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CHAPTER I

%ﬁﬁﬁy INTRODUCTION
: ﬁﬁ@ﬁ&%@&&ggﬁ& Wumeral systems are often
studle ﬁﬁ%ﬁ%ﬁﬁﬁory of mathematlcs.
Seldo ected the various numeral
syst to study their origin,
for . the intricacies of
GO"ED_ occaalonally wonder how
n Kﬂ”@ﬂu@ye . just how standardized
‘ &nsasEState &2 blteIIbmr ods of time,
ﬁg@-@?@g@, . .mpo,’a’ K&nsi: llege
@%@@ ie problem. The objective of this

study is to r_§§@ﬂ§§%g&§ ! historical background of the
numerals for rational nhfaers, with emphasis on the many
varlations through the years, and without considering their

use in computation,

1.3, The purpose of thls thesis 1s to

Purpose.
provide a handbook showlng at least some of the highlights in

the world-wide evolution of numeral systenms.

1.4, Scope. To speak of numbers is to speak of a

concept infinite in scope., The author will, therefore, limit
discusglons to the numerals for rational numbers, explieitly,

the non-negative integers and the "fractions", In view of



the fact that volumes have been written about the early

development §&§&§~-nnlu in specific countries, obviously

only highlig ' .gﬁaﬁﬁéﬂ§m§gs “*an throughout the world
gy

can be pres« Rels

1.5 'he material for this
thesls is rious books and mag-
azgines, !/ 5 Florien Cajori's
Notation ‘olume I of A History of

Mathemat mflliamg”m Wy

: . ne Smith's History of
Kangs, State 7. G Libr, ar|

Mathemal each lcs of Elementary
i Ermpors, N Colleg, -
Hnthomi§§a§§m%ma: . aking" section of The

Mathematics Teu... . gﬂﬁ@ﬂﬁgmagmg&ypecial value,

Where differences of inte:yretation existed in the
various presentations, the writer usually found the theories
of Cajorl and Smith more consistently in agreement, However,
the variations in theories offered sometimes necessitated a
lengthy discuesion in order to incorporate more than one of

the many viewpoints in the thesis.

1,6, Organization of the thesis, The organization of
the theais 1s designed to enable the reader to trace sepa-
rately the development of numerals for integers and of
numerals for fractions, Chapter II presents the development
of the numerals for integers, beginning with the earliest

known examples of them, then tracing the Hindu-Arabie



numerals to * %‘-sent somewhat standardized form. In

2 like man’ ﬁ%gg%‘ numerals for fractions is

discussed ﬁ%% summerizes the
material art of numerals

through



@@&ﬁﬁﬁﬁﬂwrm II

8 FOR INTEGERS

The concept of number and the
long before the time of
v primitive man probably had

1 of recognizing more or less

obje first began to use numbers,

they m\\\\“‘“ o7 on " ing with them, counting.
o8 SV goves® o
Employ | S g@%ﬁgﬁé one correspondence,
countin gﬁ@gﬁ@&? %%ved gradually with society. Perhaps
the earﬂ@Qﬁg «anner of keeping count was to use a tally of
pebbles, sticks, seratches on dirt, notches on wood, or knotas
in string, More extensive counts necessitated systemizing
the counting process; upsually by arranging the numbers into
convenlent basic groups. As we have five flngers on each
hand, some people began, after several centurles, to count by
flves; then they used the fingers of both hands and counted
by tens, These, of course, were not the only primitive

number begesg, OCther men found it more convenlent to use

groups ¢f two, three, four, six, or other number,

2.2, Yoecal numerals, Later, an assortment of vocal

sounds developed as a numerical tally., HNumber names are

believed to be among the first words used when people began
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e,

| 7€5ﬁﬁﬁﬁﬁﬁ&
to talk e ystems developed slowly and were
Fﬁﬁﬁgﬁgﬁﬁ‘ . he need for them arose. In the
BE ng, dissimilar sounds were used
fo1 t objecta. The abstraction of
the wepresented by & sound consid-
ered o B i@ assoclation, was probably
a lon “\w'ﬁ\“ﬂ W

A BN = e canese
e s waﬂ”“ ‘ook much more time after
neae aﬂsﬁs

people . i gggg%ﬁ§$339fore they used signa for
them, Q? gggg@&? -ue expression of numbers by various

poaitionéa - che fingers and hands, were used at one time,
Evidence of the prevalence of thecse finger symbolisms 1s
found among the ancient Egyptians, Babylonlans, Greeks, and
Romans ,3 However, both {inger and vocal numerals lacked
permanence and were not suitable for performing calculatlons.
Thousands of yeers passed before people learnsd how to use an
assortment of written aymbols to set down a tally for

permanent records, the beginning of written numerals. While

1 pavid Smith and Jekuthiel Ginsburg, Numbers and
Numerals (Washington, D.C,1 The National Council of
Teachers of Mathematiecs, 1956), Ps Lo

2 Howard Eves, An Introduction to the History of
Mathematics (New York: Rinehart and Compeny, 1nc., 1958),

P

3 Florian Cajori, A Hist £
» A History of Elementary Mathematiecs
(New York: The Maecmillan Company, 1917), DPe 1



numerals prior to the time of
r of conjecture, the ideas

wmthropological reporta on

R
AL SYSTEMS
\\Y.\ﬂm\\'\tﬁ'ﬁ-’\“ﬂ“A '0 B,C,, mathematical records
oxi. 7533'\\\'\(3‘“g o Teathe™® CoNe®® \d numeral systems, These
8 rale ns!
will Kans® Emwﬁhﬂ» “- -gg@ﬁggbs order: Babylonian,

Egypt gﬂ@$§§s§§59§;._‘vw, Greek, Gothle, Roman, Astec,
Maya,ig@ga_nc and Japanese, Early Hindu, and Early Arablec.

2.4, Babylonian, The Sumerians probably invented the

cuneiform symbols Y , ( , and Y>~ , which stend for one,
ten, and one hundred, respectively, in Babylonian notatlon.5
Early Sumerian clay tablets also contain the cirele, C), for
ten and a semicirecle, D s for one, Both sets of numerals
were made with a stylus, the former with the polinted end, the
latter with the blunt circular end. Theee Sumerian numerals
were then passed on to the Babylonians as they took over

power in Mesopotamia.

by Eves, loec. cit,

mem——

5 Cajori, op. ecit., p. 6.
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ation commonly employed two prinecliples,
ative, and made limited use of the
n. Following the first prineiple,

rs below two hundred were to be

\\.\ﬂﬁ'\hﬂt\é \ of a small numeral in front of a
W\\\’\ﬂ“\g’\w’ Locher® CoNeE® 'hat the two were to be multiplied
: 3 :@@@’g@,pncativo prineiple, the numeral
- @W@@%@‘ chousand, Further, ((Y)— represented
i@@@@,‘und. No numbers as large as a million have been
found in this notatlon.é Bebylonians apparently had an ideo-
gram, translated as Lal, for minus or subtraction, Using
this, some numbers were expressed via the prineciple of sube
traction, For example, ((Y)'Y represented nineteen, The ((
to the left signified twenty, the Y one and "Y minus, To
avold confusion, some e‘arly Babylonian documents contained
symbols for 1, 60, 3600, 216000, and also for 10, 600, and
36003 nevertheless, numbers were usually expressed using the
"principle of position” in the sexagesimal or perhaps decimal
lntem.7 The sexagesimal system, employing the principle of
position, evolved sometime between 3000 and 2000 B,C, It was

really a mlixed system, as numbers less than sixty were

6 Ibid.

7 Florian Cajori, A History of Mathematical Notatlons
(Chicagot The Open Court PubIIaE*ng Compeny, 1320), L, Ps 2s



written by a simple grouping system to the base ten and
numbers exceeding sixty were written according to the
positional prlneip10.8

Use of plece value as we know it today requires a
symbol for zero; however, Babylonlans apparently had no such
symbol, In some ceses, a horizontal line was drawn after
symbols In the sexagesimal system, epparently indicating the
absence of unite of lower denominator, but thls was not done
in a manner tec indlicate the number of places Included., About
the second century B,C,, the symbol i was used to designate
the absence of e number in astronomical data, although 1t was
not used in computations.9 Another symbol for zero used
about 200 B.C. was the .10 There 1s apparently no evidence
that the anclient Babylonians at any time regarded zero as a
number by 1tself which could enter into operations with other
numbers,

In addition to Lal for minus, the Babylonians used the

followlng translated ldeograms in writing numbersy Igl-Gal,

8 E'..' _22. g_j_-_gc. Poe 15.

? Cajori, A History of Mathematical Notations,
92. clt.. Ps Te

10 Cajori, A History of Elementary Mathematlcs,
op. oit., p. 10.




denominator or division; Igi-Dua, division; and A-Du and
Ara, timeu.ll
The following figures represent Babylonlan numerals

and their modern Hindue-Arable equivalents:

1 2 3 l 5
YY YYY Y;Y v'vyv

6 7 8 b J 10

A
Y YY YYY

2.5. Egyptlan, Four forms of characters, the
hieroglyphic, hieratic, demotlec, and coptio, and various
bases, flve, ten, twelve, twenty, and sixty, were used in
Egyptian numeral syntemu.la Hieroglyphics, the oldest
numerals, date back to about 3300 B.C. and were chiseled on
monuments of stone, wood, or metal, The hieroglyphlic chare
acters were written both from right to left and from left to
right.l3 Earlier hieroglyphlcs were often written from the

11 Cajori, A History of Mathematical Notations,
op. cit., pe 11,

12 1p14.

