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CHAPTER 1
INTRODUCTION

Beginning algebra is perhaps the most critical point
in the study of mathematics, since a feeling of success at
this point is usually the decisive factor governing the
etudent's continued interest in the subject.

I, THE PROBLEM

Statement of the problem. The purpose of this study
is to develop a plen for applying the contemporary point of
view to a course in beginning algebra while using a tradi-
tional textbook and to compare, both statisticelly and sub-
jeotively, the results obtained by following this plan with
those obtained by adherence to the traditional point of

view,

Importance of the study. The contemporary point of
view is being used in many college mathematics courses. The
student whose background does not contain sultable prepara-
tion has difficulty in adjusting to the more flexible
patterns of thinking involved. Several toﬂlon not in the
traditional course for the nlnfh grade need to be included,
but it may be several years before these topics become
incorporated in the majority of the accepted textbooks,



Recommendations have been mede by the Commission on
uathonatiol,l and complete revisions of the course of study
are being worked out by the School Mathemetlies Study Group,
by the University of Illineis Committee on School Mathematies,
and by other groups. In these the reorganization is too
extensive for easy use by teachers who must use adopted
textbooks of the traditional type. Books have been written
on these newer toples, and lectures given, but in neither
case is the teacher told much about how to use them in con-
junction with the traditional material, In fact, when
isolated, as in a lecture, these basic concepts sound
trivial, for then their place in the total contimuity of
mathematics 1s not epparent.

Many excellent and experienced teachers, therefore,
wonder whether these topics would really help students under-
stand the subject matter better, and if so, whether the
benefits would be sufficient to justify the expenditure of
time and effort necessary. Others wonder how they can be
connected with the usual material, while still others
question whether anything can be done in that direction
before such textbooks are available, In this experimental
study an attempt has been made to introduce some of thpia

lcommission on Mathematics, Program for College
Preparatory Mathematies (New York: EoEEogo'ﬂﬁtrtneo amina-
tion 55355, IST8T, pp. 36-37.



topics to students simply, to use these basiec concepts in
explaining some of the textbook materials, and to compare
the results with similar results obtained from a control

group.

II, DEFINITIONS OF TERMS USED

The traditionsal point of yview, In the traditional
approach, which has been used for several decades, emphasis
has been placed almost exclusively on the rote learning of
mechanical manipulations with the chief alm of ascquiring

skill in performing oporationl.2

The contemporary point of view. This approach places
emphasia on the development of the basic unifying mathe-
matical concepts along with the acquisition of adequate
manipulative skills, Great emphasis 1s being placed on the
study of mathematicel structure and on the understanding of
mathematlical reasons for operations, According to the Com-
mission on Mathemetics, the characteristics of contemporary
mathematics are:

(1) A tremendous development ?ulntitativoly; (2) the
introduction of new content; (3) the reorganization
and extension of older content; and (L) renewed,

increased, and conscious emphesis upon the view that

mathematles is concerned with abstract patterns of
thought .

2Ibid., pe 2.
3;b1d.' Pp. 2-31



L
These characteristics are.so comprehensive that the

change in emphasis cannot be accomplished by merely replacing
a few assignments by new materiala, Instead, the funda-
mental concepts must permeate the entire content, clarifying,
eimplifying, and unifying toplcs that seem unrelated in the
traditional treatment .u

Definitions of mathematical terms. Mathematical
terms not used in the textbook, or defined differently in
the textbook, are defined or explained as they occur in the
units or other supplementary materials,

III, MECHANICS OF EXPERIMENT

Textbook used. The textbook used was First Algebra
by Virgil S, mury.s

r

Experimental group. The experimental group began in
September, 1959, as two sections composed of 55 sophomores

end freshmen, In March, in a reorganization caused i:y the
inereasing population, two separate junior high schools were
established. The class reported on in this study was a part
of the original group, the 25 freshmen who moved to the

boommission on Mathematics, %nﬂiou (New York:
College Entrance Examination Board, s Pa

Svirgil 5. Mallory, Fiest Algebra (revised; Chicago:

Benj. H., Sanborn and Company,



Derby Junior High School. Except for the element of
selection introduced by the fact that ninth grade students
had a choice between General Mathematics and Algebra I,
there was no grouping according to previous grades in mathe-

matics or by 1. Q. scores.

Contrel group. Because of the projected move, it was
deemed impossible to hold another class together, other than
the one experimental one, so the members of this control
group were selected from the traditionally taught classes.
Since the distribution of the 1. €, scores for the experi-
mental group was found to possess marked skewness (8k = 1.65,

by the formula,® sk = i_ql:!l_)_a (5 - 87 ), each member of

the control group was selected to mateh, &8s nesrly as

possible, 2 member of the experimental group in recorded
I, Q. score and spparent industry, This set up a one-to-
one correspondence between the students of the two groups
which makes possible the direct comparison of corresponding
scores and averages instead of the more subjective letter

greades,

Plan for dally lesson. The rollowir;g general plan was
followed on most of the routine assignments for both groups:

6Cecil 5. Resd, "Manual of Statistics” (Wiehita,
Kensas: University of Wichita, 1940), p. 53. (Mimeographed.)



A, Treatment of assignment

1. Enough review was given to recall the preceding
assignment, 7This ranged from one sentence to
5-10 minutes of discussion or questions and
ENBWOTrS.

2. A survey of work done was made by one of the
following methods:

(a) Students solved several problems on board,
explained the first few (usuwally) in
detall, and answered any questions asked
about the others,

(b) A short quiz was given, and the first
peapers were checked as received, in order
to identify the main difficulties,

(e) Students with difficulties were allowed to
select problems to be solved on the board
(by other students).

B, Assignment of next lesson (maximum time on home-
work: one hour)

1. For the experimental group the connection was
shown with previous structure, basic laws, or
future aims while solving one or more problems,

2. For the control group, one or more (usually
more) of the same kind of problems were solved
end attention was called to the danger points.

C. Supervised study perilod,



Flan for drill from other textbooks. The students
were given & large mumber of problems of varying degrees of
diffieculty on whieh to spend the hour. They were allowed to
work together. An answer sheet was avallable, work was not
graded and was taken up only if students were found not
working.

The purpose of these drill periods wes to perfect
acquired skills to allow for individual differences, and to
give individual help., The good student gained speed and
familiarity with the type of problem being done and clarified
his thinking while explaining to others. The average student
found a supply of problems he was &ble to do to help fix
the processes in his mind. The pvor student received indi-
vidual help from other students and from the teacher to aid
him in achleving minimel mastery.

Objective evaluation. At the end of the second
semester all students in both groups were given the Breslich
Algebra Survey Test ! and the Colvin-Schremmel Al gebra Testd
and scores were compsared statistieally,

7E, R, Breslich, Breslich Al bra S ey Test, Seco
Semester, Form A (Bloo:’ung%n, T1ITnols: %}oma
Publishing Company, n. d. ).

8. 5. Colvin ena H, E. Schrammel, Colvin-Schrammel

ebra Test, Test I1I, Form A (Emporia, Kanses: DBureau ol
ﬁ?fffom“oﬁt-, Kenses State Teachers College,
1937).



Subjective evaluation. Results were evaluated
subjectively by the students' estimates of their liking for

elgebra and by the teacher's observation of attitudes and of
indications of the students' understanding of concepts.

IV, ORGANIZATION OF REMAIEDER OF THESIS

Chapter 11 contains the list of assignments for both
groups. Chapters III through IX inclusive give materials
that were prepared especleally for the experimental group.
The explanatory portions of these were condensed from tape
recordings made during class sessions, Chapter X gives
statistical data end Chapter XI gives conclusions with sug-
gestions for further study. A bibliography follows the
final chapter. |



CHAPTER II
ASSIGNMENTS

Table I shows the assignments for each group. Unless
otherwlise stated, page numbers refer to First Algebra, by
Virgil S, Mallory. Many drill exercises were taken from two
. other textbooks. Page numbers from these are preceded by
(FBJ) or (8CS) indicating their source.l Materials for
assignments marked with ® are ineluded in this thesis.

TABLE 1
ASSIGNMENTS, 1959-60

—e -
-

No. ' Experimental Group Control Group
1  *Humbers and numerals Ppe h=511=26
(See Ch, III)
2 (Cont.) Pp., 6-711=T7;
(FBJ) Pp. 9-11:1-20
3 (Cont,) Pp., 7=-8:1-20
*Decimal and non-decimal P. 8:1-8; P. 10:1-7
numeration (See Ch, IV)
*Exercises 1 P. 11:1-7
6 *Exercises II P, 12:1-10

1Julius Freilich, Simon L. Bermen, and Elsle Parker
Johnson, Algbrn for Problem Bolv Book (Boston:
Houghton c rling John R,
Clark, end Rolland R. Smith ¥i et Yonr %gebra (Yonkers-
on-Hudson, New York: World too mpany ,



10

TABLE I (CONTINUED)

No, Experimental CGroup

Control Group

7 ¥Exercises III
8 (Cont,)

9 *Exercises IV ¥sets
(8.. Cho vs

10 *Exoroilel v

11 *Exerecises VI
12 *Bets (cont,)
¥Exerecises VII

¥Laws of operations
(See Ch, VI)

15 (Cont . )
16 *Test I (See Ch, VII)
17 Pp. 7-8:11-20; Ps 10‘3' h
18 P, 25:word list:
P, 351h=23 (odd)
P, 36118 (oda)
19 P, 36:4-18
20 P. 403:1-8

E &

22 Pp. 5=l4631=}40
23 ¥Exercises VIII
2 *"Exercises IX

P, 13:1=7

Pp. 1=15:1-8

Pp. 16=17:1=-7

Fpy 19-3111010
Pp, 21-22:1-16

P, 27:1-20

Test on Chapter I
P, 35:4-23

P, 36:1-8

P, 38:h=15

P, L0:1-8

P. }41:8-20; P, 43:1=7

F. h5:2-21

Ppe 45=h6:1-40

P, 4,821-29 (odd);
P, 18:30-34

P. 48:1-40 (even)
50’1"5: P, 5131‘5

P, 52:1=5; P, 53:1, 3,
lh 6.7



TABLE I (CONTINUED)

No. Experimental Group | Control Group

25 P, 418 (odd) P, 55:1-15
26 P, 416 (even) P, 561110
27 Test P, 56:1-1y
28 P, 50:1-5; P, Sl:l-5 P, 61:1-20
29 P, 52:10 Test on Chapter II
30 Informal deduction® P, 69:l-ly; P, T7211-11
31 (Cont.) Pp. Th=-75:1-20
32 (Cont.) (FBJ) P, 66:1—-8{ . 72-
73:1-103 P, 76:1-12
33 (Cont,) (FBJ) Pp. 60-81:1-18
3; (Cont,) Pe 76:1=10; P, 77:1=5
35 P. 53:1-10 Pp, 76=-79:1-20
36 P.11:3, 5, T3 P, 1215, 7, 93 P, B2:3-22
Pe. 13125, 35 5, 7
37 P, 19:11-1l; P, 19-21:1, 3, P, Bl:1-20
5s 95 11
38 (FBJ) P. 66:1=8; Pp. T72-731 P, 86:3-16; P, 67:3-18
1-10; P, 76:1=12
39 (FBJ) Pp, 80-81:1-18 P, 90:1-15
4o P, 55:6-15; P, 56:1-10 Fp. 91-92:1-10
41 P, 58:1-1l; P, 59:1-12 Pp. 93-94:1-15

2Gomi.uion on Mathematics, Informal Deduction in
#gobgn Properties of 0dd and Even Numbers (New York:
ollege Entrance nation Doard, 1950).



