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after the first two terms, the labor becomes greater and
the rewards for the labor are smaller. Hence any further
extension of this is omitted. In Chapter VI, a much faster
method is developed for use where a greater accuracy is
desired.

5.4. Results of Tzble I1. Table II is merely an

extension of Table I. A second correction factor is sub-
tracted from X5. In each case the accuracy is extended
farther with the greater accuracy near the perfect squares
and with the larger denominators. A general statement can
be made that this end result gives four-digit accuracy in
almost all cases and five-digit accuracy in many.



CHAPTER VI
IMPROVED CORRECTIONS BASDONXZ

6.1. Introduction. The methods developed in Chapter
I11 and Chapter V work very well for most calculations and
do not require a lot of work. In this chapter another
extenslon of the correction formulas is shown which speeds
up the process much more.

6.2. Uge of Zoe In all of the ecalculation of Koy
the formula
2
Cz e f—l_

2%,

has been used as a starting point. This is the case in this
chapter also.

The first step necessary to develop the desired
formula is to find two equivalent statements for Cye If
% is taken grester than TN, then C, = x; - VN, and using
the definition X o= Xy = ey ““““1"1*02- This was
the basic premise of Chapter V.

When 2171'17. then %('VH’. Using &1 as the
estimate, then

oy = -,
and

G="8~-C ,
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If each of the two values of cl are substituted
into the error formula, the two equations

(e + C,)? (o = Gg)?
, 8 wd  Cyw -2

2%y z(ﬁl)
will wesult., Multiply each by its denominator and expand
each of the mumerators to obtain

C2-

2 2 | 2 2

2%,Cp = ;" + 2¢4C, + cz and '2(&1)(3z i S 23162 + Gy

Dividing each side by 2 in each equation and combining them
by addition gives

or

It can be seen that the right member of the equation
represents the value of cz. but it contains a Cz as part
of itself. By substituting the expression and expanding each
place that c2 is contained in the right n-.nbor, it becomes
apparent immediately that thls is an infinite serles not in

the proper form to be expanded.

1Statncnt. by Dr, Oscar J, Peterson, personal interview.
Permission to use granted.



37
Rewrite the equation with the right member zero.

Regard elz as a constant and complete the square of the
quadratic equation in terms of C, and Xy Thus

Cy” = 2m)Cp * y” = x,% = o2

€y = %) = xy" - %,

- 2 25%
2 2%
Cp=x, # (x,° ~ )
This equation will then give an infinite series the sum of
which equals the error of the second approximation in the
square root process., Only the positive value of this ex-
pression can be valid as the %, > 7N. In this equation
the plus sign will yleld an infinite series of negative
numbers and the minus sign will yield an infinite series of
positive mumbers. Hence the equation would become
2
Cp = 3y = 3,(L = !:2)“
This quite readily expands into
2 4 6 8
3
C, = %y = “2’1—’3—3’2—-3’ 1 y
2z, B8x, Lox, 128x,
, Le3:5e7e0e(2n - 3) &*°
9%y x> - 1

* LR X ]
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This is much better than the correction formula obtained
in Chapter V as each term increases by powers of two and
will thus converge more rapidly. This is desirable.

5 e LRSI e tom L. s be Sestened
out of each temm in the egquation after the first two temms
are added together to give zero. If this expression is
factored from each term, it wlll be found in inecreasing
povers as the terms progress. Using the definition

2
e

=y
the expanded equation becomes

Can+ Ez 4 Ea,,* 55;4785 oo
2x2 sz 8:2 8x"t

6.3+ Advantages and disadvantages. Using these
correction temms to compute square root has both advantages

and disadvantages, It converges very raplidly due to the
increase of the power of each term by two each time, But it
requires working with figures to several decimal places. So
this will glve a highly aceurate square root approximation
with fewer calculations, but working with more digits. In
most cases, this becomes a machine operation for use when a
calculator is available. Also, since more accurate approxie
mations are being obtained and the convergence is very rapid,
care must be taken to carry each operation out the desired
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number of digits. Without a machine, thls process becomes

very invelved in computations. A machine minimizes the
labor necessary and the vresults are very frultful. It is a

very accurate process.

6.4. Interpretation gnd explgnation of Igblg IlI.
Table II1 is a short table of values for which the square

root has been calculated by this method. The values were
purposely picked to give the worst possible cases between
1 and 100. These are the least accurate values the process
will give. Even the worst is good.

This process is more accurate than the one in Chapter
V. All the digits in the table are accurate. Other values
will give even better accuracy than these examples. The
preliminary steps are not included in the table. An Ko is
obtained with its acecompanying e, and all.