13 pavid Smith, History of Mathematlcs (Boston: Ginn
and Company, 1925), II, p. E§
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top down.lh When the reed-pen came into use,; more rounded
forms known as hileratic numerals evolved and were used in
many important anclent Egyptian mathematical documents write
ten on papyrus. Hieratlec writing usually proceeded from
right to left,-with occasgsional early numerals running from
the top down.ls A more abbreviated form of cursive writing,
the demotic, evolved about the elighth century B.C., and was
used to the beginning of the Christian Era.l® After the
demotiec forme came into general use, the hleratlc was
reserved for religious purpoaes.17 The Egyptian Coptilc
numerals, derived from the demotle and Greek writing, were
used by Christians in Egypt after the third century B.,C,, and

were later adopted by the Mohammedans after their conquest of

Egypt.la

The Egyptilans used the principles of addition and
multiplication in writing numbers, The oldest prineciple, the
additive, was applied by placing not more than four symbols

of the same kind in one group. In case of two umnequal

4 Ibid., p. bb.
15 Ibida, Pe h?n

16 Cajorl, A History of Mathematicel Notations,
loe. cit,

17 smith, loc. eit.

18 Cajori, A History of Mathematical Notations,
L Glt., Po 17.

I8
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groupe, the larger appesred before or above the gmaller; for
example, seven was written Iﬁ” .19 In the maultiplicative
prineiple, which came into use about 2000 to 1600 B.C., a
numeral representing a smaller unit written dbefore the
numeral of a larger unit designated multiplicetion of the
larger by the lmaller.zo

Following are hieroglyphle symbels and thelr moderm

Hindu-Arable equivalents:

1 10 100 1000
1 a) ¢ zﬁ
10,000 100,000 1,000,000 10,000, 000

) = P O

Due to the fact that numbers were written elther from right
to left or from left to right, a numeral often faced differ-
ent directions than shown above.®l Further, the numerals
for one and ten sometlmes occurred in a horizontal position,
The hieroglyphic symbols were taken from common
objects which iIn some way suggested the idea to be conveyed.

For instance, the symbol for one represented a vertical

19 1pi14., p. 13.

20 ry14., p. k.

21 Smith, op. cit., p. L46.
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staff; for one hundred, a tadpole; for one thoussmnd, a lotus

plant; for tem thousand, a pointing finger; for one hundred

thousand, a burboet bird; and for one million, & man in astone

ishment, or according to some authors, a picture of the

cosmic deity Hh.22 In older hieroglyphs, lotus plants wers

grouped as if grown on one bush,

For example, two thousand

was designated as :ﬁ.’ seven thousand as SKLe « Later,

this changed to simply placing lotus plants together without

the appearance of springing from one and the same bulh.23

The following is a comparison of hieratic signs to

moderm Hindu-Arabic nuumraln:a"l

w
&

2
) y owow
8 9 10 20
= G A A

80 90
i

), =

60 70
B

5 ) 7

1 . —z
30 Lo 50

A — £\
100 200 1000

—

Since there are more hieratic symbols than hieroglyphie, num-

bers could be written more conclsely with hieratlec numerals,

22 Cajori, A History of Mathematical Notatlions,

22! c_i.t‘.'s Pa 12.
23 Ibid., p« 1lh.

-~

24 Ibld., p. 12.
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Next, demotic numerals are compared to current

Hindu-Arabic equivalentl.25

1 2 3 lt 5 6 7

| Yy v v ] 7 8’
8 9 10 20 30 L0 50
2 { A 5 A & LY
60 70 80 90 100 200 1000
¥ Y 2 g 2 S \

Finally, coptic numerals are compared to current

Hindu=Arablec numernls.a6
1 2 3 L 5 6 7
3 G -~ 2 £ o EA
8 9 10 20 30 ) 50
M (] =3 [% = o 3
60 70 80 90
2 2 m 9
25 1bia.

26 1pid., p. 17.
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2.6, Phoenician. Phoeniclan inscriptions date back

several centurlies before Christ. The Phoeniclans used the
respective number of vertical strokes to represent the nume
bers one through nine and a horizontal bar to represent ten,
The juxtapositlion of a horizontal bar farthest to the right
plus the required number of vertical strokes represented the
numbers eleven through nineteen, Twenty was represented in
various ways, including A , /4 , or slmply by two horizontal
or ineclined parallel strokes; one hundred was designated by
1<l or | 2] 27
These are examples of Phoenician numerals and thelir

current Hindu-Arable equivalents:

1 2 3 L 5 6 T

! N n Hi 1 L it
8 9 10 11 12 13 1}
1y gl — - - - 1n—
15 16 - 17 18 19 20 100

- il — i — i — Ji— A |

Somewhat similar to Phoenieian numerals were those

found in Palmyra. One variation below one hundred is the use

27 1bid., p. 18,
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of ¥ for five; new numeral forms started with one hundred.
One vertical stroke placed to the right of the symbol for ten
signified multiplication of ten by ten for one hundred; two
vertical strokes indicated two hundredj; three, three hundred;
and so on.28 The preceding numerals for one, two, and three
hundred would appear as-) , -\ , and -/l , respectively.

Syrian numerals of the sixth and seventh centurles
A.,D., were related to Phoeniclan numerals., The twenty-two
letters of the Syrlian alphabet represented the numbers one
through nine, ten through ninety, and the hundreds one
through four. Five hundred through nine hundred was indi=-
cated elther by juxtaposition; 500 = LOO + 100, 600 = L0O
+ 200, see, 900 = OO + LOO 4+ 100, or by placing a dot over
the letters for fifty through ninety. Thousands, ten thou-
sands and mlillions were indicated by modifying the letters
for units and tens, A stroke annexed as a subscript on the
letters for units signified thousands, two strokes annexed in
the seame manner signified millions., A small dash below the

letter for units and tens expressed ten thousandl.29

28 1p14.
29 Ivbid., p. 19.
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Syrien numerals are compared to current Hindu-Arable

counterparts in the following tables 30

1 2 3 4 5 6 7
| P P Py — e

8 9 10 1l 12 15 18
PR P 7 ] 5 P

20 30 100

O Jo

2.7. Hebrew, The earllest use of an entire alphabet
for representing numhers has been attributed to the Hebrews,
Three forms of characters, the Samaritan, Hebrew, and
Rabbinic or cursive, and the decimal scale designated Hebrew
numbers up to four hundred.3l The hundreds from five hun-
dred through eight hundred were at first represented by
Juxtaposition of the sign for four hundred and a second sign
for one hundred through three hundred., Later, end forms of
the five Hebrew lettera representing twenty, forty, fifty,
eighty, and ninety were used to represent five hundred
through nine hundred., Two dots placed over eéach letter

increased its value a thousand fold and, thus, numbers up to

W W
O
i L
o o
e
o o
- L]

|
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a million were representad.32 In addition, the beginning of
an imperfect applicatlion of place value appears in Hebrew
notation. As were most 0ld notations, Hebrew numerals were
written from right to left, with the numerel of highest wvalue
written on the right., If, however, any symbol of units was
placed to the right of a symbol for tens, 1t meant thousands,
and a similar interpretation held for other signs, Thus, in
certaln cases, numbers could be written without the use of
dots.