TABLE I (CONTINUED)

" Experimental Group

Fo. ControllGroup
L2 Pp. 59-60:1-20 (FBJ) P, 159:1-28
L3 P, 69:1-l; P, 72:1-11 Teat over pp. 63-9l
Ly  Pp. 74=75:1-20 P. 94:1-15
45  Pp. 76-79:1-20 P. 96:3-22
© AN ) Raege
L7 P, 86:3-18; P, 87:3-18 (scs) P. 166:34=-38;
, P. 202:63-90;

(FBJ) P, 163:7-18
48 P, 9031-15 P, 100:1-10
49  Pp. 91-92:1-10; P, 93:1-10 P. 101:1-10
50 (FBJ) P. 159:1-28 P, 103:1-10
sl Pp. 93=94:1-15; P, 9l:1-15 P, 106:9-29 (o0dd);

P, 106, B:l-9
52 P. 96:1-20 Test on Chapter III
53 FBJ) Pp. 160=-161:1-20 Pe 115:1=l3 P, 1lé:l-)

SCS) P, 171:1-16
2  (scs) P, 186: 31;-—38- P, 202: P, 117:1-}
83-90; (FBJ) P, 163: 7-13

55 P, 100:1-10 P, 119:1-6
56 P, 101:1-10 P, 120:1-2; P, 121:1-8
57  P. 103:1-10 P, 123:1, 2
58 P, 11211-20 P, 12313, §
59 Test on Chapter III P, 125:1-5; P, 126:1-3;

P, 127:1=2



i3
TABLE I (CONTINUED)

No. Experimental Group Cont rol Group

Sets of ordered pairs P, 1301}
Sentences in two veriablesd

61  Relations, Domain and ranged P, 133:1-12

62 Lattice graphs, ~Exercises X P, 135:1-8

63 *Exercises XI P. 13711}

el P, 133:1-12; P, 135:1-8 P, 139:1-}

65 P, 137:1=l; *Exercises XII P, 139:5-8

66 P, 139:1-13 P. 139:9-13

67 *Exercises XIII P, 142:1-8

68 P, 142:1=8 P, 142:9-17

69 P, 142:9-17 Po 4h=1})5:5=9

70 P. W4h-145:5-9 P, 146:5-105 Pp, 146~
Wy 7:1=l

71 {:uu;ess-lo; Pp, y6-147: P, 148, B:l-6; A:l-16

72 P, 146, Bil=b; A1l-1l6 Pp, 148-149, B:l-8

73 Pp, 148-149, B:l-0 Test on Chepter IV

h Test on Chepter IV Pp. 155=156:1=-15

75  Pp. 155«156:1~-20 P. 156, B1l=10

76 P, 156, B:1l-103 A:21-24 P, 156, A:l5-2}

3commission on Mathematics » Appendices (New York:
College Entrance Examination Board, E§5§J » PPe 11-13,

thid. » PPs lh-l.?l



TABLE I (CONTINUED)

io. Experimental ;;oup o c°ntroi=§roup
77 P, 157-158:1-10; P, 158:1-10 P, 157=156:1-10;
P, 150:1-10
78 P, 161:1-10 %ggg Fp. 237-238:1-2l;
Pp. 3= :1-20
7% “Exercises XIV P, 161:1-10
8o Test, for Semester review Test, for Sem, review
81  Pp, 162-163:1-10 Pp, 162-163:1-10
82 Pp. 164-165:1-10 Pp. 164-165:1-10
83 Review Review
8y Semester Examination Sem. Exam.
65 P. 167:2-63 P, 169:3-7 P, 167:2=63 P. 169:3=-T7
86 Pp. 171-172:1-5; P, 175:4=63 Pp. 171-172:1-5; P, 175:
Pe 17626=T7 h=63 P, 176:6=T7
67 P, 181:1-10 P, 181:1-10
88 P, 1823h=13 P, 182:h=13
89 P, 183:1-20 P, 183:1-20
90 P, 184:1-20 P, 184:1-20
9 Test on Chapter V Test on Chapter V
92 P, 191:18=27; P, 193:16=30 P. 191:18-27; P. 193:
16-30
93 P, 195:15=24; P, 196:1=10 ;.1%95315-2u; P. 1961
9  Pp. 197-198:1-9 Pp. 197-198:1-9
95 Pp. 198-199:1, 3; Pp. 199-200: Pp, 198-199:1,3;
1-7 Fp. 199-200:1=7
96 P, 201:1-12 (odd); F, 201:1-12

P, 202:1-1) (odd)
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TABLE I (CONTINUED)

No. Experimental Group Control Group
97 P, 203:1-20 P, 202:1-1l
98 P. 209:1=36 (o0dd); P, 203:4=23
P, 211:1-20 (odd)
99 P, 211:21-25; P. 212:1-0 P, 209:1-36
100 P, 21h:1-24 P. 211:1-20
101 (FBJ) P, 172:1-22 P, 211:21-25;
P, 212:1-8
102 P, 230:2-31 P. 21} :1-2)
103 Pp. 231-232:11-50 (FBJ) P. 172:1-22
104 Pp. 233-234:1-25 Test on Chapter VI
105 (FBJ) F. 297:1-26; P, 22811-203
P. 299:1-28 P, 230:1-20
106 (8C8) Pp. 331-332:1-66 Pp. 231-232:1-40
107 P, 234:26=50 Ppe 233-34:1-25
106 Pp. 234=235:1-20 P, 234:26-50
109 P, 236:1=48 Pp. 234-235:1=20
110 P, 2368:1-30 (FBJ) P, 297:1-28;
P, 299:1-2
111 P, 239:1-16 (SCS) Pp, 331-332:1-66
112 P, 241:5-2) P, 236:1-40
113 P, 242:6-25 P, 238:1-30
11, P, 245:1-20 P. 23911-16
115 P, 246:5-2} P. 241:5=2)
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TABLE I (CONTINUED)

No. Experimental Group Control Group

116 P, 247:2-20 Test over pp. 228-241

117 P, 291120 P. 2h2:6-25

118 Prime factorizationj® P, 24511-20

%Exercises XV

119 Polynomial factors® Po 2h615-2)

120 P, 252:15-2) P, 247:2-16

121 P, 253:1-20 P, 249:5-2}

12z P, 2%, B:1l=20 (o0dd); P, 25215-2l

C:1-20 (ocdd)

123 P, 299:1-20 Pp, 253-25Y, A:S-1ll;
Bi7-11; C:12-16

12} P, 260:1-5; P, 261159 P. 259:1-20

125 (FBJ) P, 303:1-30; Py 26031=5; P, 26135«9

Pp. 301-302:1-

126 Test on Chapter ViI (#BJ) P, 303:1-303
Pp. 301-302:1-2}

127 P, 277:15=24 (oral); 1-10 Test on Chapter VII

128 P, 278:11-26 Ppe. 277-278:1-20

129 Pp. 279-280:11-30 Pp. 279-280:11-30

130 P, 282:8-27 P, 282:8-27

Sschool Mathemeties Study Group, First Course in
Algebra (Part 2) (Preliminary edition; New Haven, Connecti-
eugs Yale University, 19599), pp. 264-268; pp. 273-27T.

61b1d., pp. 333-3386,



TABLE I (CONTINUED)

17

Control Group

No.
131 P. 283:5-1} P, 263:5-1}
132 P. 2085:7-26 P. 285:7-26
133 Lowest common denominator! P, 286:1-9 (odd);
Pp. 207-20808:1-20
h | P, 206:1-9 (odd) P, 291:5«
. Pp. 287-288:1-20l 2
135 P, 291:5=24 P, 293:11=-30
P ﬂ‘qfl-lb’ P, 35131-12
137 (sc8) P, 370:1-35; P, 296:1-10
(FBJ) P, 349:1-16;
P. 39-’1"12
138 P. 296:1-10 P, 297:1-10; P, 299:3=12
139 P, 297:1-10; P, 299:3-12 P, 300:1-20
1,0 P, 300:1-20 (8cs8) Pp, 379-380:8-13;
16-63
Uyl (sC8) Pp, 379-300:0-13; P. 307:1-10; 19-28
16=63
12 P. 307:1-10; 19-28 Test on Chapter VIII
143 Test on Chapter VIII P, 320:1-20
5 P, 322:1-10

Tivid., pp. 268-273.

§.53263uL18; Pp. 326-3271
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TABLE I (CONTINUED)

— ——
No, Experimental Group Control Group
16 §.1826:1-18; Pp. 328-329: PP, 328-329:1-10
7 P, 374:1-40 Pp. 331=-332:1, 2, 3, 6, T;
M Stiey P, 333%1- 3 P. 337:1-8"
148 {.1878:1-8; Pp. 378-379: Po 374:1-40
1,9 P. 360:1-20 P.s378:1-5'; Pp. 376=-379:
150 P, 381:1-20 P. 380:1-20
151 P, 302:1-20 (odd) P, 381:1-20
Pp. 3683=384:1-20 1odd)
152 P, 308:1-20 (o0dd); P. 382:1-20
P, 390:1-20 (o0dd)
153 Test on Chapters IX and XI Pp, 303-384:1-20
15} P, 399:1-10; P, 401:1-20 P. 385:1-20 (odd);
(odd) P, 3080:1-20 (odd)
155 P, ho2:1, 3, 5, T3 Test on Chapters IX and
Po '40‘431"20 XI
156 P, }j06:1-12; P, L07:1-8 P, 399:1=10 (cdd);
P, j01:1-20 (0dd)
157 P. 409:1-10 (FBJ) P. 306:1-30
1586 (FBJ) P. 306:1-30 P, 40281, 3, 5, T3
P, uounfao
159 P, 409:11-20 P, }06:1-12; P, 407:1-8
160 P, }410:5-1h P, 409:1-10
161 P, }1233-12 P, 409:11-20 (0dd);

P, 410:5-1) (odd)
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TABLE I (CONTINUED)

e

No. Experimental Group Control Group

162 P, 413:1-20 (8CS) Pp. LL6-LlB2l-52

163 (8cC8) Pp. Lh6-L4LO0:1=52 P, 412:3-12

1€y Test on Chapter XII Test on Chapter XII

165 P, 415:2-6 P, 413:1-20

166 _Guadretic inequalities® P, 415126

ercises XVI

167 Review Review

168 Colvin-Schrammel Algebra Colvin-Schrammel Algebra
Test Test

169 Breslich Algebra Survey Breslich Algebra Survey
Test Test

bp, Dswson Trine, "An In;roduction to A(ug.bu with
Inequalities,” The Mathematics Teachgr, LIII (January,
1960), pp. Lh-45e —



CHAPTER III
NUMBERS AND NUMERALS

This unit was presented in class in the following
menner !

"What algebra does with numbers. Algebra is & course
in mathematies., In it we shall take the nmumber system used
in arithmetic snd learn more sbout its basic ideas. We
shall extend that system to inelude kinds of numbers you
have not yet studied, We shall make generelizations con-
cerning the basic ideas, or concepts, of mathematics.
Instead of learning how one problem is solved, we shall
classify problems according to kind and learn methods that
can be used in solving all problems of each of those kinds,
We shall learn laws that apply to 2ll numbers in the system.
We shall condense this information by translating it into
the language of mathematics so that concepts end relation-

gships can be seen more quickly. We shall add to our

_ knowledge of numbers step by step to build a solid founda-

tion for further mathematical and scientific study.

"This foundation can be built in more than one way
and mathematics can be looked at from many points of view,
We are now in a perlod of time when this is being done, so
if you are to be prepared for whatever mathematics you may
take later, 1t 1s necessary th:t we add many toples and



21
explanations as we go along. Flease understand that this is
not meant to take the place of reading the textbook. Also,
whenever we discuss points of view that differ with state-
ments in the textbook, we will try to understand why.

"Meening of "mumber" gnd "pumeral.” Ve need to
consider how our mumber system developed. We might peuse to
investigate the word pnumber. Just what is & number? If we
write & "2" on the board, is it a number? Then if we write
"John" on the board, is he actuelly up there? The number
is a mental concept, its name is a numeral, and the mark we
make on the board or on paper is a symbol used to represent
it, In ordinary conversation we use the word "number" to
inelude all of them, but we need to be able to distinguish
between them whenever it is necessary.

"Ways of answering the guestion, "How many?".
Undoubtedly, mental concepts of number began before any of
our written history. Msn asked himself the question, "How
many?", frequently. How many enemlies were there? How many
supplies did his family need? How many days did a journey
take? How many sheep went out to graze in the morning and
how many came back at night? He needed numbers to be able
to plan, to record as an aild to his memory, end to com=-
municate ideas of number to others.

"Here are ways he used to express the ideat



A, Use of whole object and part of object

B, One-to=one correspondence

C. Standard sized set for counting large numbers of

objects

D. Place value notation systemgt

"Method A is still used when the fisherman brings in
a string of fish or a hunter mounts the horns of an animal
he kille.

"One-~to-one correspondence is used by the small child
who holds up three fingera to tell how old he is or by the
teacher who checks attendance by a seating chart or by the
student who mekes dots on the board while he is adding.
Meny jokes and puzsles hinge on one-to-one correspondence.
This is done in the story of the innkeeper with nine empty
rooms, in a bit of old nineteenth century verse quoted by
Martin Gardner.®

A group of ten travelers asked for single rooms and
each refused to share @ room with any of the others. The
host temporarily put two men in room A, the third in B,

lreoster E, Laird, "Elementary Mathematics from &

Slightly Advanced Vicupolnt " Re Workshop in High
School Mathematics, Pifth Ye -r§§§§§1

~ Kans
tote Yoschors tetiege, ToT0)- p. 15,  [Mimeographed.)