CHAPTER VII

PROCEDURE FOR EXTRACTING SQUARE ROOTS

7.1. Introduction. The final step in developing any
useable process is to describe the procedure for its use.

" This should be the final step because a procedure evolves
from the understanding of the process involved. This chapter
merely puts forwaxd the material already discussed in the
preceding chapters. It is a review and restatement of what
new tools are available for extracting square roots as the
result of this study. Actually, the results are in two sets
of infommation., That is, a procedure for extracting square
roots without a caleculating machine and a procedure with a
calculating machine, Examples are given for each.

7.2, General statements. There are certain steps
that need to be taken regardless of whether the caleculation

is to be done with or without a calculating machine.

First, determine the mumber of significant digits
wanted. There is no need to carry a calculation any farther
than wvhat is needed. Dolng unnecessarxy votk is a type of
inefficiency.

Second, put the N in the fom (N, 10°®) vhere
N, equals some mumber between 1 and 107 md a is an
integer. This makes it fairly simple to find a first estimate.
Calculate N, and muleiply by 10% to find WW.



42

Third, take a first estimate of YN, %;» and caleulate
%, by the iteration formula, x, = %(x; + N/x). The work
required for this 1s negligible and in many cases can be
done mentally.

Fourth, find € =X = Xy Usually this may be done
mentally. " x; 1s the larger of x, or %1.

Up to this point, no really time consuming work has
been encountered. This 1s true regaidlue of the value of N.
These four things are done before it is really necessary to
start to work. ln'thc following sections, these four steps
are to be taken before taking the steps discussed there.

7.3. Eroceduye yithout g calculgting mgchine. One of
the aims in developing this method for computing square roots
is to minimize the amount of work necessary. It will usually
be easier to divide by %y than to divide by Xy« Using the
concepts gained in Chapter III and Chapter V gives the method
for calculating square rxoots without a machine.

First, complete the four steps of section 7.2. If
the desired accuracy is less than five digits, then

2 3
O

will probably give an adequate answer. If N is close to a
perfect square, this may give an answer to more digits. When
more digits of accuracy are needed, an X, may be calculated
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using the corrected x, term. This will double the number
of correct digits and using two correction factors will
extend this even farther.

For example, calculate Y61.9% to five significant
digits,
x =8
3§ = 77425

.1 ¥ .13

2
ep
= ,0010
=

3
T2 = 000016

Subtracting 7.87125

L

Looking at the second correction factor tells that the first
digit of errvor can occur in the fifth decimal place and hence
this mumber is accurate at least to five significant digits.

7.4. PEpocedure with a cglculating mmchine. The
procedure involving a calculating machine should be the

quickest possible method without regard to the amount of labor
involved in dividing by a denominator of more than ome digit.
In Chapter III and Chapter VI a method was discussed which
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converges very rapidly. This was brought about because
the powers of the mumerator and denorinator of the terms of
the series increased by two from one term to the next, The
letter I was them used to represent the first term and
the resulting formula for the method becomes
fﬁ":xz‘.z-f_z__-_f; Uhmii:l_':
= N %y
After the four steps in section 7.2 are taken, probably with-
out the machine, E 1is calculated and subtracted from Koo
Then E?/2x, is calculated and subtracted from the result of
%, = E. And last, E°/2x,” is calculated and subtracted. The
process is stopped whenever the desired aeccuracy 1s reached.
1f the desired accuracy is not reached by the final step of
the process, the most efficient thing to do would be to
calculate an x4 using the most accurate estimate.
For an illustration, N = 61.94 vhich for the purposes

here is regarded as an exact number,
= =8
8 = 7.7425
by |

x, = 5(8 + 7,7425) = 7.87125

E = ,0010529791
x, - E= 7.8701970209

E2/2x, = 0000000704
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%y = E = B2 o 7.8701969505

7%,
£3/2%,% = ,00000000001.3

x, corrected = 7,870196950487 correct to at least ten digits.
This is quite an improvement in the accuracy over the
same example in section 7.3. It is quite ummecessary to
find an appm:n.ﬁatiaa to this many digits 1f 61.94 1s only
an approximate mumbex, and also unnecouary 1! only a fw
number of corract digits are needed. |



CHAPTER VIII

CONCLUSION

8.1. Swmary of the thesis. It was the purpose of
this study to develop and investigate the use of the error

formula to.canpute square roots, extend the formula concept,
and develop a procedure for the use of the findings of the
thesis, This has been accomplished in the seven preceding
chapters.

Chapter VII sets forth the procedure based on the
use of error formulas to compute square roots.

8.2. Suggestions for further study. One immediate
suggestion for further study is to investigate the possibile

ity of extending the use of error formulas to the extraction
of cube roots. An iteration method is well known for this
as it is for square roots.

Further investigation might be suggested in developing
an error formula for finding the nth rvot of a number. An
iteration formula is well known for this too.

And finally, the concept of an ervor formula might
be investigated for the solution of equations other than

pure quadratics.
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