The following represent Hebrew numerals and current

Hindu~Arabic oquivalontls33

1 2 3 L 5 6 7
N D 3 "1 T y

8 9 10 20 30 Lo 50

19 3 7 5 T b

60 70 80 90 100 200 300

(o y £ X P o bAS

1,00 500 600 700 800 900 1000

I - T B T
32 1pia.

33 Sm1tb. OP». 2_;_‘_;_'. Pe 53.



18

2.8, Greek. Herodianic signs, named after a Byzantine
grammarian of 200 A.D. who described them, were the oldest
strictly Greek numerals, Generally called Attliec numerels,
also called the acrophonic lyltem,3h these initial letters of
numeral adjectives were used as early as 600 B,C, and
included the following symbolas, as compared to current
Hindu-Arablie forms: 35

1 5 10 100 1,000 10,000
! r A H X ™M

Combinations of the symbol for five with the symbols for ten,
one hundred, and one thousand represented fifty, five hun-
dred, and five thousand, From about 70 to 350 B.C,, this
system competed with a system based on alphabetic numerals,
the Ionic. The Greeks finally adopted the latter, which used
the twenty-four letters of the Greek alphabet plus three
antique letters to represent numbers below one thousand, Of
the twenty-seven letters, the first nine represented the
first nine numbers; the second nine represented multiples of
ten; and the third nine represented multiples of one hundred.

Further, the first nine letters written with a stroke

34 1bid., p. L9.

35 mid ry
¢«p Po 509 ctf, Cﬂ.jorl A Hlato 9.£
Mathematical ﬂo;ntiqg;, op. eit., pe 22,
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indicated multiples of one thousand, Greeks often placed a
mark (/ or ') by or a bar over each letter to show that it
stood for a number.36 In the Middle Ages, a numeral was
occasionally written as 1f lying on its side,37
Early Greek Ionic numerals are compared te present-day

Hindu-Arabic numerals in the following tablo.38

1 2 3 4 5 6 1 8 9
r A E ¥ Z H 6

10 20 30 Lo 50 60 70 80 90
I K A M N = 0 n 9

100 200 300 L4OO 500 600 700 80O 900
P £ T Y & X + A

The capital letters were first used for numerals, with
the small letters being substituted muech later. The follow=-
ing comparison with modern Hindu-Arabic numerals will

1llustrate the system with the small 1etterl.39

36 gmith end Ginsburg, op. elt., p. 12, Smith,
Op« elt., po. 52- g

37 smith, loc. elt.
38 smith and Glﬁsburg, loc. cit,

39 Eves ry
op. eit., pe 1. O©OFf. Cajori, A History of
Mathematical Notations, ég. eit., p« 25. ’




10 20 30 ko 50 60 70 80 90

100 200 300 LOoO 500 600 700 800 900

A numeral system based on the additive principle

20

developed on the island of Crete as early as 1500 B.C, under

Egyptian influence, The comparison of symbols with current

Hindu-Arabiec numerals 1a as folloul:ho

1 5 10 100 1000
/ Iitf : N O
or or or or
) M) - o
or or
1] O

Lo Cajori, A History of Mathematical Notations,
op eit., pe 21,
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2.9, Gothie. Another set of alphabetic numerals, for
the most part of Greek origin, were used by the Goths, Thelr

comparison to current Hindue-Arabic numerals rollowl.hl

1 2 3 h 5 6 7 8 9
A ¥ r A ¢ u z h ¢

10 20 30 140 50 60 70 80 90
I K A M N G N \ 4

100 200 300 LOO S00 600 700 800 900
K s T Y F X 0 2 7

2,10, Roman., The origin of the Roman numeral system
is somewhat uncertain, The Etruscans, who ruled Rome until
500 B,C.,, used numerals which resembled their alphabet and
the numerals used later by the Romans, but the Romans never
used successlve letters of thelr alphabet as numerals, 2 The

well-known symbols are included im the following comparison,

Modern Hindu-Arabie 1 10 50 100
Roman I X L c

Roman numerals generally represented numbers by means of the

41 smith and Ginsburg, op. elt., p. 18,

42 cajori, A History of Mathematical Notations,
°op. cit-, Pe 30. .
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additive principle, The rule "that a smaller numeral placed
to the left of a larger shall be subtracted from the latter"
was rarely used by the old Romnns.h3 A few cases of IX
appear in the mlddle of the fifteenth century; it was an even
later date before the subtraption prineiple was commonly
used, As the Romans had relatively little need for writing
large numbers, they developed no general system of numerals
for them.hh For one thousand, the Romans had various syme
belst M , ~ , end C{) ., The symbol C|J (a one enclosed in
apostrophos), dating to perhaps 500 A,D,, was not widely used

before the Middle Ages., The number of apostrophos and proper

placement was sometimes used to represent other numbers.
Roman numerals for large numbers were often written as in the

table which followssi>

Hindu=Arabice 500 5,000 10,000 50,000 100,000
Roman 1 132 (BN 132) CCcian)

R A

N
>
®® & «

b3 1bi4., p. 31.
hh Smith, ©Obs ﬂ&_o’ De 60.

45 Ibga. c©f. Cajori, A History of Mathematical
Notations, op. eit., p. 32.
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Sometimes the preceding forms were repsated the proper number
of times to represent larger numberu.l‘6 The thousand-fold
value of a number was indicated in some instances by a hori-
gontal line placed above it, Lines pleced on the top and
sides indlcated bundred thousands,l!? Confusion frequently
resulted from this practice, as Romans commonly placed a bar
over a number to distingulsh 1t from a word U8

The Roman numerals held a commanding place long after

HindueArable numerals became generally known. A Florence
banking house used Roman numerals in writing small sums of

money in account books as late as the fourteenth contury.h9

2,11, Asgtec. An 1llustration of North American
Indian numerals is given by the Azteec system, The Aztec
Indians, with a system based on twenty, used the dot to mark
units up to ten, which was represented by a lozenge, A flag
represented twenty and was repeated up to five times in
numerals, Parts of a feather represented the numbers one

hundred, two hundred, three hundred, and four hundred, with

46 smith, loec. eit.

47 cajori, A History of Mathematical Notationms,
Op« aito. Pe 32.

48 smith, loc. eit.

49 Cajori, A History of Mathematical Notations,
op. eit., pe 3L,




2l
one quarter of the feather barbs equivalent to one hundred,
half to two hundred, three-fourths teo three hundred, and all
to four hundred. A purse represented eight thousand., A
chart of the symbols, as compared to present-day Hindu-Arabiec

numerals, follows.so

1 20 20 100 200
' O P S E
300 400 8000

; T

The additive principle and the juxtaposition of symbols
enabled Aztecs to represent other numbers, As was common
among North American Indian tribes, the Aztecs had no asymbol

for sero, not did they use the principle of place value.51

2,12, Maya. The Maye of Central America and Southern
Mexico differed from other American Indian tribes in thelr
use of a remarkable number system and chronology, apparently
from about the beginning of the Christian Era, Their numeral

syestem disclosed a symbol for zero five or six centuries

50 1bid., p. L1,
51 Ibid.
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"before the Hindus developed thelr zaro.sz In addition, Maya
numerals showed application of the principle of place value.

The system was, with the exception of one step,
vigesimal, Twenty units, kins, made one uinel (20 days);
eighteen uinals made one tum (360 days); twenty tuns made one
Katun (7200 deys); twenty Katuns made ome gyele (1L},000
days); eand finally, twenty cycles made up one great cycle
(2,880,000 dayl).53 One explanatiom for the discrepancy in
the tun 1s the fact that the offieclal Maya year consisted of
360 dlya.su

A symbol resembling a halfe-closed eye GEB.SS or
ad .56 represented gzero, and the numbers one through nine-
teen were expressed by dots (ome unit) end bars (five units).
Large numbers were written vertlcally, beginning with the

lowest order in the lowest position.

52 plorien Cajori, A History of Mathematics (New York:
The Macmlllan Company, 1593). Pe 53.