2y artin Gardner, "Mathematical Ceames," Scientific
Ameriesn, Vol., 198 (Jenuary, 1958), p, 92, The
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the fourth in C, the fifth in D, the sixth in E, the seventh
in F, the eighth end ninth in G and H, and then ran back
to room A and got one of the two he had there, the tenth and
last and put him in room I. How did he do 1t?

"We are led to believe he put these men in one-to-one
correspondence, but we have & feeling something is wrong, for
ten objects cannot be put in one-to=one correspondence with
only nine., To clear up the confusion we need to write down
the arrangement.

A B C D E F ,G H I

R B T S I
No matter whieh maén he takes from A and puts in I, the tenth
man 8till doesn't have a room,

"The standard sized set was used by the Egyptian
and the Roman additive systems. Let's turn te p, 173 while
we discuss this method of expressing numbers. To express
& number such as 279 it was necessary for them to include
enough symbols to add to that amount, This seems to us to
be quite awkward, but the real trouble comes when we try to
mltiply in one of these systems. Let's try to multiply
23 by 7 in Roman Numerals.

XXIII
Vil
X TIIr
XX  III
LL ___VVY
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"Our place value system. Our system of mumeration
is usuelly called the Hindu-Arable, since it came to us
from India by way of Arabla. Early caleulating had been
done with an abacus or with a counting board, but the place
value system with zero for an empty space made it possible
to caleulate with numerals;>

"In a place value system each symbol has its own
value multiplied by u valus due to the position in which
it stands. Our system is based on ten, so we call it a
decimal system. The value of the first place on the right
is one. The value of the next place to the left of that
one is ten, the next is 10 x 10, the next is 10 x 10 x 10,
eand so on, Thus 256 means 2 x 10 x 10 + 5 x 10 + 6.

"Denominations in our system of mumeration. Our
language has nemes for denominations with up to sixty~three

zeros. In order, they are thousand, million, billion,
trillion, quadrillion, quintillion, sextillion, septillion,
octillion, nonillion, deeillion, undecillion, duodecillion,
tredecillion, quattuordeeillion, quindecillion, sexdecillion,
septendecillion, octodecillion, novemdeecillion, and vigin-
t1111on.t These names are interesting but you need not

3Lencelot Hogben, The Wonderful World of Mathemati
(Garden City, NHew York: Usarden City Books, 10557, D. Lb.

h'luna "
ration," Webster'e New Collegiate Dictio
(Second edition; Spéiﬂ!?!?iar-ﬁilsne pette: G, end s.

Merriam Company, 1953), p. 577.
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remember them. They were devised at a time when people had
little use for such large numbers, so very few learned
them past trillion., As more emphasis was placed on how
to do arithmetic instesd of why, they dropped out of our
textbooks., Now when we speak of large quantities, such as
astronomical distances, we say, "a billion billion."

"Whatever nemes we may use for our numbers, the
important thing to remember is that there are infinitely
many counting numbers. No matter how far we count, there

will always be a next one, or guccessor; there is no last
0“15.

Sschool Mathematics Study CGroup, First %o

i.bF _gr{_t 1) (Preliminary edition; 'wow Haven, om%ctiout:
niversity, 1959), p. 2.



CHAPTER IV
DECIMAL AND NON-DECIMAL NUHERATIOIJ'

This unit was presented in class in the following
menner:

"How the odometer gounts. A good way to get a realiza-
tion of the meaning of each place in a numeral of several
digits is to study the odometer in an automobile, How does
it work? When it comes from the factory the odometer shows
all zeros, The first wheel registers tenths of a mile up
to nine tenths. At the end of another tenth of a mile the
numeral 1 shows on the second or unit's wheel and the first
wheel shows 0, meaning one mile and no tenths. The process
repeats, adding a mile each time, till the unit's wheel
registers nine miles. After another mile the odomster reads
000100, meaning one group of ten miles and nc units and no
tenths. When we have ten groups of ten miles, it reads
001000, meaning one group of ten times ten, no group of ten,
no units and no tenths, or

1x10x1040x210+ 0+ 35= 100 miles.2

laehgol Mathematics ?;::y ngmup, mori_nrgntg Units
ror Grades Seven and ven, Connecticut: L]
versity 'Tﬂ'-% H .

zhwing Adlor, ht%tuls of !lmlb.
Symbols u:ﬂ 'M

ork: GS‘H' u, 19'5'8' s PPe
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"Counting by different groups. Ten may have become
the base of our number system because we have ten fingers,
but 1t i1s not the only base used for counting. The digital
computers use the base two system, wlith some use of base
eight numerels.

"Let's take 27 objects and count them in different
ways. If we count in groups of 10,

QOOOQ,OFOOOOQOO02200030000000,

we get 2 x 10 + 7, written 27. But suppose we count the
same objects in groups of 8.

.000q20q9Q002£p0Q9002ﬁ009ﬁ00

Lo

We have 3 groups of 8 with 3 more objeets, written 33. We
cannot call this numerel "thirty-three"™, because that name
meens 3 groups of 10 with 3 more. We have no single word
for it so we must read, "three-three", and add the words
"base eight" if there 1s any danger of belng misunderstood.
For the same reason, we would write

Zﬂxy,: 315)
How let's count the same objects in groups of five,

000000000000000000000000900

This gives us S groups of 5 with 2 more, but our digits
in base five can go only as high as lj, because when we get
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a group of five in any place we carry one to the next
place.

ééé%f;:g:g;f_f_g_gfg.g_g~g 000000000000 O00O0
/—\\\__/

Now we have 1(5)2 » 0(5) « 2, or 10%9

27® 8 33@2 102@

Now let's count the same objects by groups of 2.
000000000000000000000000000
W ~
S A "'"““-\f'—;_\ﬁf\;"‘f——j

‘v—'
This we would write 11011®. Then we have

27® = 336) | 102® 2 1101]®

These are all the same number of objeets. We have written

different names for that number.

"Changing from base ten o other bases. Now suppose
we have 52 objeets to express in base two, It would be
inconvenient to draw & large nmumber of objects every time
we want to change bases, so we divide the number into groups
of two by "noteh arithmetic”.3 Let's see how it works with
2'@, & numeral we have already changed to base two.

3jaron Bakst, Mathematical Puszles and Pastimes
(Princeton, New Jersey: D. Van Nostrand Company, inCe,
1954), pp. 23-28.



27| 2
1]13| &
1l 6] 2
0j3]|2
a1

The result is read from the bottom toward the left and top.
The last "1" we wrote saye we have lgroup of 2x2 x 2 x 2,
because we have divided by 2 a total of I times. The next
seys we have 1l group of 2 x 2 x 2, and so on, till we come
to the first "1" we wrote which says we had one for units
place. We can check our result.

1(2)!‘41(2)3*0(21211(2)'01:16’8004-2‘1:27@

How let's apply noteh arithmetie to 52,

52 | 2 | Cheek: 1(2)° & 1(2)4 + 0(2)3 «
o262 1(2)2 4 0(2) + 0= 32 4 16 4 0 o
0 13| 2 0= ﬂ%gb
116|2
0|3 |2
“\1)
In base 5,
52| 5 Check: 2(5)2 ¢ 0(8) + 2 = 2%
2|10




In base 8,
2|8 Check: 6(8) « i = 52®
L 16

S—

Then, S3gy)= Gigy= 203g)= 1101005,

Let's express 1];7@ in base 8.

7| 8 Cheek: 2(8)2 ¢ 2(8) » 3
3188 =126 ¢ 16+ 3 = Wy
“Eidz
In base 5,
W7| 5 Chock: 1(5)° + 0(5)2 ¢ 4(5) « 2
2|129| 5 81259002042:1!4@
L 5
wela

Then, 1!;7@: 223®= 101;?@.
Exercises 1

l, Make a table showing how numerals would be written in
each base (10, 8, 5, 2) to count to twenty.

2, Change each of these mumerals to nunora.ll in the other
three bases we are studying. (If the number is not
written in base 10 numerals, change to base 10 before
changing to the other two.)



(a)

(b)

(e)

(a)

"o
“©
e
17®

(e)
(£)
(g)

(h)

¢5®
o
Y

132,

(1)
(N
(k)

(1)
(m)

%
1011%

1011110]®

1001®
@
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"Notation of exponents. This motation, (5)2, that we

have been using instead of 5 x 5, makes some definitions

necessary,

"An exponent is & small numeral above and to the

right of & quantity to show how many times it is taken as a

factor,

"A factor iz any one of the guantities multiplied
together to form a product.

"Three dots, ***, used after an expression meen "and

so on."

"If we place a numeral before the parenthesis, as

3(5)2. we mean 3 x 5 x 5. We glso speak of (5)2 as "the

second power of five" or "five raised to the second power."”

"We are slways looking for patterns in mathematical

expressions to help us organize, generalize, and remember.
In 1562 = 1(10)3 « 5(10)2 «+ 6(10) « 2, it seems we have
miltiplied each digit except the last two by & power of
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ten, but in the case of 6(10) we cculd say "six times ten

teken once" end in the case of the unit's digit, we could
say "two times ten teaken not at all," That would give us
6(10)* and 2(10)° for the two last parts. Notice this makes
(10)9 = 1. Then when we write 1562 = 1(10)> + 5(10)2 »
6(10)1 « 2(10)9, our pattern is complete and consistent; all
parts of 1t agree, This is very satisfying to the mathe-
matician and makes his generalizations more useful.

"General plece value pattern. Now we could say that

in the same general manner, we could express a number by

mumerals written in any base we might choose.

TABLE I1
PLACE VALULS FOR VARICOUS BASES

Base Place value

10 -+ 0)® o o) o)® o)} (o)°
(915 (o) (9)3 (902 _(9)r _(9)°

-ee (8)5  _(a)h (8)3  (8)2 (8 _(8)°
RTI 9 ERE 0 o R &) LA U 2 Ll € 2 S & 0 s
e (6)5 (e (8)3  (6)2 (6 _(e)®
()F (53 (52 (s _(5)°
e WS b 3w )t )
e (205 (@2 (2)3  (2)2 ()1 _(2)°

.
L3
.
o
=
%5
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"This mekes & nice pattern. It says that this 1is

the way we always do this kind of problem. We are not
limited to the first nine digits, either. The same method
has been used to express numbers in base 12 by using single
symbols, x for ten and e for eleven,

"Addition and subtraction. If we can use these
systems of numeration for counting, we should also be ebls
to add and subtract with them. Let's try a problem first
in base 8, remembering that 7 1s our largest digit in that

bmq
3572@ Check: 3(5)3 + 5(8)2 & 7(8) « 2 = 1911@
12150 1(8)° « 2(8)2 & }(8) ¢ 5 = _"7_"g_q>
5037g) 5(8)° + 0(8)2 ¢ 3(8) « 7 = 2591y,

When we add 2 and 5 we get 7, which gives us no trouble, but
when we add 4 and 7 in the second column, we get one 8 and

3 more, so we write the 3 and carry 1, In the third column
5 and 2 plus the one we had to carry gives one & and no

more. We write 0 and carry 1., In the last column 1 and 3
plus the 1 that was carrled gives 5, Each time you add, if
your sum is less than 8, write 1t, If your sum is 8 or more,
determine how many groups of 8 you have and how many more.
Write the surplus and carry the mumber eof groups to the next

column,



7545g) 132!@ 133119
1267@ MB@ 231@
11034g) 111120, uew@

"lNow let's try subtraction, How muech is 57&@ - 2167@1'

Since 7 is larger than }j, we must take 576l
1 group of 8 rfrom the top & in the next 2167
column, Now we have one O and l more, 3575@

Seven from this leaves 5. In the next column, since we

have used one group of O, the top digit is now 5 and again
the bottom digit is larger and we must take one group from
the next column before we can subtract. Six from (8 and 5)
leaves 7, 1 from 6 gives 5, and finally, 2 from 5 gives 3.

Exercises 11

l., Add and check:
(a) 5267®'nd 3257®

(b) hZ@ and 211@
(e) 1010]®and 11100@

2, Subtrect and check: -
(a) BZS@rrom 526'@

(b) 2u©rm M’@

(e) 10101® from 111001®
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"Multiplication and division. FNow that we kmow how
to add and subtract, let's try multiplication and division.
A multiplication table isn't absolutely necessary but will
be helpful, soc we shall make one for base §. What 1s the
firet product that we may expect to be different from our
base 10 table? The product, 2 x lj, which 1s one 8 and no
more, written 10, Another will be 2 x 5, which is one 8 and
2 more, written 12.

