 21‘,6 lo 30 e 091 e 75
—'20 91 "lo 35 7.0 9 .25
"2- 81 1. 25 "00 .20
-20,.‘.66 '1. 30 - 0,4.6 . 15
-2- uBl‘. lo 20 - 030 -e 70 . 10
"2. 09 1. 15 "0015 . 05
-2- 06 ‘-1-25 -000 .00
-1.79& 10 10 0015 b 05
-1.714 -1.20 . «016 ekl
-1l.531 1.05 .030 -« 10
"10 Oh ‘l- 15 . 0 hat}
"1. 300 1. 00 - 0 = 60
"1. 131'. "lu 10 ® 058 ~e 20
-1.100 <95 071 - 25
- +926 «90 073 -.55
= 3911 -1-05 .0 2 -.30
. 777 . 85 o 088 ~e 0
- ozoo "1000 q089 - '9
- e 0 . 80 . 090 - 35
Loallll 1 . 75 B 091 -.ll,B - 36
- .EBO - .95 .092 —.hz -
- L% .70 .093 -4 -.3
- .386 - .90 .0939 -.39
- 310 . 60 .09L0 -5
- .267 - .85 .09 -.1}0
o .257 -55 cogh -ol‘.ll,
bead c222 .EO .09’.}% "oul
- . 176 . 5 009“. - h3 .
- .170 - '80 -09,-'-9 --hz -.14,2
- e 1.’4.6 L] u.o
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TABLE II4
n-o p-o ho
q zl 82 q 81 lz
"3 3% l. 30 e 128 L) 30
"30 2 -1.&0 e 10}4. . 25
-2. 9% 1. 25 “e 080 e 80
"2. 2 "1. 35 --0 2 020
"2- % lo 20 - 061 015
-2.33 -1.30 -+ 040 .10
-2, 209 1.15 -.020 .05
-1-9’.’,1 "'lo 25 "0016 "'075
-1.90 1. 10 0000 .00
"1- 63 1. 05 .020 "’605
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