53 1bid. Cf, Cajori, A History of Mathematical
Notatlcn.' Oop. oit.’ Pas h3o

5,4 Eves, op. .c_j_-_to. Pe 15.
55 1bia,
56 smith, ep. eit., p. Lk.
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The following is a comparison of Maya numerals and thelr

current HindueArablc eounterpartl.57

11 12 13 1 15 16

IF =

I

18 19 20

2,13. Chinese and Jepenese. The oldest represent-
atives of Chinese numbers were knots tled in strings, 0Odd
numbers were designated by white kmots, even numbers by black
knots, Three other systems, Old Chinese numerals, mercantile
numerals, and sclentific numerals were also used by the
Chinese in writing numbers, Ageln, as in Roman numerals, the
origin of each system is uncertain,

Vertical and horizontal rods made up the Chinese
scientific numerals, The numbers one through nine were
represented as in the following comparison with modemn

Hindu-Arabic numerals:

1 2 3 b 5 6 7 8 9
/ ] i n Hii T m il N

-~

57 Eves, op. ecit., p. 16.
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Using the same comparison, the following 1llustrates the
numbers tem through ninety:

10 20 30

£
o

50 60 70 80 90

= L A L =

Il

Hundreds were represented in the same manner as the units,
thougands the same as tens, and so on., It 1s obvious that a
system of place value was necessary.se A circle, O , was
used for zero in the Sung Dynasty (950-1280) and later.>?
The traditional Chinese-Japanese numeral system was a
maltiplicative system written vertically. The base, ten, had
symbols for ten, one hundred, and one thousand, in addition
to the symbols for one through nine, They are now compared

to the current Hindu-Arabie numorala.6°

1 2 3 i 5 6
_ - = &9 1; 7

8 9 10 100 1000
t n h 7 ) E

58 :
Ibid., p. 24, Cf, Cajori, A History of
Mathematical Notations, op. eites pe Lls

59 EVGS’ 22. eit.' p. 2]4. Gf. Smith’ -°£; cit.. p. hz.

60 Eves, op. e¢lt., p. 13.
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To indicate the number of tens, hundreds, or thousands in
large numbers, the numerals for units were followed by the
numeral for ten, a hundred, or a thousand. For instance,
7653 would be written (top to bottom) t7kbb+= .
Another numeral aystem used by Chinese merchants wrote

the numbers one through ten as follown.él

e L4

-\ il £9) Teule® WA fiind. X

In addition, a clrcle was used for zero. There were also
special symbols for one hundred, one thousand, and ten
thousand, These were O , 7 , and % , respectively,52
Knowledge of the anclent forms from which these numerals came
is limited; however, variations used by Ch'in Kiu-shao (1247)
of & for five and X or X for nine are lnown,®3

Japanese cursive numerals, qulte similar to Chinese
numerals, are as follows in the comparison to thelr modern

Hindu-Arable counterpartu:6h

61 Smith, op. eit., p. 4O.

62 Cajori, A History of Mathematical Notations,
_0_2. [v] tt' Pe hsa

63 smith, loc. cit.

6l Cajori, A History of Mathematical Notations,
loc. cit.
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1 2 3 L 5 6

— ==, = > D &

7 8 9 10 100 1000
t A h 1 0 P

2,1, Early Hindu. Early numerels of Indla were not
uniform, usually varying to meet lingulstic conditions in
different areas, The earliest known forms appeared in the
inseriptions of King Asoka iIn the third century 8.0.65
Inseriptions at Nana Shat and Nasik were later interpreted
by some authorities es numerals, but this was not universally
accepted, Variants of the Hindu forms preceding the

invention of zero seem to be aeg In the following tables=66

Date 1 2 3
250 B.C. ! "

n

6 7 8 9
A

£ ) g

1X

150 B'C‘ =

lst cent, { I

=
x
><

100 =

150 =
200 -
300-450 - _
600 \ =

it

1
I
i I
SeoN A XX H - &
n
<o \0.\‘_ T -~

oN S N
20 N T Pl

Hl
EVE

65 Smith, op. eit., p. 65. 66 1b1d., p. 67,
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Date 10 20 30 ko 50 60 70 B0 90
250 B.C, C

150 B.C. « o 4 78]

lst cent. 7 ) %) 33

100 «< © z

150 = o6 Z G X o D
200 1A vibelerx 7 J 3 @© @
300450 « o v F J o R
600 « 0 w Yy » S F o K

The various forms of the numerals used in India after

the zero appeared may be judged from the following tlb10.67

Date 1 2 3 4 5 6 17 8 9

595-798 -~ ke F o & 3

8theemt. -~ 3 3 @« 4 X A 1 &)
BoL~B15 ) &l L 1

917 ¥y r F v
972 2y I 2 X
1050 ) Yy o ¥ o £ a h 9
lltheemt, ~ ) 3 ¥ n» 9 2 71~

67 Ibid., p. 70.
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2,15, Early Arabiec. As early as the sixth century of

our era, the Arabs used the letters of the early Arable
alphabet as numerals, However, after the time of Mohammed,
Moslem armies came in contact with Greek culture and acquired
the Greek numerals., Arabic alphabetic numerals used before
the introduction of Hindu-Arablc numerals are compared to
thelr modern Hindu-Arablc equivalents in the following
tab10.68 _

1 2 3 l 5 6 7 8 9

v g o ¥ s c b

i 20 30 4o 50 60 70 80 90
S | J ¢ O v £ o ue
100 200 300 L40OO 500 600 TOO 800 900
S Y U T G W 4 S ue b
1000 2000 3000 LOOO 5000 6000 7000 8000 9000

P "R o G L B S SN S T~ &

10000 20000 30000 40000 50000 60000 70000 80000 90000
cz t'f 't_) é;.) ZJ é.o.u é_c é.') C,w

68 cajori, A History of Mathematical Notations,
op. elt., p. 29. I
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Arablc numerals used beginning one thousand years ago
and eontinuing to the present time represent the numbers one

through ten and zero, respectively, as followl:69

v M {~ o 1 VA 1 .

The zerc, as one would observe, 1s merely a dot, and the five

is quite like the Hindue~Arabiec zero,
HINDU-ARABIC NUMERALS

The time and place of the origin of Hindu-Arabiec
numerals 1is still an unsettled gquestion, Various theories
confront historians, and several investigators, working
independently of one another, have at one time or another
denied the Hindu origin,

A8 was previously shown, early numerals of India took
various forms, The early Hindu mathematiclans, Arybhata
(476 A.D.) end Brahmagupta (598 A.D.) do not give the infore
mation deemed necessary to trace the HindueArable numerals to
Indla, Aryabhata's Arysbhallya used en alphabetical numeral
system, and the manuseript of Brahmagupta, Pulverlzer, which
used our notation and a sero, belonged to a late century and,
acocording to some authorities, cannot be accepted as evidence

that he himself used the prineiple of place value and zero in

69 smith end Ginsburg, op. cit., p. 21,
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a declmal nystem.7° However, Brahmagupta gave rules for
computing with gero and thus indicated the use of some kind
of numerals with zere.71 Further, Brahmagupta discussed
divieion of zero by zero, but the use of a dooi-hl system was
not in evidence. Purther doubt of Hindu origin is caused by
the faet that the Bebylonians had, at an earlier date, used
the prineiple of place value in their own numeral system well
ahead of the Hindu use of the loro.72 Another way in which
historians sought to prove the Hindu origin of our numerals
was to comnect them with the Sanskrit letters of the second
century A,D, However, careful comparison of forms indlcated
that the resemblance was no closer than to many other alphae
bets, Most of the arguments presented to deny the Hindu
origin of our numerals were inconclusive and the hypothesis
of the Hindu eorigin is commonly accepted, Many authors do,
however, feel that place value was not recognized in India
from the beginning end, therefore, perfected Hindu-Arabic
notation was the result of gradual evolution,’3

The earliest«known valid reference to Hindu numerals

outside of India is the one due to Bishop Severus Sebokht of

70 cajori, A History of Mathematical Notations,
22. g‘i_-s_.. P. h?c

71 Ivid., pe L4B.
72 1b1d., p. 47,
73 Ibldu. Ps Sho
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Nisibis, who, living in the convent of Kenneshre on the
Euphrates, refers to them in a fragment of a manuseript of
the year 662 A.D.7H  sebokht refers to the Hindus, "their
valueble methods of caleulation, and theilr computing that
surpasses description, I wish only to say that this
computation is dome by means of nine nignl.'TS

Since almost no commereial records have been preserved
from the so«called Dark Ages of Europe, and since the number
of scientifiec works that have been passed doﬁn to the present
time iz also limited, the date when the Hindu-Arablec numerals
first came to the west 1is unoortain.76 However, Hindu-Arabie
numerals were generally known in Europe as early as the year
1000 A.D.77 Despite this fact, their use was forbidden in
commercial documents and in some Eurcopean banks as late a»
1300 A,D,, the reason being that authorities felt Hindu-
Arabliec numerals were more easily falsified or forged than
Roman numerals currently used at that time,78 Hindu=-Arabic
numerals made thelr mcst rapld progress in Eurecpe with the
beginning of printing of beekl.79

7 Ibid., p. 48, .
75 Ibid. Of. Smith, op. elt., ps 65.
76 Smith, op. eit., p. 73.

77 smith and Ginsburg, op. elt., p. 17.
78 Ibid.