TABLE III
MULTIPLICATION TABLE, BASE EIGHT

x 0 1 2 3 N 5 6 7
0 0 0
bl
L 10 12
6 11 il 17

10 U 20 24
12 17 2y 3N

<~ 00 VL B W N MO
© ©o o o ©o © © ©
< O VL & W op Moo
CERBERBRE o o
2R GRS

16 25 34 43
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"Let's multiply 372®by 27@

By our table, seven times two is one-six, 372
go we write eix end cerry one, Seven times —t1
seven is six-one, and one carried makes 32:6
gix-two, 80 wo write two and carry six, Tﬁ'%

"Seven times three 18 two-five, and six
carried makes three~three, which we write 33. Next mmlti-
plying by 2 groups of 8, we have 2 x 2 groups of 8, which
is }} groups of 8 and should, therefore, be written in the
second columm (or place) under the 2 groups of 8 of our
previous partial product. Using werds again, two times
seven gives ocne-six, so we wriite six and carry one. Two
times three gives six, and one carried makes seven, Now,
let's add, remembering our base., In first place, 6, end
in seeond place, 6. In third place, 6 ¢« 3 gives one 8 and
1l more, or one-one, so we write 1 end carry 1. Finally,
7+ 3«1 (carried) gilves one O and 3 more, or 13,

"Now we may use division to check this,

3729)
In division we must estimete the digits IS4
n division n g 27 J13166

in the quotient in the same way we do 108

in base ten division. Aeccording to our ) 246
table, two 1s contained 5 times in one- a—%{)
three, for 5 x 2 is one-two, but we also 56

mast multiply 7 by that digit. If we take
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27 x 5, we get 163, which would make our partial product
too large to subtract, If we use four, I x 27 = 145,
egain too large. So we take 3 for the first digit in our
quotient. Subtracting (base 8) we have two-four. Bringing
down the next digit, we have two-four-six, Again we must
estimate, Two-seven is less than three-oh, but not much,
so we estimate by looking in the table to see what number
miltiplied by three gives a product close to two-four,
We find 3 x 6 22 and 3 x 7 = 25. 8ince the latter is very
little lerger than two-four, we try 7 in our quotient. Our
final partial dividend is five-six, In this 27 is contained
2 times.

"0f course, enother way to check either multiplica-
tion or division would be to change all numbers to base ten
and perform the same operation,

"Now that we can multiply end divide, let's solve
the fraction problem in Exercises I, 2(e) by division.

M .222: -+ a
2 J1.,0 2 J1.0 10J1,
1 o°® hc@ 1 %
) 10 T
b

10



1.

=

3.

1.
2.

3.

38
Exercises III

(a) Make a multiplication table for base five,
(b) Do the same for base two,
Multiply and give answer in same base, and check by

changing to base ten:

(a) 13®x 26@
(b) I%x 311®
(e) 1011]@2 100]@

Divide and give answer in same base, and check by
changing to base ten:

(a) 2676@ 25@

(b) ul;@ 121@
(e) 110l 1901®

ixereises IV
(Short Quig)

Write 13®1n base O, in base 5, and in base 2.
Write 23©1n base 10,

Hultiply ].l@by 3@,



CHAPTER V
sprst

This unit was presented in class in the following
mannar:

"Notation. A gset is a collection such that we can
always tell whether or not something is a member of the set.
We speek of & "set of dishes," & "set of dominces” or say,
"She and I do not run around in the same ut'; and everyone
knows what we mean, 7There are two ways of indiecating a set.

1, Listing: 8 = {o, 1, 2, +»» 9}.

2. Describing: S8 = {Whoh numbers less than 10'}.

"A member of a set is called en glement of the set.
The Greek letter epsilon, €, is used tc mean "is an element
of ." The expression, 2€8 is read, "two 1s an element of
the set 8."

"A subset is a set of elements within another set.
In the set 8 = {O, e &5 "+ 9'}, we could consider & subset
made up of the numbers in 8 that are divisible by three,

B = {3, 6, 9}.

lohie presentation is drawn lergsly from class lec-
tures by Dr. Oscar Peterson in Ma 470, "High School Hathe-
matics for Teachers™ at Kansas State Teachers College,
Emporia, Kanses, Summer, 1959,
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"A null-set is an empty set, written % and pronounced
"fee"” by mathematicilans.

"Whether we list or describe a set depends on the
number of elements in the set. Take the set of odd numbers
less than 10, This is a finite set, which means it has a
lest member. A small finite set is usually listed, but may
be desceribed if we prefer. If we want to indicate an
infinite set, say all the counting numbers, we must describe,
8 = {the counting numbers}. But consider the counting
numbers between 100 end 1000, They could be listed but it
would not be practical to list so many, so we deseribe them
by B = {tho counting numbers between 100 and 1000}. There
is a shorter way of saying this in symbols, B = [x[mo < x
£ 1000, x is a counting number}, which means "B is equal
to the set of all elements x sueh that x is greater than
100 and is less than 1000 and x is a counting number,”

Prime numbers between two and ten would be listed,
A= {3, 5 7} A prime number is one that cannot be the
product of two other numbers, can only be divided by itself

or one,
Exercises V

Designate the following collections in the notation of sets:
1. The boys in this class who go out for football,
2. The months of the year containing the letter "»".



b

Se

6.

Te

9.
10.

11.
12,
13.
1.
1s.
16.
17,
18.

b1

Exercises V (Continued)
The T. V. stations in this lecality.
The programs that may be viewed from eight to nine
o'clock on Monday evenings.
The boys in this class who are also in the Clothing I
class,
The numbered highways that pass through the county seat
of this county.
The states of the United States that touch the Facifie
Ocean,
The states of the United States that tousch the border
of Mexlco,
The nationel parks in our state.
The presidents of the United States who have been
assasinated.
The main branches of the U. S, armed forces.
The odd numbers less than ten,
The one=-dlglt ecounting numbers.
The prime numbers less than ten.
The odd numbers greater than ten,
All the ecounting numbers. -
The movable inanimate objects in this room,
The girls in this class who are in the third hour
English class,.
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"Open sentences and sets. A sentence that contains
a placeholder is an open sentence. A placeholder is any
symbol that holds a place, If we write, "______ has a book

in class today," we have an open sentence. We can replace
the blank with the name of enyone in this class, If he has
a book, the statement is true; if he has none the statement
is felse. In elther case, we have replaced the placeholder
with @ member of the set, A = {members of this class}, Ve
call this set, then, the replacement set (R. 8.), the set
from which we can choose elements to use instead of the
placeholder. The solution set (S, 8.), is made up of all
the elements that we could use in the open sentence and get
a true statement. If everyone here has a book, the solu-
tion set is the same as the replacement set, but if only
John, Pat, and Barbara have books today, them S, S, = {John,
Pat, Barbaraj. For the open sentence, " 1s & boy in
this class who goes out for football,"

R. 8, = {boys in this class}

8. 8. = [Frenk, Gene, Goff, Joe, John, Lyle}

Exercises V1

For each open sentence give & replacement set and find the
solution set,

1. The capitol of Kansas is .

2. is a state adjolning Kansas,



9.
10,

11,
12.
13.
.
15,

Exercises VI (Continued)

The numeral _____ 1s a digit.
A is a plane figure having four sides.
is a ptate bordering on the Gulf of Hexico.

is & whole number greater than four and less than
ten.
The base of our number system is .

is the base of & number system we have used in
some exerclses.
One of the seeasons of the year is ___ .
A ______ 1is used by students to fasten sheets of paper
together.
Students use a to write on paper.
A student rides to our school in a »

is considered a major sport in our school.
The neme of our school in Derby is ___ .
The largest city in Kansas 1s _____ .

"Sets of numbers. In algebra we are more interested

in sets of numbers for replacement sets. All the sets of

mumbers you have studied ecan be represented on a number line

by grephs.
N = {natural mumbers } — 6 o o
[ 1 3 4.
W = {whole numbers } & — o o
0 { 2 R
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Each set is an extension of the earlier ones and includes
them, Then we can call set N a subset of set A because it
is made up of part of the elements of the larger set. Ve
use N < A to indicate that N is a subset of A,

"It 1s not necessary for placeholders to be blanks,
The set of placeholders includes __ , [0, 7, O, x, ¥, ***.
When we use & letter to hold a place we call the letter a
variasble. If we have the open sentence ___ + 3 = 7 and our
R. 8. = {natural numbers}, we must remember that we cannot
use zero or any fractions in this sentence because they are
not in the replacement set we are using, but we can choose
any of the natural numbers. If we choose 9, 9 « 3 = 7 is
false. We usually write 9 & 3£ 7, = meaning "is not equal
to."
If we choose 5, 5 & 37
But if we choose I}, L + 3 = 7
Therefore, 8. 8, = {H}

Exercises VII

In the following exercises, R, 5. = {natural numbers}. Find

the solution set for each open sentence.
1. __+9=1, ke 33 _ =15
2. 5+ =1 5. B+1J =6
3. 2+ 725 6. 28+ ?7=5



Te
8.

10.
11,
12.
13.
1.
15,
16.

17,
18.

19.
20.

2l.

3+x=17
9=-x=1
11 - y = 1§
8 4 3x= 1
2x ¢+ 3x = 15
2x + 5x = Tx
a+a=2a
ba - Sa = &
x+3=5
X
2x = 8
56 = Tx
5-:2
g
x=-3=5

Exercises VII (Continued)

az.
23.
2.

25.
26.

27.
28.

30.
31.

33.

35.

y=-8=16
5 & 4x =25

3 =15

Sx = x + |

g-2=6‘
3x -1 =2x s+ 1
3x ¢+ 4 = 16
5x « 2 = 23
17y - 5y = 12y
8z = 13
28x = 7%
2x = 0

;-18

x - 2% = 5%

45



CHAPTER VI
LAWS OF OFPERATIONS

This unit was presented in class in the following
manner:

"You have heard addition, subtrection, multiplication
and division called the fundamental operations of arithmetie.
The prinecipal operations of algebra are addition and multi-
plication. We shall study a set of numbers that will enable
us to express a subtraction problem as an addition problem
having the same answer, and division as multiplication.
Therefore, we need only study the laws of operations for
addition and multiplication,

"The commtative law of addition, If we say 2 ¢ 3 =
34 2, we are telking about something that is true of these
two numbers, but we are not saying anything about any other
numbers. Even if we did many more problems of the same
kind, we would still be talking about only those numbers
we were using, But if a and b are variables replaceable
by any elemeat of a set of numbers, when we say 2 + © = b ¢ a,
we are making a generalization. We are saying this is true
for all elements of that set, that whenever we add any of
the numbers of that set, the order of the nmumbers does not
affect the result, We call this the commtative law of
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addition and it holds true for all the sets of numbers you
have had. On page eight of your textbook, this is called
"the law of order in addition.”

"The commtative law of multiplication. The statement
of the similar truth for multiplication, a x b = b x a is
called the commtative law of multiplication, It 1s usually
written ab = ba, because it 1s commonly understood that ab
memans & x b just as 2a means 2 x a.

“"The agsociative law of addition. No matter how we
group the numbers we are adding, the result will be the
same. We call this the assvciative law of addition and
write it in symbols (a « b) s+ e z a2 + (b #+ ¢).

"Ihe associstive lew of milbiplication., It is also
true in multiplication that changes in the grouping of the
numbers have no effect on the result. This is the associa-
tive law of multiplication and is written (ab)e = a(be).

"The distributive law. When the sum of two nmumbers
is to be multiplied by a third muber, the two numbers may
be added first and then multiplied by the third number, or
they may each be multiplied separately by the third number
end the products added. This is the distribative lsw,
written, a(b + ¢) = eb + ac. In words it 1s long and
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confusing; in symbols we can take it sall in at a
glanoo.l

"This law frecquently lets us choose the easier
of two ways of solving a problem. Suppose we want to find
the perimeter of a rectangle when we know 1 and w. We
can use p = 21 + 2wor p = 2(1 + w). If 1 = 6.24 and
w = 3,76, for example, we could save work il we noticed
that 1 4 w = 10 and then multipllied by 2.

"Identity elements. We also know from arithmetie
thet S « 0 =2 S end 3 # 0 = 3. When we generallize this we
say a + 0 = a, We are saylng when we add zero to any member
of the set we will get the same member. Ve call zero the
identity element for addition. What is the identity element
for multiplication? The element that you can multiply eny

member of the set by and get the same number. In general
terms, a x 1 = a.

"Substitution prineiple, If a = b, that is, if a
and b are two numerals for the same number, either can be

replaced by the other in any operation.2

lcommission on Mathematies, %&!ﬂ (New Yori:
College Entrence Examination Board, » PPe 6=T.

2lioses Richardson, Fund tals gg.ﬂath.nltio
(ReKésod edition; New York: TEE ﬁaoi!i an Company, 1958),
Pe -
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"How to make verbel definitions., A good definition
of a mathematical word or expression should have at least
the following characterlstics:

1, It should be a complete sentence that makes us able to
recognize the thing defined and to distinguish it from
other things,

2. 1t ghonld not include other forms of the word being
defined.

3. It should give the special meaning the word has in
mathematics,

4. It should be understandable by those who are going to
use 1t.

"Ugually in defining a word thet is followed by "is",
we should name the smallest subset to whiech the thing
belongs end then tell how it is different from other members
of the set, for example: "Mathematies is a science in whiech
we study operations dealing with quantities and in whiech we
study methods for finding other guantities Irom those we
mow, "3

3This definition was worked out by the students in
the experimental class.



CHAPTER VII
TEST I ANL EXERCISES VIII-XVI

Test I, Assignment 16
1, Express 37@ in base 8; in base 5; in base 2.

2. Make mmltiplication table for base 5.
3. Add 25'7@ and 37&5@

i, Subtrect 35h§8>rrom 76&1@5

5. HMultiply 23)41(5\:1 3h©
6. Define:
(a) BSet
(b) Exponent
(e) Variable
(d) Numeral
(e) Mathematics
In problems 7-9, R, 8, = {natural numherﬂ].
7. 3x+ 4 = 16
8. 26+ x=75
9., 3a + a = la
10, State the following laws in symbols:
(a) Commutative law of addition
(b) Commutative law of multiplication
(e) Assoclative law of addition



Test I (Continued)
(d) Associative law of multiplication
(e) Distributive law

Exercises VIII, Assignment 23

Find the solutlion set for each of these lnequalities, using
R. 8, = {natural numbers}.

N

means "less than",

means "greater than",

NV

means "less than or equal to".

1

means "greater than or equal to".
Equivalent inequalitles can be found by the methods used
to find equivalent equations.
Example: 2x < 6
x< 3

S, 8, = {x/x < 3 end 1s e naturel number}.

1. 2x>6 9. 3w£15 17, F <3

2, 2226 10. 8x> 23 18, §46

3. 2x< 6 1. $>5 19, fx<5

b, 2x< 6 12, §-<1o 20, f-<6

5. 5x > 15 13. ’,;521 21, ‘x+ 4 =10
6. 5x< 15 1. i—g>12 22, x+ 28 < 7k
7. 10x< 50 15. >h 23, r+ 5>10

8. Tx < jo 16. §7>2 2. 8 - .25 9,25



25.
26.
27.
28.

t - 6<15
3z2
7T< W
5§>5

- 8< 29

" o=
a 1

T Y
*

Exercises VIII (Continued)

30. g~-9>13
31. »+ 7224
32. 8 =-10< 5
33. @=- 6<}o0
3. p+ 2210

35,
36.
37.
36.
39.

Exerecises 1X, Assignment 2l

52

L >18
3>24
8 >16
7= 2}
r - 58 <12}

=
&

]
]

H
¥

Find the solution set for each of the following open

sentences, using R. S. = {numbers of arithmetie}, and

illustrating on & number line if pogsible.
Example: 2x < 6

2x < 6
hx >4

X+ 247

=5

5. 8, » {x'xLB and 1a°a mn:tbor :r Mthmric},
8, x-1>1 15, x+ 1< 3
9. 1:->h 16, x+ 2555
10, f‘;‘3 17 Sx =20
11, x+ 1% >34 18, 2.5x>5
12. x+1%=>3 19, 7x <1,

x=-5>)
$Z3

xz+ 0<6

13. I-h?-'o

W, =

0
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Exercises X, Assignment 62
Construet lattice graphs, using R, 5, = {(x,y)‘ -Lh<x<l,
-3< y <3 end x, y, integers).

l. y7=x T« ¥ = 3x 13.§-ry=0
2, y= -x 8. yaﬁ he x+y=0
3. y2x-1 9. y=x+2 1, x-y=0
L, y=x+1 10. y=2x 1 16, y=x =3
5 X =y=2 11, y=2x - 3 17, 2y =

6., y = 2x 12. 145-1 18, xey=xe1l

Exercises XI, Assignment 63

Construct lattlce graphs, using R, S, = {(x, y)' - £ = <,
-3 <y<3 and x, ¥, integers}, If you smltiply the members
of an irequality by a negative number, the inequality will

be reversed.

Example: x -y >3

“y>3=-x

¥<4-3 » x
1. y->x T« x=-y5<4£2 13, y<x+ 2
$: L8 8. x=y>=2 1, §'>x
3. y>x=-1 9. y<3x 15, £x -1
b, y>x+1 10. y~>2x 6. x+y>1
5. x+y=>0 11, y<x-~-1 17. x+y<1

b =x + y=0 12, y<x+1 18, x-y>y-x



Graph

2.
3s
.
5.

L

Exerecises XII

the following, using R, S. = {real mmborl‘:

sy 6. y+hx=s2 11, x-y=1
+y=5 7- 2y 4+ 3x = 6 12, x = -y
-y=5 8. x=3y 13, 2x -3y =6
s 2y = 6 9. ¥v= 3x 1, ye+2x=2
-2y = I 10 3x=-2y=1}4 15, y~X=2X=Yy

16. y-h:x

Exercises XIII, Assignment 67

Graph the following lnequalities, using R. S, = {real numbers] .

l. x+y5>5 . yo> x 7. y=2x+ L

2. x=y45 5, x=y5<2 8. y<x+3

3. x>y 6. 3x+ 2y=6 9. X+ 4>y

10, 3y<2x+1
Exercises XIV, Assignment 79

Graph the following peirs of inequalities, using

2 B & {real numbers §:

l. x+3>5 3. y>x=-1 5. y>2
x-y35<3 yoOo-x=-2 y < =x

2. y<x he vy>x 6. yc-§-42

vy=Z2x - i Tex=2 y<x e+l
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Exercises XIV (Continued)

y< 3x 9. y< =% 10. h‘%ex
Sy = 2x £ 10 y4E<l 3y +2x=3
y > -3x

:§4 x = =1

Exercises XV,l Assignment 118

Factor, if possible, the following quadratic polynomials

over the integers, making use of prime factorization of

coefficients and explaining such use In each.,

1.
2.
3.
L.
Se
6.

x2 - 3x - 72 7. x2 & 21x + 108
x2 - 18x + 72 8. x2 & 2ix + 108
x2 & 17x + 72 9. x° = 39x + 108
x2 + 38x « 72 10. x2 - 33x - 108
x2 + 20x & 72 11, x2 ¢ 31x + 100
x2 4 15x + 36 12. x2 + 25x + 108

Exercises XVI, Assignment 166

Find the solution set for each of the following open

.sentennai, using R, 8, = {roal numborn}‘ Illustrate if

possible, by graphing on & number line., Also (on eocordinate

axes) give rough sketch of graph of each quadratic function.

logear J. Peterson, "Unpublished Notes," March, 1960.
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Exerelses XVI (Continued)
Exemple: 1, (a) x° 2 Sx 4+ 620
(x « 2)(x+3)=0
8. 8. = {-2, -3}.

L & @ g ‘ i -
saq --q. -3 -2 -/ o Vi 2, e

For the sketch of the graph of the function, y = x2 4 OUx 6,

if 0, -2, =3, and -5 are chosen for values of Xx, the corre-

sponding velues for y can be found montally_.“) ?‘ﬂy
(b) 22 4 Sx+ 6> 0 B _
s.5.4x|x < =3 or x > -2 T, A
T X - o . X
(¢) x2 + Sx + 640 * 4'_1: * F
“s.gx | =34 x< -2, N
S 3 e 54
2, (a) x2 4 x=6=0 5. (a8) x2 ¢ex=-2=0
(b) x2 ¢+ x -6 >0 (b) x24x=22>0
() x2 ax=6<0 (¢) x2 +x=-2¢0
3. () X2 =x=- 620 6y () 2 = x-220
(b) x2 = x=62>0 (b) 22 =x=-22>0
(¢) x2 = x=6<0 (¢) x2 = x=2<0
L. (&) x2 #+ 3x + 2= 0 7. (a) x2 = 3x+2=0
(b) x2 4+ 3x+2 >0 (b) x2 - 3x+2>0

(e) %2 + 3x42<0 (¢) x2 = 3x ¢+ 240




8. (a)
(b)
(e)

9. (a)
(v)
(e)

Exercises XVI (Continued)

X€ +2x41=0 10. (=)
X° 4 2x 41> 0 (v)
X° 4 2x 3120 (e)

2-x-%=20
2-x-3%2 >0
2-x-%2<20

b4 x=-%x220
64x-%2>0
6 4 x=-3x2 20

57



CHAPTER VIII
SUPPLEMENTARY EXPLANATIONS ON TOPICS IN TEXTBOOK

This materiel was presented in class in connection
with the correspondingly numbered sections in First Algebra
by Virgil S, Hallory in the following manner:
S. "A formule is & general rule in the form of an equation
using two or more variables. To use it for a single numeri-
cal solution, we must be given the replacements for all the
variables but one, When solving problems with formmlas, use
the following form:

(1) Formule, (2) Values given, (3) Drawing

(4) Replacement line, (5) Any algebraic steps necessary

(6) Bolution
A drawing should be made whenever one is possible and should
be labeled with the letters of the formula, not with the
values given.
Ts "You cannot multiply feet by feet and get square feet.
The foot is a measure of length only; it has no thickness.
The unit of area corresponding to this unit of length is the
square foot, If a rectangle is two feet wide and three feet

long, » its area is made up of two rows of three

square feet each. DBecause we multiply numbers and then
apply the result to the practical problem in hand, we
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indicate denominate units for the values given and for the

solution, but they should not be used in any of the algebraic
equations.

11, "Here ax = b 1s a general form, Our R. S, = {nuubers
of arithmetic}. In the equations we have had, & and b have
been so small that our solution set has been obvious. If
the numbers a and b are larger or conmtain difficult freac-
tions, the solution set may not be obvious. We are hunting
for e pattern or method for finding an equivalent equation
whose solution set will be obvious, Two equations are
equivalent if they have the same solution set.

"In 2x = 6, if we say x has been maltiplied by 2
and the product is 6, we cen unde what has been done by
dividing 6 by 2, which gives 3.

"Another point of view 1s that 2x and 6 are both
names for the same number, so if we want x, which is half
of 2x, we take half of 6. x = 3§, X = 3, 8. 8. = {3].

"In both instances we divided by the number that had
been used to multiply the variable, sowe find our pattern
is x = -t-"-. Notice we do not need the division sign in this
expression, for #of 6 = § x 6 = 62 sg. - These are all
mumerals for the same nuiber so we use the one that takes
the least writing, We have a special term for generalizing

here, also. To divide by a, we multiply by its inverse,
1
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"We might restate the division axiom: Dividing both
sldes of an equation by the same number will give an equiva-
lent equation.
13, "Here the general form for finding a more simple
equivalent equation is x = ab. And our restatement of the
mltiplication axiom is: Multiplying both sides of an
ecquation by the same number will give an equivalent equa-
tion,
15, "The general form for finding & more simple equivalent
equation is x = b -« a. Our restatement of the subtraction
axlom is: Subtrecting the same number from both sides of
an equation will give an equivalent equation,
17. "T'ne pattern we are seeking here is x = b ¢ a, We
restate the addition axiom: Adding the seme number to both
sldes of an equation will give an equivalent equation.
27. "If we take the set 8 = {1, 2, 3, +-+] and add any
two members of the set, we get another member of the set.
This property is called closure and we say the set 1s c¢losed
under addition. The set of natural mumbers is closed under
multiplication but not under division and subtraction.
Fractions were invented sc that division would always be
possible. BPBut in the set of numbers of arithmstic, sub-
traction was not always possible so negative (or opposite)

numbers were invented about the middle of the sixteenth oontury.l

ljoseph E, Hoffman, The History of Mathematics (New
York: Fhilosophical Libr:ry, 15577, P.



28. "We represent the opposite of a number by a point
the same distance awey from zZero on the left half of the
number line.

.-nu —‘3 :’- :' 6 ; .7. %"'
The sum of & number and ite opposite (or additive inverse)

is equal to :oro.z In general terms, we write a + (-a) = 0,
Negative numbers should be read "negative one", "negative
two", end so on, whenever there is any danger of confusing
them with subtrahends.