79 Ibid,
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2,16, Early numeral variations. After the Hindu-
Arabic notation was accepted, numerels varied considerably in
form, G. P, Hill, of the British Museum,50 has devoted a
book of 125 pages to early European forms of the Hindu-Arabic
numerals, Some of the more common variations are now noted,

Zero perhaps took on the most distinet variations of
form, The Hindus first used a dot for zero. Twelfthecentury
numerals for sero ineluded 7/ , © , ¢ , and © Bl anithe
metic manusecripts of the fifteenth century in England
represented the sero by a circle crossed by a vertical stroke
and resembling the Greek pbi,82 while the Prench mathemati-
clen Michael Rolle (1652-1719) habitually used & for
zero,83

However, sero was not the only numeral to vary. In
earlier centurlies, an upright seven was a rarity, and a five
was written in almost any mnner.ab The numerals for one,
six, eight, and nine varied the least among medieval Arabs
and Christiens, while the three and the five were originally

80 cajori, A History of Mathematical Notations,
22. Qit-. Pe hSO

81 Ibid., p. 51,
82 mi4., p. 52.
83 Ibid., p. 51.
8 114,
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reversed among both the Christians and the Arabs of the
Occidont.85 The numerals for five, six, seven, and eight
differed distinetly, depending on whether the writer was an
Arab of the Orient or of the Occldent.36 Not until the
fifteenth century were the numerals for four and five changed
to thelr present forms,87 an interesting variation was the
use of 1 for one in the first printed arithmetlc, the
Treviso, printed in 1h78.88 This particular variation was
probably due to the fact that there was no type for one,

The oldest known example of the Hindu-Arablic numerals
in any Buropean manuscript was written in Spain in the year

976 A.D.89 The numerals appear as follows:
9 Jeisianja gl a0 ig o f

The following table shows the changes in our numerals
from the time of thelr first use in Europe to the beginning
of printing.?°

85 Ibigu. Pe 53.
86 1p1a,
87 Sm.‘lth, Ope. P_’ﬁ_o' Pe 17«

a8 Cajori, A History of Mathematical Notations,
loec. cit. '

8? Smith and Gilnsburg, op. cit., p. 22,
90 1big,
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Date Bicr Koo vl tadfose e B o 0

theentury 1 P F+F £ & ¢ 7> 9 9 o
? y

1197 A.D. o r Ly ¢ 7 3 1 o
S r | 1

1275 A.D. Y r ) X 9 ¢ A 9 2 7

el294 . 1 2 3 F 7 ¢ 4 & 9 o

¢ 1303 A.D. 11 } 2 Y 6 A 8 9 o

7 3 7 # r'e
¢ 1360 A.D. L2 2 R 4 G 1§ 9 0
e 1442 A.D. /2 2 A AV A 3 9 o

2,17. Variations in methods of writing numerals. In
addition to numeral form changes, the method of writing
numerals varied, In some Instances, a dot appeared before
and after each numeral, as ,3. Numerals having several
digits were written in various ways, In the fourteenth cene
tury, the current year, 1384, was written by one author as
1000, 300, 80, 43 5782 appeared from another writer as
8, 7. 8. 2,91 s late as the 1900's, numerals varied in
terms of reletive size, Some numerical tnbl?n gave all
numerals as the same helght, while in others the seven and

the nine were prolonged downward, the three, four, five, six,

91 gmith, loec. elt.



38
and eight extended upward, and the one and two extended
neither above nor below the central body of the writing.

2,18, Numeral Origin Hypotheses. Many authors
concerned thelr work with the origin of the numeral forms,
not by who rirlf used them, but by how they were first writ-
ten, making the teelt assumption that each numeral contained
as many particular characteristicse as it represented units,
Despite the fact that their hypotheses have given ne valid
conclusions, since the authors did not explain the great
variety of numeral forms and only endeavored to explain mod-
ern European numerals, a few of the theories were interesting
to mathematiciaens. The oldest numeral theory was given by
Aben Ragel, an Arabic astrologer of the tenth or eleventh
century. He hypothesiged that a circle and two of 1ts
dlameters contained the required forms, The hypothesis of
origin from dots was the earliest on the European Continent,
These dots whilch originelly formed the numerals, according to
the theory, became dashes in cursive writing, eand finally
were Jolned by slanting lines, These authors did not believe
that they were indulging in fanciful pastimes and were gener-
ally convinced of the correctness of their explanations.
However, they di1d not co-ordinate known facts, nor dié they
suggest new inquiries likely to advance knowledge of the

origin of numeral forms,
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2,19, Mathods of writing numerals for large numbers.
The rarity of large numbers is a striking feature of ancient

arithmetic., A few exceptions include the Hindu tradltion of
Buddha's skill with numbers, records on certaln Babylonian
tablets, and Archimedes' Sand Reckoner.?2 The people, and

even most substantlal mathematiclans, ordinarily had little
need for or interest in very large numbers., However, as they
came into common use in later centuries, it was desirable to
have some symbol separating diglts into groups when writing
the numerals of large numbers, The most frequently-occurring
signs of separation through the ages have been dots, vertical
bars, arcs, colons, and commas, The groups have been called
various names, including periods, reglons, and ternaries,?3
While most authors grouped by threes, a few instances were
found of groupling by sixes with vertical bnrs.9h

In Liber algorismi, a manuseript of 1200 A,D., dots
mark periods of three. In his Liber Abbaci (1202), Leonardo

of Piga, also known as Flbonacel, direects thet the hundreds,
hundred thousands, hundred millions, and so on, be marked
with en accent above and the thousends, millions, thousands

of millions, and so on, with an aceent below,?>

92 Smith, op. cit., p. B0,
93 1v14, 9% 1b14.

95 Cajorl, A History of Mathematlcal Notationa,
op, eit., pe 58,
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The following are other methods of grouping digihn:96

Author Date Notation

Fibonaecel 1228 é;a 653 §EL isg 296
Sacrobasco 1256 9i23&56789

Pellos 192 7.538.275.136
Pacioli 1494 9 659 k21 635 89l 676
Reisch 1503 [1454943.6.2.9.0.2,2
Reisch 1503 5593629025
Peurbach 1505 379052861}

Riese 1535 86-7-89-3-25-178
Frisius 1540 2l 456 345 678
Riese 154) 88786325178

Stifel 15hk 2329089562800
Tonstall 154Y 3210987654321
Cressfeldt 1557 §§ 7 L9 3 62 5 3}

96 Ibida' PP+ 58"590 Cf. Smith, Op. 2&-. Pe 87'
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Barozszi

Senta~Crus

Blundevilli

Oughtred

Schott

Rudolff

Greenwood

Greenwood

Barreme

Earsten

deSegner

Blasslere

Dilworth

Pilke

Hutton

Begzout

Date

1585
1594
1636
1652
1661
1670
1729
1729
1732
1760
1767
1769
1784
1788
1795

1797

Notation
2578391062751231,689);352
23.,1,56,267.810,000.308.321
51936649

31876 53 1220 13 1305 (579 15
76971383290895621,36
23105639567

1,231,567

1.234.567

25);,567.80L 652

872"094,826 152,870 36,008
5132918701 325 7431297 1174
6817651132 11891716 7891132
789 789 789
3563809,373120, 1061129, 763
281,427,307

23,456,789,23L,565,456

41
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A perhsps amasing observation is that although it 1is
nearly a thousand years since the appearance of the Hindue
Arablec numerals, we have not even yet declded on a universal
method for writing large numbers.



CHEAPTER III
NUMERALS FOR FRACTIONS

Natural numbers apparently served the purposes of the
world until about the beginning of the historie porlod.l
Then, when man discovered that everything could not be
represented in terms of whole numbers, he sought ways of
conveying the 1ldea of parts of the whole objeect, Just as
numerals for integers varied, so did fractional numerals
vary, from country to country, writer to writer, and even
from manuseript to manuscript by the same author, This use
of fractions goes back to the very early mathematical

records.,
OLD NUMERALS FOR FRACTIONS

3.1, Babylonlan. Sexagesimal fractlons are usually
aceredited to the Babyloniens, However, supporting evidence
1s not so great as in other systems, since early Babylonlans,
having little access to suitable stome and no papyrus,
resorted to cley as a principal writing medlum, Cuneiform
tablets dating from 200 B.C, seem to reveal operatlions with

sexagesimal fractlions which some historians feel resemble

1 smith, op. eit., p. 208,
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operations with decimal fractions, thoria advances a clay
tablet deseribed by A. Ungnad imn support of Babylonian use of
sexagesimal fractions, In it the diagonal of a rectangle
with sldes ten and forty units 1s computed by approximations,
Cajorl states, "These computations are difficult to explain,
except on the assumption that they involve sexagesimal
fractions."> Except in very simple cases, the idea of a
fraction with numerator greater than unity probably arose in
Babylon.h The cunelform records which seem to show sexa-
gesimal and unit fractions also include symbols for 2/3,
2/18, 4/18, 5/6, and other cases of a-like degree of
difficulty.5 However, an elaborate treatment of the subject

is not given,

3.,2. Egyptian., Anclent Egyptlans favored unit
fractions, 1/n, based on the nth part of the whole, In
hieroglyphic writing, the symbol O over an integer indicated
a unit fraction with the integer as the denominator. The
fractions one-half and two-thirds were exceptions to this

mode of writing, as they were used frequently, The

= Cajorl, A History of Mathematical Notationms,
Ope 011:.. De 10.

3 Inia.
4 smith, op, eit., p. 213,
5 1bia,



45
hieroglyphs [E= and [ represented one-half at different
times; 15’ was a more common of the varying hleroglyphle
forms for twc-thirdn.6 The firat important treatment of
fractions as such wes found in the Rhind Papyrus (e¢. 1550
B.C.).7 Hieretle writing, as exemplified by Ahmes in the
Rhind Papyrus, employed the same hieroglyphic prineiple for
writing fractions, with a dot replacing the symbol <O .
Ahmes' numerals devieted somewhat from other hieratic writing
eand he added a few symbols of his own, This deviation was
common, He used special numerals for one-third and one-
fourth, in aeddition to the 7 and - for one~half and two-
thirds, rospectively.e An aeccepted hleratic symbol for one=
fourth was the X , Cajori felt it might have signified a
part obtainable from two sections of a body through the
eenter.9 The following i1s e table of some Egyptian

symbollsm for simple fractions,l0

6 Gajori, A History of Mathematleal Notations,
9_2- Qltog Pe lhn

7 Smith. Ops Qit-. Pe 211‘.
8

103. cit.
? Inid., p. 13.
10 1pi4.

Cajori, A History of Mathematical Notations,
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Hieroglyphiec Hieratlc Demotle
Barly Middle Late Early Late

/2 D 3 =\ 2 a 3
/3 9P = = 2 i
2/3 < y X J
vy o = = X X b
YR w5 % 77/
1/6 ™= o = %, 2
5/6 [ " 31 ")

The Rhind Papyrus contained extensive tables of unit
fractions, For example, 2/h3 was expressed as
1/42 + 1/86 + 1/229 + 1/301
Why 1/43 + 1/43 was not used is unknown. Further, a table of
sums of unit fractions extended to 1/101 + 1/101,

343+ Greek. By using submultiples, the Greeke
avolded the difficulty of computing with fractions for a
period of time, 11 However, as the need for a fraction syme-
bolism became more apparent, they, too, developed a system

to serve their purpose., Greek writers considered fractions

11 smith, loe. cit.
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as the ratio of two numbers, Anclent Greek Attlic numerals
contained the signs [, (U , 7 , and X for the fractions
1/6, 1/12, 1/2L, and 1/)48.12 While late Greek writers often
expressed fractional values in words, they would also denote
a fraction by first writing the numerator marked with an
accent, then the denominator marked with two accents, and
written twice, For example, three~fourths might be written
vidndnm This, however, was not the only fractionel
notation, The sign ~ sometimes took the place of the
accent, Aristarchus wrote the word numeral for the numera-
tor of a fraction and the figure numeral for the denominator,
as in "ten 7lste".l3 Archimedes and Diophantus, among other
Greek writers, placed the denominateor in the position of the
modern ezponont.lh In some early manuscripts, Diophantus
placed the denominator above the numerator, as did Haron.l5
The one idea upon which Greek writers did seem to agree,
even as late as the Middle Ages, was their preference for
unit frections, Unit fraction numerals omitted the accent

for the numerator, indicated the denominator only once,

12 cajori, A History of Mathematical Notatioms,
op. elt., p. 22,

13 smith, op. eit., p. 2L,

4 Gejori, A History of Mathematical Notatlons,
oD, Eito. Pe 26-

15 smith, loe. elt.
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and generally marked the denominator by a double aceont.16
Other denominator markings included the single acecent, and
single sccent modifications in the form of A ana X 17
Again, as with the Egyptians, one~half had symbols of 1ts
o, h , Lo hsl sy Cos £, and § j twoethirds was
represented by a symbol similar to the small omogt.la Rather
than use a fraction other than a unit fraction, the Greeks,
like the Egyptians, expressed 1t as the sum of unit frac=
tions, A Greek papyrus from Egypt, supposedly intermedlate
between the Rhind and Akhmim glves a table for expressing
ordinary fractions as the sum of unit fractions,1? Here, no

distinetion is made between integers and the corresponding

unit fractions,

3.4, Roman, The most popular Roman method of
aveolding common fractions was the use of fractlonal sube-
maltiplea, To avold using five~twelfths of a unit of
measure, these anclents invented a unit one-twelfth as large

and usad five of theao.go

16 cajori, A History of Mathematical Notations,
OPs cit-. Ps 27

17 1bid., ps 7h.
18 1v14., p. 27. ©f. Smith, op. elit., p. 21k,

9 Cajorl, A History of Mathematlcal Notations,
OpP» °1tg' PP+ 27-28.

20 J. Houston Banks, Elements or Mathematicas (Boston:
Allyn snd Bacon, Inc., 195& ) Pe 153




L9
Historians know nothing definite regarding the time,
place, or manner of origin of Roman fractions, which were, to
a great extent, duodecimal, Each duodecimal subdivision had
a name and symbol, even though not all names and signs were
used to the same degree, One-half, for instance, ordinarily
appeared as S s but sometimes durlng the Middle Ages took a
form almost identical with one,2l

3.5. Chinese, The Chinese epparently mede use of
fractions of considerable difficulty at a very early date.22
These fractions were not stated in numerical symbols, but
given in words, The Chou-pel of 1105 B,C. or earlier states
problems involving such numbers as 2h7-%ﬁ% 23 aAs in 211
earlier civilizations, the unit fraction played an ilmportant

role in Chinese mathematics.
HINDU-ARABIC FRACTIONS

It is probable that the present method of writing
comnon fractions 1s due essentially to the Hindul.ah Hindu

wrlters usually wrote the denominator of the fraction beneath

2 Cajori, A History of Mathematical Notations,
op. eit,, p. 311.

22 8mith, op. eit., p. 215,
23 1bid.
24 114,
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the numerator, but without a separating line, An arithmetle
written on leaves of birehebark, the Bakshall M.8.,25 used o
notation similar to that of Brahmagupta and Bhaskara. In it,
& whole mnumber was indicated by placing the numeral for one
beneath the other integer numeral; for example, ? was three,
Other mumerala beneath one another indlicated fractions; 3 was
one-third, Three numerals under one another lndicated mixed
numbers; ; meant one plus one-third, or one and one-third,
However, a plus behind the lowest numeral indicated that the
frection was to be subtracted from the integer, Thervefore,
g* meant one minus one-third, or bwo-thirdl.26 The arithe
metic of al-Khowarismi was elaborated in a traet of Alnasavi
(1030 A.D.). Again, the fractlional part of a mixed number
appeared below the integral partj further, Alnasavi wrote a
zero when there was mo integral part, For example, one~

7 2
eleventh was writtem . , 7

3.6, The fractional line, The fractlional line or bar
was probably first used around the twelfth century, Greeks
or Romans never employed the fractional line in the menner

that 1t is currently used to indlcate a rrnction.za

25 gajorl, A History of Mathemstical Notations,
Ope ﬂiuy Pe TTe

26 1pig,
27 Ibid., p. 310.