"We see we have doubled our number system by extending
it to include negative numbers. We call this larger set,
made up of the numbers of arithmetic and their opposites,
the set of real numbers. The natural numbers and thelr
opposites with zere form the set of integers. Ve can now
define another set, the set of rational numbers. 4 retional
pumber 1s eny number thet can be written in the form §
where @ and b are integers and b £ 0, This set includes
fractions and whole numbers, negative and positive. All
the real numbers can be represented by points on a number
line. Remember I C R, the set of integers 1s 2 subset of
the reals, The set of rationals is & subset of the reals,
All the sets of numbers we have studied are subsets of this

2¢ommission on Mathematies, %ﬁnd&«g (New York:
College Entrance Exemination Board, s Pe Ts



larger set, the real numbers, but this is not the last
extension that has been mede.
3z, "The following table is & summary of algebraic

addition:
TABLE 1V
ALGEPRAIC ADDITION
Signs of terms Find Sign of answer
like sum of absoiute values same as that of terms
unlike difference of absolute sign of larger temm

values
33. "To subtract a real number, add its opposite (by the
rules of algebraic addition). In other words, we change a
subtraction problem to an equivalent addition problem,
Thus: (=2) = (=5) = (=2) & («5) = + 3.
Or we could write (=2) ->(ﬂ5) Z= -2 # 5z # 3, dropping the
parentheses and the sign of the operation, since there is
a conventional agreement that we are to add signed numbers
written horizontally unless there are signs giving other
instructions,
36. "Here is a method of developing the rules for the
mltiplication of real numbers.3 .
From arithmetic, (+2)(43) = +6

and 2(0) = 0. Substituting
(#3) + (=3) for zero, 2 (+3) + (=3) =z 0,

3pr, Henry Ven Engen, of the University of Wiseonsin,
in a lecture at Kanses State Teachers College, Emporis,
Kansas, summer, 1959.
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By the distributive law, (+2)(33) + (+2)(-3) = 0, but
(e2)(43) = 6, so (+2)(=3) will have to be equal to the
additive inverse of 6,

O (#2)(=3) = 6,

Again, sinee a(0) = 0, (=2) (+3) « (-3) = 0,
By distributive law, (=2)(+3) ¢ (=2)(=3) = 0, but
(=2)(a43) = =6, L (=2)(=3) = +6,
58. "The x-distance 1s called the abscissa; the y-distance
is called the ordinate,
61, "Let us consider the pair of equations, x - y = 1
end x + ys 5, If the set & = f(S, ), (4, 3), (3, 2), "1}
is the set of points on the graph of x - y = 1 and the set
R= {(1, 4), (2, 3), (3, 4), (4, 1), -+ is the set of
points on the graph of x + ¥y = 5, then 8 N R (which is
read "S intersect R") = {(3,2)} is the intersection of the
two graphs and the solution set of the problem. The inter-
section of the two sets is made up of the elements that are
common to both sets.
65. "In the example shown, X = 5 = y gives us two names
for the same number, then x in the second egquation may be
replaced by 5 - y to gilve us an equivalent equation con-
teining only one variable.
93. "1The Binomiel Face' is an aid to (x - 2)(x + 6)
memory, & mnemoniec, Or we can use the N

+
word "foil" for a mnemonic to be certain we get all the

\
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partial products. When we have (x - 2)(x + 6), £ reminds
us to multiply together the first terms of the two binomials
to find the first term of our product, xzz o reminds us to
mltiply the two outside terms to find one of the cross
products, 6x; i reminds us to multiply the two inside terms
to find the other eross product, -2x; and 1 reminds us to
multiply the last terms of the two binomiale to find the
final term of the produet, -12., We then have
%% & 6% -~ 2x - 12, which equals x2 o hx - 12,
116, "When you express a fraction in another form, say

%.m ninths, be eareful to multiply by unity, thus:

73~ 2.

This method leads to greater accuracy and clearly shows that
we are not changing the value of the Iraction,”



CHAPTER IX
KEY T0 EXERCISES ARND TEST I

Exercises I-VII are given in Chapters 1V end V,

Exercises 1

1, Verbal Base 10 Base B Bage S Base 2
one 1l 1 B | 1
two 2 2 2 10
three 3 3 3 11
four L L l 100
five 5 -1 10 101
six 6 6 11 110
seven 7 7 12 111
eight 8 10 13 1000
nine 9 11 i1 1001
ten 10 12 20 1010
eleven 11 13 21 1011
twelve 12 il 22 1100
thirteen 13 15 23 1101
fourteen 1 16 2h 1110
fifteen 15 17 39 1111
sixteen 16 20 31 10000
seventeen 17 2l 32 10001
eighteen 18 22 ‘ 33 10010
nineteen 19 23 3k 10011

twenty 20 2l o 10100



2. BEase 10 Bage 8 Base 5 Base 2

147 223 1042 10010011
25 31 100 11001
10 12 20 1010
17 21 32 10001

0.5 0. 0,222+ - .1
1 121 311 1010001
3l n2 11, 100010
L2 52 132 101010

8 10 13 1000
22 26 u2 10110

189 275 122} 10111101

9 11 1l 1001

2 @ 2 10

Exercises II

1., (a) 1094% 2. (a) 201@

(b) llhq§> (b) 20%5)
(e) 100111qz) (e) 1001oq2)
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Exercises II1

1. (e) x]0 2 2 3 4 (b) ) 0
ojo o 0 0 0 010 O
210 X B3 " N 110 1
2|lo 2 4 11 13
3]0 3 11 1y 22
Llo § 13 22 3

2. (a) 3639 4ns.
Multiplication: Check:

13 = 1(8) + 3

1]@ 11

26 = 2(8) + 6 = 22@ _22
102 22
26 22
3659 = 3(8)% « 6(8) + 2 24313

= 192
(b) 1011015 Ans .,

4)4842:2)42@

Maultiplication: Checlk:
12, = 1(5)2 « 2(5) + ) 39
3 = 3(5)2 4 L(5) + 8l
1111 156
12l 2
Lh32 3276¢p

10110]®

1(5)5 « 0(5) « 1(5)3 & 1(5)2 & 0(5) » 1
3125 + 0 « 125 « 25 ¢« 0 2 1

21
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Exercises III (Continued)
(e) 1100111]@ Ans.

Multiplication: Checlk:

10111 = 1(2) « 0(2)3 & 1(2)2 23
+ 1(2) « 1L =23

1001 = 1(2)3 s 0(2)2 +0(2) +229 _9

10111 207®

10111
110011135 = 1(2)7 + 1(2) + 0(2)5 o 0(2)4 + 1(2)3
+1(2)2 4 1(2) s+ 1 = 20755
3. (a) 106g 4ns.

Division: Checlk:
10 70
25/ 2676 zyﬂ%@
25_ W7
176 0
176

25@: 2(8) « 5 = 21@

2676g = 2(8)° + 6(8)2 + 7(8) « 6 = 1, 79¢p)
106@: 1(8)2 + 0(B) « 6 = 7@
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Exercises III (Continued)

(v) b Ans,

Division: Checlk:
L13 36/ 108
b3

121¢g) = 1(5)2 + 2(5) » 1
L13e = L(5)2 & 1(5) + 3
0* ‘®
(e) 11g) Ans.
Division: Cheeck:

1 3®
1001 _J 11011 9 )27

1001 11011y = 12) & 1(2)3 « 0(2)2

o
10@

1001 +« 1(2) ¢+ 1= 27@
1001 1001 = 1(2)3 + 0(2)2 4+ 0(2) #+ 1 = R0

1]®= 1(2)-01-3@

Exercises 1V

1, (a) 15@ (v) 23@ (e) 1101®
2. 1@ -

3. 102@ 1, = 1(5) sl = 9®
-3 =3 : 3@
102¢) = 1(5)"’ T

0(51 + 2 = Nig,




1.
2.

3.
L.
5e
6.
7.
8.
9.
10.
11,
12.
13.

15,
16.
17.
18,

p I
2
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Exercises V
{ka, Gene, Goff, Joe, John, Lyle}
{Jenuary, February, March, April, September, October,
November, December}
{KARD, KAKE, KIVH }
(P.tor Gunn, Joseph Cotton, Goodyear Theater}
4
{81, 42, s, 96, 15}
{Celifornia, Oregon, Washington, Alaska, Hawaii]
{Texas, New Mexieo, California, Arizona}
g
{MeKinley, Lineoln, CGarfield}
{Ilavy, Army, Alr Force, Marines}
{1, 3, 5, 75 9}
@, 2, 3, -+ 9}
1, 2, 3, 5, 7}
{x| x >10, end odd}
{counting mumbers} or {natural numbers}
{cheirs, desk, chalk, erasers, yardstick}
{1ary, Pat, Barbara}

Exercises VI

R, 8. = {state capitols}; 5. 5, = {Topeka}
R, 8. = {states of United States}; 8., S, = {Oklahoma,
NMissouri, Nebraska, Colorade }
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Exercises VI (Continued)
3. R. 8. = {all numerals}; S. 8. = {0, 1, 2, --+ 9}
4. R. 8., = {all plane figures}; S. S, = {square, rectangle,
parallelogran, rhomboid, rhombus, trapezoid, quadri-
lateral }
5. R, 8, = {states of United States}; S. S. = {Texas,
Louisiane, Mississippi, Alabama, Florida}
6. R. 8, = {whole numbers}; S. 8. = {5, 6, 7, 8, 9}
7. R. 8, = {bases of number systems}; S. 8, = {10}
8. R, 8. = {bases of number systems}; 8. S, = {8, 5, 2, 10}
9. R. 8. = {spring, summer, fall, winter};
8. 8, = {spring, summer, fall, winter}

10. R. 8, = {all fasteners}; S. S. = {pin, clip, staple, tape}

11, R 8: = {uriting tooll}; 8. 8, = {pen, peneil, ballpoint,
typewriter}

12. R. 8. = {vehicles}; 8. 8. = {ecar, bus}

13. R. 8, = {all sports}; S. 8. = {football, basketball,
track }

1. R, S, = {names of schools in Derby}; S. 8. = {Derby
Junior High School}

15, R, 8, = f{elties in Kansas}; S. 8. = {Wichita}

Exercises VII

1. {5} 3. {3} 5.
2. {9} Lo {12} 6

AN N
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Exercises VII (Continued)

7o {43 17. {4}
8. {81 18, {8}
9. ¢ 19, {6}
10. {2} 20. {24}
11, {3} 21, {8}
12, {neturel numbers} 22. {au}
13. {natural numbers}  23. { 5}
1. {naturel numbers} 24. {103
15. {2} 25. {11}
16, {10} 26. {6}
Test 1

1. LSg ; 123g); 100103,
2. x|l 0 1 2 3 4

ol o o o o o

1i{o0 1 2 3 &

2|0 2 4 11 13

310 3 1 1 22

Wl o L 13 22 %
3. 65143@
L. uor@
5. 2022Lhe,
7. {4}
8

. #

27. {5}

28, {u}

29. {5}

30. {natural numbers}
1. &

32. {3}

3. ¢

3. {5u}

35. {8}
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Test I (Continued)
9. {natural numbers}
10. () aeb=zbea
(b} ab = ba
(¢) ad+ (beec)=(asb)ae
(d) a(be) = (able

(e) al(b + ¢) = ab + ae

Exercises VIII

1. {ly 55 6 ++o}

2. {35 by 5, o}

3. {1, 2}

he {1, 2, 3}

5. fb, 5, 6, ==+

6. {1, 2}

7. {1, 2, 3, b, 5}

8. {1, 2, 3, L, 5}

9. {1, 2, 3, by 5}

10. {3, by 5, **}

11, {11, 12, 13, -}

12, {x| x <30, x is natural number }
13. §x/[x <147, x is natural number}
W, {31, 32, 33,

15. {1, 2, 3, *++}



16.
17.
18.
19.
20,

22,
23.

as.
26.
27.
28,

30.
31.

33.
3k.
35.
36.
37.
38.
39.