28 Smith, op. elt., p. 217.
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During the Renalssance, when Arsbic and classical forms
mingled, Roman numerals occasionally appeared in cases such
as '%l% s @8 did the Greek numerals, but this was not a come
mon prtctlto¢29 There is confusion concerning the date of
Leonardo of Plsa, an Italian, but he is belleved to be of a
later periocd than the Arabie author, al-Hessar, who used the
fractional line in his writings. If this is the ocase, the
first sppearance of a fractional line is in al-Hassar's
direction, "Write the denominators below a line and over each
of them the parts belomging to 1t."3C He wrote "three-fifths
and a third of a £ifth" in this mamner —— .31 Leonardo of
Pisa, probably influenced by Arable authors, used the frage
tional line with regularity. He invariably wrote fractions
before the integers in mixed numbers, theoretically following
Arable seript, which proceeded from right to left,32 In his
Liber abbaci (1202) he wrote, ms translated by Cajord,3>

When above any number a line is drawn, and above that

is written any other number, the superior number stands

for the part or parts of the inferior number, The

inferior 1is called the denominator, the superior the
numerator,

29 114,
30 ;
e Gajort, A Alstors of Mathematisel Notstisns,
31 1vig.
32‘52_3_
3 mid.
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This is not to infer thet the fractional line was an accepted
symbol at that time, The fractional line was not used in a
twelfthecentury Murich manuseript, the thirteenthecentury
works of Jordanus Nemorarues, or the Bamberger arithmetic of
1l|83.3h The motatlon 3 5 stood for three-fifths and'E 7'for
four-sevenths in & fourteenth century manuscript.35 Further,
Germardus algorithmis demonstratus, edited by Sechones in 153)
represents fractions in the form ab (a numerator, b denom-
inator),36 Among the Interesting early fractlional forms were
those in Clacchi's Regole generali d'abbaco (Florence, 1675),
where every fractiom in the book was set up like -£- , for
2/3.37 The fractional 1ine came into general use during the
sixteenth century; however, omissions of 1t cccurred as late
as the seventeenth century.

When used, the fractional line did not necessarily
standardize frectional representation. A4 translation of Abu
Kamll contalned the fractional line, but the form would be
unfamiliar to many mathematiclens today., The continued
fraction 4;—%—-tood for 1/9 plus 1/81.38 The notations

34 Ibid., p. 310,

35 Ibia.

36 Ibid,

37 Smith, op. eit., p. 216.

38 Cajori, A History of Mathematical Notations,
Op. el sp P» 311.
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G end & represented one-eighteenth.,3? Leonardo of Plsa

represented 5/6) thusly: %}'ﬁ“ Lo

3.7. Speciael forms, As was common in earlier
mathematics, often-used fractions took on special forms,
One-half was represented as a line between two points, — ,
a small cross to the right of the number in the place of
today's exponent,’, or [/ 1in some fifteenth-century Arabic
numorall.hl In England, ~ stood for one~half, - for one=-
fourth, and < for three-fourths around the time of Recorde
(e, 1542).42 Sixteenth and seventeenth century English
archives gave one~half in the form -é:.h3 The symbol 2
represented one-half in the earlliest arithmetie printed in
America (Mexleco, 1623) and was found along with the form
in Arithmetica practica (170L) by the Spaniard Juan Perez
de Hbya.hh

3.8. The solidus. The fractional line, when finally

accepted, was objected to by printers as it required three
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terraces of type and the solidus, es in a/b, was introduced
as a typographleal improvement. In the Gagetas de Mexico
(178Y4), Manuel Valdes wrote fractions with a eurved linn,_f,
similar to the sign of integratlion, separating the numerator
and dononlnatar.hs Another arithmetic written in 18)3
featured the curved line in frnctionl.h6 While Deuorganh7
recommended the solidus in 1843 in an article published in

the Encyclopedia Metropolitana, he used aj;b In his subse-

quent works. Leibniz frequently used the colon,:, in writing
fractions; while some authors felt that 1lifting the pen

from the paper three times in the process of writing — was
too cumbersome, others used thls symbol for designating
traotionl.ha Along with the solidus, one author proposed
that the terms immediately preceding and following be welded
into one, with a period arresting the welding nction.h9
Following this system, which was adopted in England in 1915,

the expression a/be.d would mean T—d.

45 1v14., p. 313.
46 1via.
L7 Ibid,
48 114,

49 1p1a,

S o —
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DECIMAL FRACTIONS

Decimal notation 1s a comparatively recent development
in mathematics. It had been in use for thousands of years
before man realigsed that its usefulness and simplicity could
be increased by the adoption of the principle of ponition.so
It is difficult to say where decimal fractions were first
used systematically. One author gives the priority to the
Chinese, who used the decimal place value notation in the
fourteenth century B.,C., and decimal fractions in meterology
as early as the third century A.D.51 Contact with the Orient
may or may not have instigated decimal notation in Europe.

In any case, European computers began to use the Hindu-Arable
numeral system durlng the fifteenth and sixteenth centuries
with ever-increasing efficlency. The Nuremberg astronomer
and mathematiclan, Reglomontanus, used the decimal system for
computation of trigonometric tables, but these tables cone
tained no decimal fractions in the strict sense of the word,

Early notatlions which one might be tempted to look upon as

50 Cajorl, A History of Elementary Mathematies,
OP» cit., Pe 11,

51 p, J, Struik, "Simon Stevin and the Decimal
Fractions," The Mathematics Teacher, LII (October, 1959},

Pe ’47’-}0
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decimal notations appear in works whose author had no real
comprehension of decimal fractions end thelr 1mportanoo.52
One mathematiclan, Bartholomaeus Pitiscus, made extended use
of decimal fractions but falled to use the dot es the
separabtrix between units and tcnthl.53 Pellos (1492) used a
decimal point where others had used a bar, but he did not
develop the idea of a decimal rraction.5h Rudolff (1530)
worked intelligently with decimal fractions, using a vertical
stroke for a separatrix, but did not write upon the theory,
as he falled to apprecilate the lmportance and generality of
his procodure.ss The invention of decimal frectiona is
usually asceribed to Simon Stevin, a Belgien engineer end
mathematician, Stevin wrote upon decimal fractlon theory,
but used clumsy circle notation, The unit was deslignated by
zero, the tenth by a one, and so on., For inexperienced
people, the notatlon may have been advantageous, since it
allowed intermediate steps, as seen by 7©508 ® plus
4®705®,., This could be written first as 11@12(0130, then
1161303 0, and finally 120303 ®,. Zero as a placeholder

52 Cajori, A History of Mathematical Notations,
op. eit., p. 315. ’

53 1bid., p. 322.
Sll Sm:l.'bb., 22. _gilo. Pe 2b7v

55 Cajori, A History of Mathematical Notations,
loc, cit.
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was unnecessary, as 3P 806 meant .00308. Several writers
around 1600 tried to improve the symbolism, Biirgl used a
comma for the decimal point and Vieta used a vertical stroke
in addition to smaller numerals for the fractional part,
Both comprehended the nature and advantages of decimal frace
tions, Clavious, in his Astrolsbe published in 1593, used a
dot in the position of a decimal -opnratrix.56 John Napler
was another early mathematicien who used decimal notation,
In his Comstructio published in 1619 he says, "Whatever is
written after the period is a fraction,"5T The use of
decimal fractions by the afore-mentioned mathematlclans dia
not mean that notation and use became standardized, A table

follows of various seventeenth century declmal notatiana.sa

56 1pia,
57 Ibi.do. Pa 321['
58 Ibid., pp. 325-326. Cf. Emith, op. cit., p. 246,



Author

Johnson
Briggs
Gerard
Stegman
Oughtred
Kersey
Jager
Balam
Capra
Schooten
Schooten
Foster
Tacquet