Exercises VIII (Continued)
{35, 36, 37, *++}
{y[y <30, y is & natural number }
{r[r < 30, » is a natural number}
{pl P <60, p is & natural number}
{x] x <2}, x is a natural number }
{6, 7y By =o0 }
{1, 2, 3, b, 5}
{6, 7, 6, *°* }
{2, 2, 2y ***» 9}
{t] 6<t<= 21, t 1s a natural number }
{15, 16, 17, =+ }
{1, 2, 3, b, 5, 6}
{1, 2, 3, *** }
{pl 8 <« p <37, p is a natural number}
{23, 24, 25, -+ }
{17, 18, 19, -++ }
{10, 11, 12, 13, 14}
{QI 6 < Q< 46, Q is a natural number }
{1, 2,3, «8}
{15, 16, 17, «-=}
{28, 29, 30, +-+ }
{23, 26, 27, «-+ 1
{x]| x <17, x 1s a natural number }
{6, 7, 8, »+» 17}

™



12,
13.
.
15.
16.
17.
18,
19.

Exercises 1IX

(x}x(B, x 1s a no, of arith.f

75

— e, =4
0 i z 3.
{xlx)l, x 18 a no. of arith.J ‘ T '
o | 2 3.
{x[ x<5, x 18 & no. of arith.] . : n
) ¢ S
{x | x£15, x 18 a no, of arith.} NS '
.o lq. 5 l‘ ve
fx [x>9, x 1s & no. of arith,} : : —_—
. 9 1 s
{x[x26, = is a no. of arith.} : X “ .
¢ NS b 7
fx{ = >15, x 18 a no. of arithj . VN
T ST
{xl x>20, x is a no. of arith.} _ . : ’ —
SEEL | 2.0 a -
{xl x<{Lh5, x is a no, of arith.} - L
t 4 S ¢ S
{x] x >3 x 1 & no, of arith,} ; , |
(7] ] 2 3.
{xl lei', x 1s a no. of arith.} 0. ; - 1— 3
{x{ xZl, x is a no, of arith.} T .
1 2 ¢ Y
fx(x 18 & no. of arith.} e : . '
] 2 Tos
{x[ xX<2, x is a no. of arith.} —— " :
o 1 2 3.
{x[xfh.?ﬁ. x is a no. of arith.} —y " ‘ -
e | % 3 ¥
{xl x<2, x 18 a no, of urith.} - : i x
; 1 2
{x,x>2, x is a no, of arith.} - : £y —
2
jx[x£2, x 1s a no, of arith.} Pa— e
(-] { U .



-4 -3

-2

Y -3

3.y=

-2

-1

x - 1

g ~3

~2

-1/

Exercises X

76

b. y=x+1 |2 »
r ®
T
_— .2 ' Y
-y -3 -2 7 -y &
P -1
® -2
e -3l
50 x—-y:g 3}
2] °
/1
< . A
-~y :3 "lj l' 2 Py,
iy ®
e
.‘31
3
6. y:zx W?
21 ®
’
-0 ¥
-y -3 -z -/ T 7 2 P



Exer¢ises X (Continued

Te ¥ = 3x 3ry ® 10, y=2x + 1

. 9 x .
A 3 3 ¢ -g -3 -2 ~f

"
1
o
~
'...‘\
| =]
o
il
38
=4
i
w
W

Us y-

—P- + Y y
-y '3 -2 ~1 ] { 3 14 -y '3 ~1 -~

~{.

-3l

S.y=xe+2 3[7 ° 12, x+ 5 1

~y -3 -1 ~I r2 3 ¥ -¢ -3 -2 -1




x 3r
L ] ar
e 1+
Br— L} ] o A &
-y -3 -2 -t / 2 3
-1 71 L ]
2}
4L
L 4 JTY .
1. * y =
. 2--
® /]
v Ld + a &
—y u3 -2 -/ 3 3
-/q
-2 - .
—3-- .
37 [
15’ X = y=0 y
21 [ ]
/T
o L &
~¢ -3 =2 ~f rﬁ 2 3
@ -+
[ J -,2-.
[ 4 =3-

Exercises X (Continued)

78

16‘ y:"’ - 3 3
1+
!

0 o X

~y -3 -2 - 3 *
—I 3
2T
30
[ ] 2t
) /]

——— % —
=~y =3 = =/ 3 ¥
-~/

_— v
-3.
: 37
10, x+ y = !
X + ] 2t
o ® ® e /¢ e
— ’ . DO
¢ -3 -2 - &
—/-
—z =
-3




Exercises XI

79

le ¥y >x be T >x + 1
® ® () e 3oy ® ® e @ [ 3"'Y ®
® o e o 2 e o ® o QJD
® ° [ J ® ¢ ° L] °® o ,
g
—o—o o> : 2 oo —© )
~—¢ —3 -2 -y R 5 ¢ -% -3 -2 -t t ®
® L ] [ J -1 ® [ -
L J ® -2 ® -2
[ ] -3+ -3
2, 3K x e X9 720
Yy - o & o 3[): ° S
2 ° ® ° e 2 ° °
Ir L4 | ] ® o I9 ® *
0 x o X
' a 2 2 5. & » 5 s - At
~¢ "3 -2 - z 3 ¢ Yy -3 -2 -y ! 3 v
_,T ® ® ° -1 ] ®
e -29 Q ) ° -2 1 ®
L ] ® -39 [ ] [ ] [ ] =3 [ ]
e y>x -1 bs =x 2+ y=0
] ® ° L] 3Py ® ® ® ® ® ® Je % ®
® ® Y Y zP ® [ ) ® ® [ Y 2% ®
° ° [ ] ® IL L J ° ° ®- 1@ [ ]
@ D < @ ¢ X F—p . P X
¥ -3 -2 2 3 ¢ -y -3 -2 ! ! ¥
° ° s 4 ° * e
® ° ° ~2 ° * e -2
° ° -3t ° ® -3 4
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Exercises XI (Continued)
T¢e x=y5< 2 10 vy > 2x
e Q L] ° 3 Y °® ° ° L ) [ ° ° 3Py e
] ] ] ® 2 L] o ] e e ° ° 1[
e o ® e / ° ° ® ® ° e ;9
X
0' < 7 ¥ Y &2 @ 2 s 2 A y
¢ -3 ~2 -1 A ¥ =3 -2 = 3«
e o e o qT . ® ] & -ir
e o e o -2 * . s T
e 4 e -_pL = 5 @ 3
Bi x-y=22 ll. y<x -1
37y 3
2+ e 271 ®
(e @ ® 79 L4 °
o X o X
i 3 ; : 2 o o—9 - 3 ¥ + * *——_
—y ~3 ~2 =~/ f X dD ¢ ~y -3 -2 =/ 3 2 &
-7 ° ° e o -7+ ' ' ®
29 d ® o ° -2¢ ° e o
e " Ja ) ® o o LIS Y " ° ' ®
9: ¥y < 3x 12, y<x + 1
37y S 3
& [ ] o e L4 z
1] ® e [ ] L]
0 X
' . 5 = - i
- -3 -2 -/ y X3 ¥
.y L L] L] L
-29? ® ® Y °
~3e ® (] ° °




Exercises XI

3 y [} L] ® ]
z L J ° ° [ J
K
e ° ° [ °
iy g 0L o e o %
~¢ -3 -2 -/ { 2 3 ¥
° ° ® - ° [ [ Y °
L] ° ° ® -2 ° ® ® ®
° ° ° ® -3 ) ® ] °
. y >x
® ° ° [ ) er °
hd ° ° LIPY
° . ° ° lT
(4 X
e—eo—o—8 —t 4 =
-¢ =3 ~2 =/ { 2 3 ¥
[ ) ° ° o _,4
° ° [ -21
@ ° e _3-L
15! % ..é X = 13ry ®
2- L J  J L J
/ ] ° °
5 - — 2 o ﬂ—o—{
¢ -3 -2 4 2 3 ¥
-/ g . .
-219 ° ° ® °
-3Jb [ ) [ ) ) [ )

(Continued)

16, x« 5y >1

81

° 3?)' e ® L e
29 ® ° ] ]
T ] L J ] L]
0 X
v + s . 4 —o—2
¢ =3 -2 -~ ! 2 3 ¥
=T ° ®
sz'. .
=37

2 °

/ ® ° .

o - . A

¢ -3 -2 {8 AT
-/ o ° [ [ ]

™Y _l ® ® ® ®

[ .-3 ® [ ] [ ) [




Exercises XII

b-r)’ |
1 \

- -~ 2/l 2 ¢ e A 2 oy e
_l o ..z o
-¢1 -Y L
-6 -6

gk ~y

3. x=y=5 6s e hx=2
5'),




Exercises XII (Continued)

Te 2y # 3x = 6 10, 3x -2y = |4
[ Yy 6T y
Wh
& 'S
? ES
2 | x
% g =1 -6 -y A
-2
~y
~6
8. x= 3y ll.x-y‘-.-’
Ty 1Y
w1 p
at 2]
.0'/ . X
~6 % A~ 2 ¢ 6 PA
-zb
-t
-6
9. y= 3x 12, x = =y
‘--Y ‘
#] %
2 2t
0 PRI - . | X
-6 -y -2 2 ¢ 6 < -« =2 ¢
o+ -t
[ |
~¢F ¥
- L A




Exercises XII (Continumed)

15.y-x=x'y
1y
2t
X
3
“

%

-6




Exercises XIII

l.x-oyfs' he y>x
v
i
R
-(.'_‘“'gz 3 “’c
—z-
|
=t
2. x~y<5§ Be. X =y =2
h, ‘y
”
> 3
-6
6
:b -vn-.a‘ 2
-2
~%




Exerclses XIII (Centinued)

(81e)




Lxerclses XIV

07

VA
WV

N/ 7 N

D

KRS

D

9.9.9.90..¢

A “ -
RKICIERRL
CEKIARRKKS
SRR

S

&S
AR

9.9,



Exercises XIV (Continued)

88




1.

3.

e

Se

Exercises XV

(x = 36)(x + 2). The rumerieal term, 72 =

(2 x2x2)(3x3). Sinee 34 is divisible by 2 but not
by 3, the "2's™ must be split and the "3's" must not.
That gives two possibilities (besides 1 x 72) to con-
sider, (2)(2x2x3x3) end (2x2)(2x3x 3).
Adéaing, =36 + 2 = =3,

(x = 6)(x = 12). Since 18 is divisible by both 2 and 3,
both groups must be split, giving (2 x 3)(2x 2 x 3).
Adding, =6 - 12 = -18,

(x ¢ 9)(x « 8). Since 17 i1s prime, neither group of
factors may be split, therefore the only possibility
here 18 (2 x 2 x 2)(3 x 3). Adding, 8§ + 9 = 17.

(x « 2)(x # 36). Since 38 is divisible by 2 but not by
3, only the "2's" are split. This gives (2 x 2)(2 x 3 x 3)
or (2 (2 x2x 3 x 3). Adding, L, + 18438, but 2 + 36
= 38.

Not factorable over the integers. Since 20 is divisible
by 2 but not by 3, only the "2's" are split. That gives
the same grouping as in No. [, but neither of those
groupe add to 20, and 1 ¢ 72 # 20,

(x + 12)(x + 3). Factoring, 36 = (2 x 2)(3 x 3).

Since 15 is divisible by 3 but not by 2, the "31s" are
split but not the "2's", giving (2 x 2 x 3)(3). Adding,
12 ¢« 3 = 15,
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Exercises XV (Continued)

7. (x & 9)(x ¢ 12). lectoring, 108 = (2 x 2)(3 x 3 x 3).
Sinee 3 is a factor of 21, but 2 1s not, the "3's" must
be split and the "2's" must stay together, Then 108 will
either be factored (2 x 2 x 3)(3 x3)or (2x 2 x 3 x 3)(3).
We find that 12 « 9 = 21,

8. (x4 6)(x »« 18)., Since 2 and 3 are both faetors of 2l,
both groups of factors must be split, which makes
(2 x 3)(2 x 3 x 3) the only combination to consider
here. Adding, 6 » 10 = 2},

9. (x = 36)(x =~ 3). Since 3 is a factor of 39, but 2 1is
not, the "3's" must be split and the "2's" not split,
Possibilities to consider are (2 x 2 x 3 x 3)(3) and
(2 x2x3)(3 x 3). Adding, =36 = 3 = =39,

10, (x = 36)(z+ 3). The same reasoning applies here as in
No. 9. Adding, -36 + 3 = =33,

11, (x 4 27)(x » L4). Since 31 is prime, neither group of
fectors may be split, so (3 x 3 x 3)(2 x 2) 18 the
grouping to eonsider. Adding, 27 « L = 31.