Caramuel

Cagati
Prestet
Buetel
Molyneux

Mercator

Date

1623
162l
1629
1630
1631
1650
1651
1653
1655
1657
1657
1659
1665
1670

1685
1689
1690
1692
1668

58

2|5

.0025

16 7249
3104

198.%
17579625 &

58,5
s P

L v

25.80079
22=3

438
100000

272097792
6&5.—1ﬂ1

1600

30,24

12[348

During the eighteenth century a semblance of order

replaced the chaos in decimel fraction notation. Of course,

many devious notations were still present, as 039985 for
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«99853 35 345 for 35.3L45; 732, 569 for 732.569; h-é g for
1.2005; and (L)2677 for .00002677.57 The main trials of
strength for separetrices were, however, between the comma
end the dot, There were complicated on the European contle
nent by the fact that Lelbnigz had proposed the dot as a
maltiplication symbol, a proposel which met with favorable
reception, English mathematiciens preferred the X as a
maltiplication symbol, however, and the dot was used as a
separatrix, The comma as a separatrix had the lead over the
dot in Germany, France, and Spain, while the most determined
continental stand in favor of the dot was made in Belgium and
Italy.éo

The nineteenth century found the dot serving in

England in a double capacity, as both the decimal separatrix
and maltiplication symbol, The two dots introduced nc confue
elon, ag a ralsed dot indicated a decimal and a dot at the
bottom of the figures indicated multiplication. However, the
use of the comma prevalled; it was usually, but not always,
placed high, The elevated and inverted eommn.(, never became
popular, yet was used as late as 192}, Spain and the
Spanish-American countries frequently used the elevated but

not inverted comma,?, Another Spanish separatrix was the

59 Cajorl, A History of Mathematical Notations,
Sp. _G_!-j_-p Pe 327,

60 1p14,, p. 328.



60
inverted, wedge-shaped comma, in a lower position, , .61
The people of Scandinavia and Demmark preferred slightly the
comma and also printed the decimal part of a number in
smaller type than the integral part, in this manner, 2,5, or
2. +52 The decimel point separatrix has always been more
popular than the comma in the United States, but the comma
was used quite extensively between 1750 and 1850, Since
about 1850, the dot, in elither elevated or period position,
has been used almost oxnlunlvoly.63 For a while the dot In
America had a double meaning, but when the dot bascame
frequently used in mulfiplication, the need for a distince
tion arose, About 1880.6h the present American distinection
was thoroughly established when the dot for multiplication
was elevated to a central position and the decimal separatrix
was lowered to period position, The present English motation
was established with the dot positions in exactly opposite
roles--that is, the period position indicated multiplication

and the centrsl position indicated @ decimal separatrix,

61 1bid., p. 331.
62 1v14,
63 Ibid., pe 332,
64 114,
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3.9. Repeating decimals. John Marsh, in 17,2, was
perhaps the earllest writer to use a special notation for the
designation of repeating decimals, His notation distine
gulshes a repeating decimal by "placing a Period over the
first Figure, or over the first and last Figures of the glven
Ropotond'.65 Other early notations of repeating decimals
include .6 for ,666... or 642 for .6L426l2642,.., and .2 for
.222,.. or 2, 18 for 2,4181818..,%6

65 Ibido; Pe 3250

66 144,



CHAPTER IV
SUMMARY

Recording the corresponding number of strokes or bare
was aepparently one of the earliest representations of small
numbers from one to five, Larger numbers called for new
devices, such as aymbols to be assoclated with the primie.
tive strokes by means of the additlve, multiplicative, or
subtractive principle, or perhaps by placing primitive
symbols in different positlons to represent higher values.
The diverslty among old numerals Indicated that each nation
of the anclent world probably invented its own numeral
system, After alphabets were Introduced and a fixed letter
sequence established, letter nmumerals were written by the
Syrians, Greeks, Hebrews, and early Arabs, Only primitive
powers of invention were required for these alphabetie
numeral systems, which gave little aid in computation
processes and made heavy demands on the memory., Inherent in
the Babylonian, Maya, and HindueArable¢ numeral systems was
the important principle of place value, which utiliged
relative positions of the primitive symbols in representing
large numbers, These systema adapted easily to the processes
of computation, even though present records do not give

sufficlient evidence to indicate in what manner the Maya or
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Babylonians carried out computatlions with thelr system,
Despite intensive study, little is really known about the
origin of the Hindu-Arable notation,

In the study of numeral systems, authorities often
categorize them as clphered, poslitional, simple grouping, or
multlplieative.67 Ciphered numeral systems include the
Egyptian hieratic and demotic, Hebrew, Hindu Brahmi, Syrian,
Ionic Greek, and early Arablan, The Egyptian hileroglyphie,
Greek Attic, and Roman numerals are simple grouping systems,
The best representative of a multiplicative numeral system 1s
the traditional Chinese-Japanese system, and of the posi-
tional system, our familiar HindueArabic numerals. The
differences in these types of systems, as well as a summary
of the numeral systems in this thesls are 1llustrated in the
tables that follow,

One last interesting note is that no uniformity in
numeral shapes has been reached, even in the twentleth

century,

67 Eves, op. eit., pp. 10-1l.



Numeral System
Modern Hindu-Arable
Babylonian

Egyptian
Hieroglyphic

Hieratic

Demotic

Coptic
Phoenician
Hebrew

Greek
Attie

Ionic
Gothio
Roman
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Numeral System

Modern Hindu=Arablc

Chinese
Seclentifie

Traditional

Mercantlle

Japanese

Early Hindu
150 A.D,

11th century
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Early Arabie

Modern Arabic

Hindu-Arabic (1L42 A.D.)
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Numeral System Numerals for Integers

Modern HindueArabic ) 7 8 Fl
Yvyy Yvy Yy yyy
Babylonian Yvy Y ; Y V'!'V “ z
i — W
Hieratic A TGN
Demotic 1 Ed ra N
Coptiec & _27 ﬁ $T3
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Numeral System
Modern Hinduw-Arabic
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Numeral System
Modern Hindu-Arebie

Babylonian

Egyptien
Hieroglyphie

Hieratic

Demotie

Coptie
Phoenician
Hebrew

Greek
Attie

Ionie
Gothie
Roman
Astec

Maya

Numerals for Integers
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Numeral System Numerals for Integers
Modern HindueArabie 10 20 30 Lo 50
Chinese .
Sclentifie _ — = = =
= == €9 +
Traditional T F 7 + -+
+ u () e y
Mercantile - +
= = = L
Japanese + 7 7 bt 3
Early Hindu
T 150 A.D, < b L~ Y3 G
11th century ~. - é. Y- 7
Arablec
Early Arabiec S < J F O
Modern Arabie |- P M. ¢. o

Hindu-Arabie (1442 A,D,) o 20 Do Ko o



Numeral System

Modern Hindne~Arable

Babylenian

Egyptian
Hieroglyphic

Hieratie

Demotic

Coptic
Phoenician
Hebrew

Greek
Attie

Ioniec

Gothle

Astec

Maya

Numerals for Integers
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Numeral System

Modern Hindu-Arable

Chinese
Scientifie

Tradlitional
Mercantile
Japanese

Early Hindu
150 A.D,

1lth century

Arabic
Early Arable

Modern Arable

Hindu~Arabic (1442 A.D,)

Numerals for Integers
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Numeral System
Modern Hindu=Arablic

Babylonian

Egyptian
Hieroglyphie

Hieratlc

Demotie

Coptic
Phoenician
Hebrew

Greek
Attie

Ionie
Gothie
Roman
Astec

Maya
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Humersls for Integers
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Numeral System Numerals for Integers
Modern Hindu-Arabic 300 500 900 1000 1961
Chinese
Selentiflie n 1l T _ T
= £ + 3
Traditional ) 5 5 F F
—.’£
Q) ¢ L+ L
Mercantile o) D 5 T x
D
L
= 2 t A
Japanesse N R R ¥ g
L
Early Hindu
150 A.D.
11th century 3" 7-- s Neee ANG-
Arabic % : s ) :
Early Arabiec Vo ¥ b &, ey xs
Modern Arablc [ o.. P 97

Hindu-Arable (1442 A.D,)  aa Jee Joo  Jes 194
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Numeral System Numerals for Fractions

Modern HindueArable 1/4 1/2 3/h 1/17

Egyptlan
Hieroglyphiec = 2 % po
Hieratic X 2 X 12
Demotle 7 o) v

Greek ad N -8'S a' et

Roman =- 1) §=-

Note: Blank spaces in the preceding tables, with the

exception of zero, indicate that the particular
numeral was not in sources avallable o the writer,
In the case of zero, the absence of a numeral
indicates that the system had no numeral for zero,
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