12. lot factorable over the integers. 8Since 25 is not
diviliblo by 2 nor by 3, neither group of factors may
be split. The only possible groupings to consider are
(3x3x3)(2x2)and 1 x 108, But 27 + l 25, and
1 & 1085 25,



Exercilses XVI

) -2 -1 0 I 2
5. (a) {2, 3}
- -3 -2 -1 0 { 2

1) et et
~3 -A -1 0 / 2
"1'-. (L-) {"'2, "'l}
[ e & 1 i o
-3 -2 -/ 0 / 2

- -3 I 0 1 2
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Exercises XVI (Continued)

be (e) (x[-2<x<-1}

_l_‘__ﬁ'" - | i 2
e 3 22~ 0 | 2 3
5. (a) {-2, 1}
1 0; I M D ki L
- =3 -2 -1 o )

(b) {x‘x<-2 or x>l}
: A o e TSRS o
-3 -2 -/ g / 2 P ] (I,,/ e
((6,-2
(e) (x[-2<x<1} -4
L ] ‘ : X i " -6
ree = -2 -1 o ! < 3
6. (a) {=1, 2} sl-y
-3 ‘-1 = ; lI 2 3 “:
2]
- o - /\!A - ({-.4 . .}
(v) {xlx< 1 or x>2} r— _&\'. 7
z i J RS ENEES -z‘wﬁ
_'__,-3 -2 :-, o / 2 3 1 'Y
-¢
(e) {x, -1<I<2} -¢*
L s e e
BN -2 =~/ o / 2 d .-

Te (&) {1) 2}

ce- =3 - -1 (s ]
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Exercises XVI (Continued)
T« (b) {x’}:ll or x>2}

£

L r] ——"l r) ‘ l

fes "‘3 - -1 o { 2 Jun Gry
¢
(e) {x/ lex a2} 4‘(,’9/(3})
L L L 1 ik sl A a
. -3 S 0 ' 2 Do .0\\“ L‘.‘o) X
A 4 -2 | T2 A
1.1
8. (8.) {-l} -“[
L Vi) L L L i _L.
-3 -1 -7 /] 7 2 3 ...
(b) xl}:(-—l or x>=1
1
e = A L k Uy
cer ~3 ~2 ) 0 ! 2 3 )
A
\’?\?‘L-/ ‘)
-~ (D,
(e) ¢ . \2 X
N -4 -2 o 2 ¢ &
2t
4t
9. (a) f2, 1} ol
L D L 1 ‘:\ 1 1
=3 - -1 o ! 2 3..
b1y
(p) {x‘—zcxcl} 1
— l’ e ;- 1
-3 -2 —7 o ‘ 2 3
, _—
~-b ¢ £




ol

10, (a) f{-2, 3}




CHAYTER X
STATISTICAL DATA
TABLE V

SCORES ON COLVIN-SCHRAMMEL ALGEBRA TEST, TEST II,
FORM A, AND I. Q. SCORESl FOR BOTH GROUPS

tal Grov Control Group
Rtr .o lon G RO s S oo
1 9y 26 D 26 o4 32 c
2 101 32 c 27 102 35 G
3 122 36 C 28 123 39 ¢
L 123 30 Y 29 121 45 ¢
5 79 39 c 30 ey 38 c
6 % 33 ¢ 31 98 31 c
7 123 45 ¢ 32 125 Lo G
8 91 L2 ¢ 33 9L 32 c
9 95 34 c 34 95 2s D
10 96 33 c 35 98 L1 ¢
11 97 33 C 36 97 2y D
12 122 45 ¢ 37 120 L5 ¢
13 94 L8 B 38 88 35 ¢
1L 97 38 ¢ 39 95 2l D
15 106 36 c 140 103 38 c

1Goo§1 er. B:im;tt 1;i-ll:t-c.vltlm(} ts.?;hor;.'o and A%Qn:?.l'
G, Wesman cnnﬁtud.on! ew York: syec
logical Gt') raifon, 1%
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TABLE V (CONTINUED)

e 2 ————

. Experimental Group Control Group
Student Test Test Student Test Test
Fumber 1I.Q., B8core Crede Number 1.0, Score Grade

16 116 57 A hi 119 50 B

17 106 35 c L2 104 42 c

18 115 35 v L3 111 34 t

19 128 57 A Ll 126 L6 c

20 136 4o ¢ 45 139 63 A

21 88 39 c L6 92 30 c

22 97 40 L L7 97 31 ¢

23 %9 32 ¢ 48 95 37 ¢
2 98 Lo c 49 100 47 B

25 103 51 B 50 103 50 B
Ave, 105  39.5 Ave, 105 36.0
Mg 99  38.0 Mg 100 38.0

———e—eee— e ——————

Published standards: median, 37; standard deviation, 11.9%
standard error of meesurement, l.3

NOTE: This table should be read as follows: Student
o, 1, in the Experimental Group, who had an I, Q. score of
94, made a test score of 26, which was rated a D. Student
No. 26, in the Control Group, who was paired with him, and
who also had an I, Q. score of 94, made a test score of 32,
which was rated a C,
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TABLE VI
SCORES OF EXPERIMENTAL CROUP ON BRESLICH ALGEBRA

SURVEY TEST, SECOND SEMESTER, FORM A

Part

111

Test
Grade

Total
Score

IV

II

Student
Fumber

53

20
25
25
3

67%
73

15

124

17

13%

35
36

20

18
20

50

36

10
15
12

10
11

39

11

58%

10
1l

10
b ¥ §

12%

16

19
10

13

L2

15
16
17
18
19

28
25

11
10
10

13
10

65

20
31

18
18

16

A d
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TABLE VI (CONTINUED)

Student ~ Part_______ Total  Test
Tumber Score Grade

20 15 13 28 10 12 30 108 A

21 7 7 1 = 3 12 45 D

22 10 13 2 3 16 53 ¢

23 11 8 9 4 3 23 58 c

2l 12 11 1 6 6 28 7h ¢

25 16 13 23 8 12 30 102 A
Ave. 10,8 8.2 10.9 4.9 7.1 21.0 2.9

Published median: 60.4. Median: 60,0

NOTE: This table should be read as follows:
Student No, 1, of the Experimental Group, made & score of 8
on Part I of the Breslich Algebra Survey Test, 6 on Part II,
end so on, malking a total score of 53, which was rated a C.

Table VII should be similarly read.,



TABLE VII

SCORES OF CONTROL GROUP ON BRESLICH ALGEBRA SURVEY
TEST, SECOND SEMESTER, FORM A

Student Pt Total  Test
Baber I_ I 111 IV V VI Seore Grade
26 9 10 6 6 15 h c
27 6 6 6 2 9 9 38 D
28 i 13 122 4 9 20 72 c
29 1 10 15 2 15 24 7% B
30 6 7 8 o 9 8 38 D
31 = 3y W 35% D
32 10 9 8 8 9 27 n c
33 5 7 10 b 6 19 51 c
3L g e &9 17 F
35 9 10 d - § 3 B 50 C
36 7 7 2 0 3 8 27 F
37 11 12 W 4 6 2% 72 c
38 10 11 W 6 6 17 ey c
39 58 3 2 0 o 3 133 F
L0 8 8 15 L 6 19 60 c
51 8 10 24 6 9 23 80 B
L2 9 12 =20 8 9 18 13 c
43 8 100 22 6 9 21 75% B
Ll 16 10 18 6 18 28 96 A
45 1y 12 21 12 21 30 110 A
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TABLE VII (CONTINUED)

Student ’ Part ' Total  Test
Humber Score Greade

146 3 5 9 6 9 2 53 c
47 3 11 10 2 & 18 503 c
48 7% 8 8 2 6 22 53% c
49 y 13 7 6 6 17 63 ¢
50 16 13 19 10 24 28 110 A

Ave, 8.9 8.9 11.6 L4.5 8.3 18,0 60,2

i ’
= ——— C——— — ST ==

Published median: 60.4. Hedian: 63.0



CHAPTER XI

CONCLUSIONS

Objective evaluation. The test score averages and
medians for the two groups were remaricably close, as is
shown in the following table:

TABLE VIII
MEDIANS AND AVERAGES OF TOTAL TEST SCORES

mum W Control G %B
Test verage verage

Colvin-
Schra:mel 37.0 39.5 38,0 36,0 36,0
Breslich 60.}‘ 62.9 60,0 60.2 63.0
—ree—e—er e — —— —— ——

To determine whether there was any significant differ-
ence in the performance of the two groups the corresponding
averages of the scores on each test were compared statisti-
c.ally.l The standard deviation,d”, of each set of scores
given in Tables V, VI, and VII in Chapter X was found by

the formula,

TR

lgecil B. Read, Manual of Statistics {wmuu, Kensas:
University of Hichitn, 19&0), P. 116125, !unoographtd )3
and Albert Waugh, El ts o tnt!.ltieal (lﬂr Yorks
MeGraw-Hill Book Company, Ino., 15L3), PPe

1 (]fw“f
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where ( = the size of class interval,
C{" = the deviations from an erbitrary mean,
-{j = the frequencies,
N = the number of cages,

and ¢ = the correction é é; J[- needed when using an

arbitrary starting point for computing deviations.
The standard error of the mean, 01‘1 s (the amount it might
vary due to sampling) wea Tound by the formulsa,

- T
a;, = L=
M YN
The final comparison between corresponding averages, M; and
My, was made by finding the ratio of their difference to

the standard error of the difference, Jy_p , by the
(]

formula,
Mc S Ml - /‘1l ¥ M"
R L

Results are shown in Table IX.
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TABLE IX
STATISTICAL COMPARISON OF TEST AVERAGES

ree——
e —

M-Me
Average, Mo an Y (A)tOn) Nom)im)
Colvin-Schrammel
Experimental Group 39.5 7.90 1,58 i T P
Control Group 38,0 9.85 1.97 ) - ’
Experimental Group 39.5 7.90 1,58
R
¥Standard for Test 37.0 11.9 4.3 v
8.0 9.85 1.
Control Group 3 9.85 G5 . 18 o
*st.nd.“ for Test 37'0 11.9 hws .
Breslich, Total Scores
Experimental Group 62.9 19.99 3.99
6.51 %:& = o,.ﬂ.
Part I
Experimental Group 10.8 3.25 .65 1.8
096 -'t“ =1¢87
Control Group 8.9 3.55 .71 .
Part II
ri tal 8.2 2,68 :
Experimen Group s e Z 127
Control om 8-9 1037 027 3 =
Part I1I

Experimental Group 10.9 5.85 1.17
1,62 I—Ez 2 <43
Control Group 11.6 5.65 1.13 .
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TABLE IX (CONTINUED)

Mw

—Average, Mo dn Nem)HaE) Vem) e
Part IV
.79 % s ,51
Control Group h.5 2.76 .55 ’
Part V
Experimental Group 7.1 L.71 9L 1.20
1.20 m =1,00
Control Group 803 3-99 1,20 *
Part VI
Experimental Group 21.0 6.70 1,
" 3h 1.97 }‘87 =1-52
Control Group 18,0 7.20 1.LkL o

*since 11,26 cases were used in standardizing the
test, it was assumed thet the distribution was normal, and
therefore, that the arithmetic mean was approximately the
same as the median,

The range of three standard errors includes all but
one-fourth of one per cent of all the possible cases, there-
fore, any ratio greater than three is considered as indicating
that the difference in the means could not have heppened by
chance variation due to sampling. None of the comparisons
in Table IX gave a ratio greater than three, so none of the
differences can be consildered statistically significant.
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Indications. In the experimental group more than
one-ifth of the total teaching time wes spent on supple-
mentary materials, Since that resulted in no significant
difference in performance on a test covering the traditioneal
materials, the group gained by whatever amount they learned
from the supplementary materials,

Subjective evaluation., The responses of the students
to the question, "How do you like Algebra I?" are tabulated
in Table X.

TABLE X
STUDENRTS' LIKING FOR ALGEBRA I

Group nrymeh than ave. Ave. tlunnvo. nrymeh

Experi-
mental 0 3 2 12 8
Control 2 3 5 9 [3

A better attitude was evidenced in the experimental
group by an elmost total lack of complaints. They wanted to
do more graphs than time permitted. When solving quadratie
equations or pairs of linear equations, they found the total
solution. They seemed to have a much bottgr. than usual
understanding of the dependence of one variable upon another.

One unexpected benefit was a transfer into the field
of English,  For years attempts have been made to get




106
grammatically correct definitions in mathematies without
mieh success., Therefore, it wes especially gratifying to
find that & mathematical reason for good greammar helped
improve definitions in the English class.

Suggestions for further study. Divislon using
numerals in bases other than ten proved to be too difficult
for a large portion of the group. Since these same students
had trouble dividing in base ten, there is a definite need
for a good presentation in that area, Supplementary material
on approximation and on irrationals needs tc be inecluded,
also.

It should be interesting to make a follow-up study
of the suceess in geometry of students who have been taught
algebra by this approach.
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